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Abstract: In this paper, we consider explicit forms and convergence of Pal- type (0;1) interpolation on two
disjoint set of nodes, which are obtained by projecting vertically the zeros of the (7-x*)P{*#(x) and P{*#)" (x)
respectively on the unit circle, where Pn(“’ﬁ)(x) stands for Jacobi polynomial .
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l. INTRODUCTION

In a paper, L.G.Pal [10] proved that when function values are prescribed on one set of n points and derivatives
values on another set of n-1 points, then there exists no unique polynomial of degree < 2n-2, but by prescribing
function value at one more point not belonging to the former set of n points there exists a unique polynomial of
degree < 2n-1. Later, L.Szilli [13] made a similar study on the zeros of m,(x) and n',,(x) = —n(n —
1Pn—1x, Pn—11=1. On the same set of nodes, Akhlaghi and Sharma [1] proved regularity and explicit
representation for the (0;2)-case, which means value of function are prescribed on one set and second derivative
values on another set.

In 2003, H.P.Dikshit [8] also considered the Pal-type interpolation on non- uniformly distributed nodes on
the unit circle. Later, S.Bahadur [2], [3] considered the interscaled set of nodes, which are the zeros of two
different polynomial. She considered (0;0,2) and (0,2;0) - interpolation on the unit circle. Further, the authors
[5],[6] have dealt with Lagrange — Hermite and Hermite — Lagrange interpolation problems in two different

papers taking the two different set of nodes namly the zeros of (1-x?)P{#(x) and P{™#Y" (x)respectively on

the unit circle, where Pn(“'ﬂ)

(X) stands for Jacobi polynomial.
In this paper, we consider (0;1) Pal-type interpolation on the vertically projected zeros of (l-xz)Pfl“'B)(x)

and Pr(,“'ﬁ)’(x)on the unit circle and establish a convergence theorem for the same. In section 2, we give some
preliminaries and in section 3 ,we describe the problem and obtained the regularity of the same. In section 4, we
give the explicit formulae of the interpolatory polynomials. In sections 5 and 6, estimation and convergence of
interpolatory polynomials are considered respectively.

. PRELIMINARIES
In this section, we shall give some well-known results, which we shall use.

The differential equation satisfied by Pn(“’/)’)(x) is
21) A-x)P"P" )+ [B-a—(a+p+2)xIPP ') +nmn+a+p+1DPP ) =0

2n
1+ 22
(22) W)= H(z — 2) = K,pP <—2z )z"
k=1

(23) R(@) = (22 - DW(2)
2
24) H(@) =122 - t) = KPP (B) 2
We shall require the fundamental polynomials of Lagrange interpolation based on the nodes as zeroes of R(z)

and W(z) are given by:

(2.5) L, (z)=%,k =0(1)2n +1
9 Ik(z):%,kzl(l)m—z

IJETCAS 15-350; © 2015, IJETCAS All Rights Reserved Page 135



Swarnima et al., International Journal of Emerging Technologies in Computational and Applied Sciences, 12(2), March-May 2015, pp. 135-
139

We will also use the following results

!

27) (CUW(2) =W(z) =~ K P (6 a2 g =1

n-n

28) (17 W(z,.)=W'(z)= -3 K P

, _(z(ﬁ_a)zk J
(x ) (=(a+B+2)+22))|z0° k =1(1)n
+2n(1—z,f)—2

(2-9) R,(Zk ) = (ZE _1)N ’(Zk)
(2.10) R(z,)=W'(z, |42% +2(B—a)z, — (@ + B+ 201+ 27 )-2n(L— 27 )+ 2}z;*
We will also use the following well known inequalities (see [11])

(211)  (1- xz)% P (x)=o(n“*)for a>0,xe[-1,1]

(212) f-x2)" - (Ej_z

n
' L3
(213) |pts (XJ K e
(2.14)

(2.15) [Pl (X)( _ ofn=?)

(216) [Pl (xk)(~ kK “zne

(2.17) Pn(“ﬁ)” (x){ = o(n‘”“)

(218) |pler” (xk)( K ape

I11. The Problem and Regularity
Let

Z,={z, =125, =1,
z, =C0s6, +isinb,,z,, =2,k =11)n}
T, ={t, =1t,,, =-1,
t, =cosg, +ising,,t,. =-t k=1n-1}
be the vertically projected zeros of the (1— x? )Pn(“‘ﬁ)(x)and Pn(””ﬂ) (X) respectively on the unit circle, where

Pn(“‘ﬁ)(x) stands for Jacobi polynomial such that 1> X, > X,.......... > X, > —1.1n this paper, we seek to

determine a polynomial R, (Z)of lowest possible degree such that

a1 {Rn(zk)ak,k =0(1)2n +1

WR, (2 )]s =f. k=102, w(z)= 2"
where o, and P, are arbitrary given complex numbers. We shall also establish the convergence theorem for

R.(2).
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Theorem 1: R, (z) is regularon Z, and T,

Proof: It is sufficient, if we show, the unique solution of (3.1) is R, (Z) =0, whenall data &, = f, =0.In
this case, we have R, (Z) :W(z)q(z) :
where g (2) is a polynomial of degree < 2n -1. Obviously R, (Zk ) =0 for k =0(1)2n+1.

