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Abstract: Decomposition of overlapping peaks is one of the most commonly used computer-enhanced procedures
of instrumental analytical chemistry which is usually performed by nonlinear fitting a predefined model to the
measured data. The minimum of the squared norm of the residuals between the model and the measured data is
commonly served as a measure of goodness of fit. However, the minimum does not guarantee a unique solution
of the fitting. Also confidence interval radii of the estimated model parameters are often overestimated.

To solve these problems we have developed a new method of determining the uncertainty (named the
undetectable perturbations (UPs) method) of the correlated peak parameters based on a predetermined norm of
the residuals. A multiple band-decomposition procedure based on the variation of the initial peak parameters
was chosen to guarantee the unique solution with a minimal uncertainty.

The fluorescence spectra of solutions of fluorescein, trans-stilbene and benzene were decomposed. The
polynomial modified Gaussians (PMG), weighted sum of Lorentzian and PMG; double asymmetrical sigmoid
and asymmetrical log-normal functions were used as the models. The estimated model parameters were
constrained by the values which had physical meaning. The confidence intervals of the asymmetrical peak
parameters were evaluated using the linear approximation, the bootstrap and the UPs methods. It was found
that the linear approximation and the bootstrap methods often overestimated radii of the confidence intervals.
Use the Ups method allowed us to control the radii according to a predetermined level of the squared norm of
the residuals as opposed to the common methods.

Mathematical and physical justifications of the evaluated model parameters were discussed.
Keywords:overlapping peaks, curve fitting, uncertainties in parameter estimates, undetectable perturbations

I. Introduction
In the last decades instrumental methods of analytical chemistry have gained a dominant position in the process
analytical technology and in academic research. Information obtained by analytical methods is called analytical
signals [1]. The most commonly used one-dimensional signals are modelled as a set of the bell-shaped peaks and
some background. Peak parameters (maximum position and intensity, width, area and asymmetry coefficients)
are the main sources of analytical information. Unfortunately, these peaks are often overlapping [1]. Since in
many practical cases the instrumental peak separation is impossible (or very time consuming), the mathematical
processing of the overlapping peaks is needed.
For this goal two main groups of the mathematical methods are commonly used. In the first group the required
chemical-physical property may be evaluated without estimating the peak parameters or only some parameters
are needed. E.g., the amounts of mixture components were calculated by solving systems of equations [1] or using
the ratio methods [2]. The maximum positions of the overlapping peaks may be determined using the second order
derivative of the measured signal or Fourier transform for deconvolution of noisy signals [3].
In the second group all peak parameters are estimated, that is, the signal is separated into its "pure" peaks. For this
processing a predefined mathematical model of the measured signal must be created [1, 3 and references within].
The model parameters should be chosen so that the difference between the measured signal and the model (the
curve-fit residuals) was minimal. Such model is called "the best-fit" model. The mathematical measure of the
fitting is a squared norm of this difference. The fitting procedure is usually performed by the nonlinear curve
fitting least squares algorithms which are searching for the parameters of the best-fit model [3, 4]. These
algorithms are included in software of the modern analytical instruments [5].Unfortunately, curve fitting does not
guarantee the unique solution since the solution strongly depends on the initial guesses of the peak parameters
needed for decomposition procedures [3, 6].
The uncertainty in determining peak parameters obtained by the separation algorithms is usually expressed in
terms of the standard deviations of the estimated model parameters using a linear approximation of nonlinear
models [3]. However, this method often overestimates the standard deviations [7].
To overcome this drawback we have developed new method in which the relative errors of the peak parameters
of the best-fit model (called undetectable perturbations-UPs) were estimated for a predetermined norm of residuals
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[5]. In the present article the UPs-method was modified by taking into account correlations between the errors of
the peak fitting parameters.

A multiple band-decomposition procedure based on the random variation of the initial peak parameters and on the
subsequent choice of competing models was performed to guarantee a unique solution with a minimal uncertainty
[6].

The fluorescence spectra of solutions of fluorescein, trans-stilbene and benzene were decomposed. The following
asymmetrical functions: the polynomial modified Gaussians (PMG), the weighted sum of Lorentzian and PMG
(WLPMG), the double asymmetrical sigmoid (DASIGM) and the asymmetrical log-normal function (ALOGN)
were used as the peak models. The estimated model parameters were constrained by the values which had physical
meaning. The confidence intervals of asymmetrical peak parameters were evaluated using the linear
approximation [4], bootstrap [7] and the UPs methods. It was found that the linear approximation and bootstrap
methods often overestimate radii of the confidence intervals. Use UPs allowed us to control the radii according
to a predetermined level of the squared norm of residuals of curve fitting as opposed to the former methods.

