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Abstract: The Binary Quadratic Equation𝑥4 − 𝑦4 = 10(𝑧 + 𝑤)𝑃2is analyzed for its non-zero distinct integer 

solutions. Six different patterns of non-zero distinct integer solutions to the equation under consideration are 

obtained. A few interesting relation between the solutions and special numbers are exhibited. 
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I. INTRODUCTION 

The Binary Quadratic Equation offers an unlimited field for research because of their variety [1-2]. For an 

extensive review of various problems, one may refer [3-10]. This communication concerns with yet another 

interesting Binary quadratic equation x4 − y4 = 10(z + w)P2representing a homogenous cone for 

determining its infinitely may non-zero integral solutions. Also a few interesting relations among the solutions 

have been presented. 

II. METHOD OF ANALYSIS 

The Biquadratic Diophantine equation with four unknowns to be solved for getting non – zero integral solution 

is 

𝑥4 − 𝑦4 = 10(𝑧 + 𝑤)𝑃2          (1) 

On substituting the linear transformations  

)2(12,12,,  uvwuvzvuyvux  

Then 𝑥4 − 𝑦4 = 10(𝑧 + 𝑤)𝑃2becomes 
244 )1212(10)()( Puvuvvuvu       (3)

 

We obtain six different patterns of integral solutions to (1) through solving (2) which are illustrated as follows : 

Pattern 1:     

Let 
22 baP   

)(5 2222 bavu 
 

))()(2)(2())(( ibaibaiiivuivu   

abv

bau





2

2
           (4) 

Substituting  (4) in  (2) , the distinct integral solutions of (1) are expressed by, 

bavubaxx  3),(  

babayy 3),(   

164412),( 22  abbauvbazz
 

164412),( 22  abbauvbaww  

Properties: 

(i) 𝑥(1, 𝑛) + 𝑦(1, 𝑛) ≡ 0(𝑚𝑜𝑑2) 

(ii) 𝑧(𝑛, 1) + 𝑤(𝑛, 1) − 4𝑦(𝑛, 1) + 12 = 𝑡18,𝑛 + 15𝑛 

(iii) 𝑧(𝑛, 1) + 𝑤(𝑛, 1) − 12𝑛 ≡ 0(𝑚𝑜𝑑8) 

(iv) 𝑥(𝑛, 1) − 𝑦(1, 𝑛)𝑖𝑠 𝑎 𝑛𝑎𝑠𝑡𝑦 𝑛𝑢𝑚𝑏𝑒𝑟. 
(v) 𝑥(𝑛, 1) + 𝑤(𝑛, 1) − 𝑡10,𝑛 ≡ 0(𝑚𝑜𝑑4) 
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(vi) 40𝑥(𝑛, 1) + 20𝑦(1, 𝑛) ≡ 0(𝑚𝑜𝑑10) 

(vii) 100𝑧(𝑛, 1) + 200𝑤(1, 𝑛) + 400𝑛2 ≡ 0(𝑚𝑜𝑑30) 
 

Pattern 2: 

From (3), )3(5 222  Pvu (𝑢 + 𝑖𝑣)(𝑢 − 𝑖𝑣) = (1 + 2𝑖)(1 − 2𝑖)(𝑎 + 𝑖𝑏)(𝑎 − 𝑖𝑏) 

Equating real and imaginary parts, 

𝑥 = −𝑎 + 3𝑏 

𝑦 = 3𝑎 + 𝑏 

𝑧 = −4𝑎2 + 4𝑏2 − 6𝑎𝑏+1 

𝑤 = −4𝑎2 + 4𝑏2 − 6𝑎𝑏 −1   

Properties: 

numbersquareaisnwnzii

nonastyaisnynxi





20),1(2)1,(2)

),1()1,()
 

)100(mod0)1,(90),1(60)

)30(mod0)1,(60)1,2()

)30(mod0)1,(60)1,(30)

)6(mod0)1,()1,()

17),(),()

)2(mod0),1(),1()

,14

,10













nznwviii

nyxvii

nynxvi

Gnonxnyv

tkkkwkkxiv

tnznyiii

n

n

k

n

 

 

Pattern :3 
222 5pvu   

)(.
25

)43()43(
)()( 22 ba

ii
ivuivu 


  

)(
25

43
)( iba

i
ivu 


  

 biaiba 4433
5

1
  

 bau 43
5

1
  

 abv 43
5

1
  

Taking BbAa 5,5   

 

BA

BAX

43

)5(4)5(3
5

1




 

   

BA

BAbaY

7

)5(75
5

1
7

5

1




 

 

1142424

11612129
25

2

22

22





ABBA

abbaabZ
 

 

1142424

1142424
25

1

22

22





ABBA

abbaW
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Properties: 

)3(mod010),1()1,()

)10(mod03)1,(),1()





nnynxii

nnynxi
 

ntnxnziii ,5011)1,(3)1,() 

 

)20(mod0125),1(10)1,(5)

)5(mod0),1(50)1,(25)

)3(mod022)1,(8)1,()

int)1,(3)1,() ,50









nynzvii

nynxvi

nnynwv

egerprimeaistnxnwiv n

 

Pattern: 4 
22222 45 pppvu   

2222 4 ppvu   

0,
2

2

)()()2()2(

4

2

2222
















B
B

A

pu

vp

vp

pu

vpvppupu

vppu

: 

 

   
    142222),(

142222),(

233),(

6),(

2222

2222

22

22









ababababbaww

ababababbazz

ababbayy

ababbaxx

 

Properties 

 

)2(mod023)1,(),1()

)23(mod05),1(5),1(6)

)2(mod0)1,(),1()

2

,48







nnznxiii

tnnxnyii

nynxi

n  

nn

n

n

tcpnnynwvii

cpnznxvi

nonastyaisnnnynxv

eger

cubicisntnynwiv

,21

62

6

2

,30

8221),1()1,()

)4(mod064)1,(8),1(4)

)1(620)1,(),1(3)

int

113)1,(2)1,()









 

 

Pattern : 5 

   
    142222),(

142222),(

),(

6),(

233),(

2222

2222

22

22

22











ababababbaww

ababababbazz

babapp

ababbayy

ababbaxx
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Properties:

 

)2(mod01)1,()1,()(

79),1(3),1()

)4(mod0),1(),1()

,20

2







ntnznyiii

nonastyaisnnwnxii

nynxi

 

)2(mod0)1,()1,()  nynxiv
 

)25(mod0)1,(150),1(50)  nynxv  

)38(mod0),1(114),1(152)  nxnzvi  

)8(mod024),1(2)1,(2)
6
 nn CPGnonwnyvii  

Pattern:6 

   
    142222),(

142222),(

63),(

23),(

2222

2222

22

22









abbaababbaww

abbaababbzzz

abbabayy

abbabaxx

 

Properties: 

)28(mod0),1(280),1(140)

1)1,(7),1(3)

)8(mod01),1()1,()

)3(4),1(),1()

)2(mod0),1()1,()

)4(mod01),1()1,()

)3(mod05),1(),1()

2

3

,13

,40

,10















nznxviii

numbernastyaisnynxvii

nnynxv

numbernastyaisnntnwnxiv

tnznyiii

nznxii

ntGnonynxi

n

n

nn
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