From, [W(Z)Rn(z )]z:tk =[ Pn(a’ﬂ)(x) Cl(Z)],_
we get, P(o"ﬂ)(tk )a'(t, )=0

n
Thus, we can write
a(z) = a [’ H(z) dz
In addition
q@1)=0,wegetR,(2)=0
Hence, the theorem follows.

V. Explicit Representation of Interpolatory Polynomials
We shall write R, (Z)satlsfylng (3.2) as:
2n-2

(4-1) n (Z Zak Ak Zﬁk

where A, (Z)and By (Z)are unique polynomials, each of degree at most 4n-1 satisfying the conditions:
A lz,)=6,, i,k=0@)2n+1

(4.2)

27 A (z)] =0, j=1t)2n-2 k =1(2)2n
B.(z,)=0, j=0(2)2n+1,k =1(1)2n - 2

(4.3)

78, ( ].j =68, j.k=11)2n-2

THEOREM 2: For k=1(1)2n-2, we have,
w(z)

(44)  Bx(2) = —n+1{lk(z) + by (2)}

where,

45) k(@) = [ tl(t)dt

(4.6) (2 = [ H(t)dt and
_ Lot

47) b= o

PROOF: Using B, (1) = 0 in (4.4), we get (4.7).

THEOREM 3: For k=1(1)2n, we have,
(48) Au(2) = "L 4 W(R)[S(2) + i ()]

H(zy)
where,
_ 1 V4 (22—1)[H'(Z)H(zk)—H(z)H'(zk)]
(49) S = (z-1)H2(zI)W' (zi) I (z-zx) dz
where,
(410) ay = —2D

J1k(1)

And for k=0, 2n+1, we have

_ w2 [Z H(dt
(4.11) A\(2) = —W(I)f_llH(t)dt

_ W@ Hat
(4.12) Aypyi(2) = w(-1) f_lly(t)dt
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V. ESTIMATION OF FUNDAMENTAL POLYNOMIALS
LEMMA 1 [7]: Let L, (z)be given by (2.5). Then
2n+1 C
(5.1) max,, > |L (z) < —
k=0 k*‘”g

where c is a constant independent of n and z.
LEMMA 2 [5]: Let |, (z)be given by (2.6). Then
2n+1 C
1
al

(5.2) max,,, > [l (z) < -
k=0 k 2

where c is a constant independent of n and z.
LEMMA 3: For |Z| <1,we have

2n-2
(5'3) Z|BK(Z]SCI’1 log n. ,a<-%
k=1

where Bk(z) is given in theorem 2 and c is a constant independent of n and z.

PROOF: Using Lemma 2, (2.14) and (2.16), we get
2n-2

54 Y |B(z)<c=:
k=1

1
For a < -E , (5.4) reduces to (5.3).

LEMMA 4: For |Z| <1,we have

(5.5) Zn:|Ak(z)|Scn2 log n. ,a<-%
k=1

where A, (Z) is given in theorem 3 and c is a constant independent of n and z.
PROOF: Using (2.11) — (2.18) in (4.9), we get
—a+2

a+
(56)  Ti-ilS@| < cXio tmr
Again, using (2.13), (2.15) and Lemma 1, we get

He) Ly (Z) on

H(zg) = k-2a-1

(5.7)  Xik=
Further, using (2.14), (5.6) and (5.7) in (4.8), we get (5.5).

VI. CONVERGENCE
Let f(z) be analytic for |Z| <1 and continuous for |Z| <1and w, (f ,5)be the modulus of continuity of
f (e“’ )
THEOREM 4: Let f (z) be continuous in |Z| <1 and analytic in |Z| <1 . Let the arbitrary number /3, 'S be
such that:
(6.1) {B]=0ln a,(f,n") k =1(1)2n—2
Then {R, } be defined by :

62)  R@=3 1AL > AEE)
Satisfies the relation: - -
(63) R, (2)- f(2)|=0(n2w2(f,n‘1)log n) : @<t

2,
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where, @, (f , n‘l) is the modulus of continuity of f(z).

REMARK 1: Let f(z) be continuous in |Z| <land f'eLipv , v>1,thenthe sequence {Rn}converges
uniformly to f(z) in |Z| < 1follows from (6.3) provided

w,(f,n*)=o(n*")

To prove theorem 4,we shall need the following:

REMARK 2: Let f (z) be continuous in |Z| <1 and analytic in |Z| <1 .Then there exists a polynomial F, (Z)
of degree atmost 4n — 1 satisfying Jackson’s inequality

64) |F.(2)-f(2)<ow,(f.n?) , z=e’(0<O<27)

And also an inequality due to O.Kis [9]

(6.5) ‘Frfm)(z)‘Smma)(f,n‘l) , formel”

PROOF: Since R, (Z)be given by (6.2) is a uniquely determined polynomial of degree < 4n—1, the
polynomial F, (Z)satisfying (6.4) and (6.5) can be expressed as :

)= 2R (A @) LR )8 ()
Then, R,(z)- f(z) <|R,(z)-F,(z) +|F.(z)- f(z)

(
< 31()-F @A) 316 Fie e )
+|F.(z)- f(z)

Using Z = em(O <@< 27[) , (6.1), (6.4), (6.5) and lemmas 3 and 4, we get (6.3).
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