In what follows, for the sake of simplicity, term “peak” is used instead of common term “band”. The standard
algebraic notations are used throughout the article. All calculations were performed and the plots were built using
the MATLAB software. All mathematical details are included in Appendix.

Il. Experimental
The spectra were taken from the Open DataBasePhotochemCAD 2.1 [8-10] with permission granted to me by J.S.
Lindsey. For convenience of comparison the spectra were normalized to the maximum unit intensity. The peak
models (see Appendix)were empirically selected from the large set of the well-known models [11] according to
the following competing criteria: a minimum fitting error to the measured spectrum and a minimum number of
peak parameters. Rough initial guesses of the peak parameters were estimated by inspection of the measured and
Fourier-regularized second-order derivative spectrum [3] (Figs.1, 2). These parameters were refined by trial and
error method by minimizing the norm of the residuals. At the first stage, the refined parameters were taken as
initial values using decomposition by the Gauss-Newton algorithm with Levenberg-Marquardt modifications
(MATLAB function nlinfit). All of the peak parameters have been constrained to be positive numbers. In the case
of the rank deficient program warnings of the Gauss-Newton algorithm and abnormal large diagonal values of
Jacobian, the obtained data were rejected.
At the second stage, for randomization, the fitting procedure was repeated 5,000 times with varying parameters
obtained at the first stage [6]. In each repetition random normal noise with zero mean and standard deviation
o = 0.01 was added to the spectra. The 95%-confidence intervals of the relative values of these parameters
which standard deviations were 0.2 were built. In each repetition of the process the initial guesses were taken
from these intervals. This method has allowed us to find the set of the competing best-fit models [6].
The "best" estimated parameters corresponded to the residuals less than 110% of the minimum residual were
averaged. The reliability of curve fitting was also controlled by visual inspection of the second order derivative
of the measured and model spectra. Bootstrapping was performed 10,000 times.

111. Results and Discussion
Graphical representations of the decomposition are given in Figs. 1 and 2. They also include the second order
derivative spectra used only to visually compare the model spectra with the measured spectra. Three best-fit
models were obtained for the trans-stilbene spectrum (Fig.1). However, the applicable model cannot be justified
using only mathematical consideration based on the minimum root mean squared fitting error:

RUSE = \/Z[=1[Fms(l) - Fbestfit(l)] /L ’ (1)

whereF,,s and Fpq.r; are the measured spectrum and the best-fit model of the spectrum, respectively, [ =
1,2, ..., L is the discrete sample number.

For example, RMSE = 0.0014(DASIGM model) is the minimum value obtained for the entire models. However,
the first short-wavelength wide peak (Fig. 1b) is seen very strange. We suppose that the only ALOGN model can
be physically justified by visual comparing the pure peaks of the trans-stilbene spectrum with those of the benzene
spectrum. In both cases the spectra are the envelope of the progression in the v2 vibration of the benzene ring (in
the ground electronic state) [12]. The pure peaks of the trans-stilbene and benzene spectra have approximately
similar forms.

The parameters of the pure peaks of the fluorescein spectra depend on the model function (Fig.2).

Minimum RMSE — value was obtained for the WLPMG model. However, the correct model cannot be
mathematically derived from the decomposition procedure only. Maybe the cumbersome experimental matrix
method [13] would help to solve such problem but it is out of the scope of the present paper.
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Our estimations showed that in all decomposition procedures the systematical discrepancy between the measured
spectrum and its model had a dominant impact on the RMSE - value, that is, RMSE was significantly large than
the standard deviation of the noise of the measured spectrum.

Valuable information about the uncertainties of the peak parameters was obtained from the Figs. 3 and 4.

The uncertainties of the parameters of the tiny first peak of the trans-stilbene spectra (Fig. 1c) estimated by the
linear approximation (LA) and bootstrap (BS) method (Fig. 3) were so large that they cast doubt on the reliability
of these parameters.

This is a well-known fact [3] that the uncertainties in determining parameters of a weak peak strongly overlapped
by adjacent intensive peak may be very large. In this case the linear approximation of the non-linear model is
unsatisfactory [4]. In other words, the estimated peak parameters are very "vague".

Large correlations between the peak parameters lead to the fact that the derivatives of the fitting spectrum over
peak parameters are strongly correlated too, and the estimates of the confidence interval using the inverse matrix
in Eq. (A14) are bad.

These considerations are valid for the direct confidence intervals estimation in LA method and for the indirect
estimation in the BS resampling process when a set of the direct estimations is processed (see Appendix).

The relative radii of the parameters of the strong long-wavelength 4™ peak of the trans-stilbene spectra estimated
by LA and BS methods are acceptable since they are not larger than 10% (Fig. 3). This observation can be
explained qualitatively by the fact that this peak is overlapped only by the 3™ peak (Fig. 1c). However, significant
degree of overlapping may be served only as a possible (and not dominant) reason of large uncertainties. E.g., the
only confidence interval radius of the intensity of the3™ trans-stilbene peak is large although this peak is
overlapped by the 2" and by the 4" peaks (Fig. 1c)

In order to shed some light on the drawbacks of the LA and BS methods, the following numerical experiment
design to validate the model spectra obtained by the fitting procedures was carried out. The goal of the experiment
was to find all feasible solution of the decomposition of the trans-stilbene spectrum. The peak parameters of the
ALOGN model were taken randomly from the confidence intervals estimated by LA method. Only those model
spectra were chosen for which RMSE - values were not larger than 0.010 and 0.020, respectively. This procedure
was repeated 107 times. Only 189 (0.0019%) and 52818 (0.53%) valid combinations of the peak parameters
were found in the first and in the second case, respectively. In other words, the probability that the peak parameters
randomly chosen from their confidence intervals will give well-fitting models was negligible.

The estimated confidence intervals of the peak parameters are given in Table 1A (see Appendix).Fig. 1A
represents the feasible acceptable models of the trans-stilbene spectrum. In full concordance with Fig. 3 the
relative radii of the confidence intervals of the all parameters of the 1% peak and of the parameters w,, p, and R;
are very large.

These considerations prompted us instead of LA and BS confidence intervals to use the intervals estimated by
undetectable perturbations (UPs) method (see Appendix). In the UPs method the effective root mean squared
error is set to

RMSE,; = koso/VL > RMSE, 2)
wherek,, > 1 is a constant, o is the standard deviation of the noise in the measurement signal.

Mathematical basis of the UPs method ensures that the parameters of the peaks randomly selected from the
estimated confidence intervals will provide the correct RMSE, values in a much larger number of cases than the
LA method. E.g., for the ALOGN model of the trans-stilbene spectrum 24.4% and 28.8% of the valid peak
parameters combinations were found forRMSE, < 0.01 and 0.02, respectively.

Moreover, the probability of the selection of the correct combinations of the peak parameters may be increased
up to more than 99% if the correlation between the peak parameters were taken into account [5].

So, the confidence intervals estimated by the UPs method are more reliable than those obtained by the LA method.
The overestimation observed using LA and BS is supported by the fact that for RMSE,; < 0.020 > RMSE =
0.0059, the UPs values are significantly less than the radii obtained by LA and BS (Fig. 3).

Abnormally large radii obtained by LA and BS for the fluorescein spectrum are due to the fact that the number
of the peak parameters has increased from 8 to 12 when the WLPMG model was used instead of the PMG model
(Fig. 4). In this case the sensitivity of the mathematical processing to the small errors in data significantly increases
which lead to the instability of the estimated radii [4].

From Figs. 3 and 4 it is clearly seen that the smaller RMSE,, the less UPs.

We conclude that the UPs values for theRMSE,; close to the RMSE may be used as the lower boundaries of the
confidence interval radii.
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Figure 1. Decomposition of the trans-stilbene (a-b) Figure 2. Decomposition of the fluorescein spectrum.
and the benzene (d) spectra.
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Appendix
1. Brief theory of the undetectable perturbation
Suppose that a fix-regressor nonlinear model (Fr;. (I, p)) fits to the analytical signal (s (1) ) disturbed by the
normal noise with a mean of zero and a standard deviation o
Ens(D) = Ffit(l' Po) + €, (A1)
where | = 1,2,..., L is the index of the analytical points, p, is a vector of the true model parameters, ¢; is a
residual.
Also suppose, for simplicity, that the baseline - free model consists of N peaks of the same shape

Ffit(l; p) = ?’=1 f(l' pi): (AZ)
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wherep; = py, s, ..., Ps, t is the number of shape parameters,N corresponds strictly to the number of peaks in the
analytical signal. The least-squares estimate (“"the best-fit") of p, denoted by p,, minimizes the objective
function over vector p of the model parameters:

=~ ~ 2
®(Po) = (1/L)|[AFp (L BO)||” = €, (43)
where AFy, (1, Do) = Fps(D) — Frie (Do), &by = kpro and kyis the best-fit empirical coefficient.
AF,; (Eq. (A3)) may be approximated by a first-order Taylor polynomial [4]:

=~ OF rit(LpoF)
AFpp (L Bo) = Bl Ty =52 0y, (49
whereAp;; = (po)ij — (o)ij is the increment of a peak parameter.
The relative increments are equal to  6p;; = Ap;;/(po)ij (A5)

To eliminate the influence of the peak position on its relative increment, the last value was calculated relative to
the peak width.
By substituting Egs. (A5) into Eq. (A3) we have

9F rit(LpoF) 2
1 Do =15, P0)yOpy || = 8,A8; ~ L« RMSE?, (46)

whered,, is the vector of the relative increments 6p;;, RMSE = JZ;L=1[Fms(l) — Fﬁt(l)]z/L is the minimum

root mean squared fitting error. The diagonal and the non-diagonal elements of symmetric matrix A are equal to
2

According to the method of the undetectable perturbations the relative increments of the model parameters must

satisfy the inequality:

8,A8, = 8,UAV" &, = yAy" < L + RMSEZ;, (A7)

where U and V are the orthogonal matrices of the left- and the right-singular vectors of the matrix A, A is

diagonal matrix of the singular values (4;), y = 6,U,RMSE,; = RMSE (Eq. (A6)).

Eq. (A7) with the equality sign may be represented as a n-dimensional ellipsoid which center is in the origin and

the half-axes are equal to [15]: ©; =

RMSE,;\[L/A; (A8)

The components of the vector y in the spherical coordinates are [15]:

y1 = 0, cos(¢p1)

Y2 = 0, sin(¢q)cos(¢;)

y3 = 03 sin(¢q) sin(¢,) cos(¢s3) (49)

Yn-1 = Op_q5in(@q) ... sin(@n_) cos(@y-1)

Yn = On sin(@y) ... sin(@y_2) sin(@y_1),

where [@, ..., Pn_2] € [0, 7], @, € [0, 2m].

Unlike the relative errors, the impact of each component y; on the 8,,,48; (Eq. (A7)) does not depend on other

components.

Suppose that the angles ¢ are uniformly distributed in the boundaries given by Eq. (A9) for each y;

independently and the vector

6, =yUu" (A10)

is calculated. Then according to the Central Limit Theorem [15] the relative increment of each parameter

q(8p,) will be normally distributed with a zero mean.

The standard deviation 05, Was considered as a measure of the undetectable relative increment of the

corresponding peak parameter. For symmetrical peaks radii of the 95% confidence intervals of the undetectable

increments are

1.9605, w,1.9605,R and 1.96a5,w, (A11)

where x, is the peak maximum, R is the maximum intensity and w is the full width.

The mean value of the squared norm of residuals [2]

SpAa;l; = £=1AL'L' 651 +2 Z§:1 le=1 Aij 61)161)] = ZgzlAii D(Spl—' 6pi) +2 2521 le=1 AijD (8pi' Spj)' (AlZ)
g=0 (=0

where D ((Spl., 6pj) is the i, j-element of the covariance matrix D(8,,).

In the computer algorithm the angles are randomly selected from the boundaries defined by Eq. (A9). For a

given model (matrix A) the vector &, (Eq. (A10)) is calculated under constrains (Eq. (A7)). Data obtained by

repeating this procedure 10% — 10° times are used for estimating of the sample covariance matrix D.

Eq. (A12) allows estimating the relative weights of 6_51 of each peak parameter in residuals.
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2. Linear approximation (LA)[4]

For a given peak Eq. (A4) can be represented using Jacobian (J):
OF rit(LpoF)

AFyr(LPo) = X5y o, Apj = J(p)Ap, (A13)
aFfit aFfit
G, = G e
where J= : |, Ap = :
OFyic 9Fyic Pt = Pot
( 61): )1 ( 6pt )L
Then the confidence interval radius of an estimated parameter k is equal to
-1
Rady =t 2(U™D) s, (A14)

wheretf‘_/ % is the Student coefficient for the confidence interval 1 — a and L — t degrees of freedom, , s is the

root mean squared fitting error. In the case of the ill-conditioned matrix J7J the inverse procedure is very sensitive
to the computational errors; therefore, the radius may be incorrect.

3. Bootstrap method (BM)

BM is based on the resampling procedure [14]. First of all, from a given dataset the estimate (8) of some
unknown parameter (8) and its standard deviation are calculated. The residuals €, = Fs(1) — Fpesefir (1) are
evaluated. Then a new dataset of the residuals €; is build using the samples of the old dataset of the residuals.
Same sample of the first set may appear in the second set many times. The mean and the standard deviation of 6
are estimated for new bootstrap set: F; (1) = E,s(1) + €. This resampling is repeated many times. If the 95%
confidence interval on 8 is calculated, then the "true" estimate & must be in the percentile range [2.5 - 97.5] %
of the bootstrap samples. This range is estimated by processing of the all samples.

The BM gives exact estimates for the confidence intervals if the number of the repetitions is very large [7].
Therefore, this method is very time consuming. The MATLAB function bootci was used for calculation of the
bootstrap confidence interval.

4. Peak models.

Notation:

R is the intensity of the peak maximum.

x = A/w is a dimensionless abscissa of the spectrum, w is the peak width,

r is the peak width on the x-scale.

A, = lAh is the wavelength, [ = [—T, -T+1,..,T—1, T], Ah is the constant sampling interval, x, = 1o/w
is the position of the peak maximum on the x-scale, A, is the position of the peak maximum,

T and p are the asymmetry coefficients.

The polynomial modified Gaussian [11].

PMG = Rexp{—[y /(1 - le)]z}, (A15)
where y = 2vIn2(x — x,)/7.

The weighted sum of Lorentzian and extended PMG
2
—pl____k - Y
WLPMG = R{[1+4((x_xo) o+ (= Rewn(= [ 2| } (416)

where k € [0.1].

The double asymmetrical sigmoid

DASIGM = R/max(¥), (A17)
where Y= {[1 + exp(—arg1)][1 + exp(arg2]}7?,

argl = (x —x, + 0.5)/r, arg2 = (x —x, — 0.5)/(zr), sp; and sp, are the left and the right form
parameters, respectively, r = sp,/w, T = sp,/sp,

The asymmetrical log-normal function

ALOGN = Rexp {— (I‘:—;) (in [% + 1])2}, (A18)

where p # 1.

5. Selection of the feasible acceptable ALOGN models of the trans-stilbene spectrum.
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Two sets of the model parameters corresponding to RMSE=0.010 and 0.020, respectively, were randomly chosen
from the LA confidence intervals.

Figure 1A. The model spectra for RMSE = 0.010 (a)
and 0.020 (b), respectively

02 , |
300 320 340 360 380 400 420 0 460 480 500
Wavelength, nm

Table 1A. 95% Confidence intervals of the peak parameters.

RMSE
Parameter
0.0059(min) 0.010 0.020
R, 0.0309+0.0380 (123%) 0.0424 +0.0405 (96.6%) 0.0327 £0.0430 (132%)
Aot 315.5+1.1(19.3%%) 315.5+1.3(20.8%*) 315.54+1.3(21.7%*)
wy 5.7+5.2 (90.9%) 6.3+5.4 (85.6%) 5.945.9 (102%)
01 0.98+0.71(72.3%) 1.3040.38(29.2%) 1.34+0.42(31.2%)
R, 0.63+0.017(2.7%) 0.63+0.018(2.9%) 0.63+0.020(3.1%)
Aoz 330.9+1.2(6.8%*) 331.2+1.1(5.9%%) 331.0+1.3(6.8%*)
w, 17.9+5.2(29.0%) 19.3+3.9(20.3%) 19.44+4.0(20.7%)
D2 1.02+0.38(37.7%) 1.1+0.23(20.6%) 1.240.25(21.6%)
R, 0.92+0.21(22.5%) 0.86+0.13(15.4%) 0.86+0.13(15.5%)
Aoz 347.3+1.8(9.2%*) 347.540.98(5.0%*) 347.5+1.2(6.3%%)
Ws 19.3+1.4(7.2%) 19.5+1.4(7.1%) 19.4+1.5(7.6%)
03 1.4+0.11(8.1%) 1.4+0.11(7.7%) 1.4+0.13(9.1%)
R, 0.50+0.055(11.1%) 0.49+0.046(9.3%) 0.50+0.050(10.1%)
Aos 368.1+1.0(3.0%%) 368.0+1.1(3.2%*) 368.0+1.1(3.3%*)
W, 33.441.3(4.0%) 33.54+1.3(4.0%) 33.4+1.5(4.5%)
Da 2.040.04(2.0%) 2.040.04(2.2%) 2.040.05(2.3%)

The percent values were evaluated using not rounded data. * the relative radius was calculated relative to the peak width.
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