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Abstract: Based on the concept of Big Data Modeling, the errors in determining peak parameters of noisy
Gaussian triplets using nonlinear least squares curve fitting have been evaluated. Calculations were performed
using Gauss-Newton (with Levenberg-Marquardt modifications) and genetic algorithms The probability that the
relative error in estimating each model parameter is not greater than a priory given limit for a given fitting
error has been calculated. It was shown that using the derivative mode for curve fitting has no advantage over
the normal mode. It was demonstrated that the mean errors for the genetic algorithm are significantly greater
than for the Gauss-Newton algorithm. It was found that the mean probability for triplets is higher than that for
quartets. Obtained results showed that small fitting error does not guarantee that a fitting algorithm does
converge to the correct peak parameters.

Keywords: spectrochemistry, overlapping peaks, curve fitting, Gauss-Newton and genetic algorithms, errors of
peak parameters

I. Introduction
Mathematical separation of overlapping analytical signals (peaks) is one of the widely used pre-processing
methods in spectroscopy and chromatography (see references in [1]). Numerous computer-based algorithms
have been developed to solve the separation problem (e.g., derivative spectroscopy and other peak sharpening
methods). However, the most mathematically rigorous curve-fitting procedures for separation of badly resolved
peaks are based on the fitting a priory model to the experimental data using the Gauss-Newton regression
algorithm with Levenberg-Marquardt modifications (in what follows the Gauss-Newton algorithm) and genetic
algorithm [2]. Curve-fitting model parameters are served as raw data for the qualitative and quantitative
analysis. It is well known that the process of determining parameters of overlapping peaks in the case of
uncertainty in the measured data is represented mathematically as an inverse ill-posed problem [3]. This
problem can be solved only by using a priory information about the exact solution. Therefore, generally
speaking, it was pointed out that one can only evaluate the probability (¥ p, ) that the relative error in estimating
parameter P; of i"" peak is not greater than a given value for a given fitting error [4].
The previous paper [4] dedicated to the error analysis in determining parameters of unresolved peaks was based
on the concept of Big Data Modeling [5]. We studied 771,750 Gaussian quartets which set of the parameters
covered most common values. Although it is impossible to mimic all practical situations (a population)
encountered in spectra, general qualitative and quantitative patterns have been obtained. It was shown that small
fitting error does not guarantee that a fitting algorithm does converge to the correct peak parameters. The
relationships between the mean probability over all quartet parameters and the parameters of the Gauss-Newton
algorithm have been established. It was found that the probability ¥p, strongly depends on the sample of
quartets taken from the entire population.
It is impossible to increase essentially the size of the quartet population since the decomposition process is a
very time consuming. However, the set of possible values of peak parameters may be significantly increased
using triplets despite that their number decreases. "Small" size of a set of triplets allows studying the genetic
algorithm which is significantly time consuming as compared to the Gauss-Newton method. Also it is
interesting to compare results obtained for quartets and triplets.
In this paper we present an analysis of the errors in determining peak parameters of overlapping peaks using the
least squares decomposition of complex spectra into individual components. Decomposition was carried out via
the Gauss-Newton and the genetic algorithm. The spectra were simulated by the 254,016 combinations of three
Gaussian peaks which parameters are varying in a very large range.
In what follows, for the sake of simplicity, term “line” is used instead of terms “peak, line and band”. The
standard algebraic notations are used throughout the article. All calculations were performed and the plots were
built using the MATLAB software.
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1. Computer Modeling
Multiline spectra were simulated by Gaussian triplets:
Q(X) = 1'3:1F(x' in!Ri!ri)! (1)
where F(x, xo;, R;, 1) = Riexp{—[(x — x5;)/r;]%} is the i" line; x = 2vIn2j,j = [=7:0.02: 7], xo;, R; and 7
are the position of the maximum, the relative intensity and the relative width of the i" line, respectively.
Parameter values of triplets are given are given in Table 1(total number of combinations Ni,.,; = 254,016).
High and low resolution spectra of triplets and their first-order derivatives are shown in Fig. 1.
Table 1. Parameter values
Parameter | xq, | —xq1, %3 | R Ry, R4 Ty T, T3
Values 0 Jo0301:1]1]010213051,23510]1]0213051,235
Curve fitting (non-linear regression) to three Gaussian lines was performed using Gauss-Newton (MATLAB
function nlinfit) and genetic (MATLAB function ga) algorithm. The first algorithm was also applied to the first-
order derivative of the triplets (the derivative mode).
For the Gauss-Newton algorithm the initial values of parameters (Pf"“) except P,fgz“ , were equal to
P/t = LB + (UB — LB)n, (2)
where LB = P/™€ILim and UB = P/"™¢uLim are the low and the upper bounds, respectively; Pf"™¢ is a true
parameter value; [Lim and uLim are 1 + lim, respectively; lim=0.2 and 0.5; n is a random variable uniformly
distributed in the range 0-1.
Since the true value of x, is zero, then its initial value
Pt = —lim + 2lim n 3
For genetic algorithm the range of parameter values: P; = [LB,UB] except Py, = [—lim, lim].

Figure 1. Spectral triplets and their first-order derivatives
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[Xo1, Ry, 71, Xo3 Ra, 73] = [-0.3,0.1, 3,0.3,0.1, 3] (a), [-1, 10, 3, 1, 10, 3] (b) and [-1, 1, 0.2, 1, 1, 0.2] (c).

Random noise with zero mean and standard deviation ¢ =0.01 was added to the each triplet (1). 0=0.002 for
low noise triplets. At the next step triplet parameters were estimated. For randomization these two procedures
were repeated 20 times. We studied two cases:

1. Unconstrained non-linear regression (UR) when whole curve-fitting data was considered valid.

2. Constrained regression (CR). In the case of the rank deficient program warnings of the Gauss-Newton
algorithm and when the maximum number of generations of genetic algorithm exceeded, the obtained data was
rejected. In both cases the following soft constraints were applied:

X901 <0,x93>0, R>0,r>0 (€))
The relative error (%) in estimating parameter P; is equal to
fPi — 100(Fiestim _ Pitrue)/Pitrue’ (5)

where P£St™ is the mean value of the P#St™-values.
The fitting error:

~ 2
£re = {212 (009) ~ () /701, ©
where Q(x;) is obtained from Eq. 1 by substituting PES‘™.
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The indicator for good model fit was

ffit < Knoiseaﬂ (7)
where Ky, ,;5 is the noise multiplier. The number of the good-fitting models Nyf < Nyoq,. From these models
only those triplets for which

fP,: < Kf' (8)
have been chosen. K; =[20,10,5,1] for all P;, except Py, for which K; = [0.05,0.025,0.01, 0.002].
Number of selected triplets depends on the coefficients K (N (K ise, Kz) ). The relative value (%):
W5 = 100N (Kppise, Ke ) /Ny s 9)

has been calculated. It was shown in [4] that ¥, may be considered as the probability that the relative error in
estimating parameter P; is not greater than K; for a given ;. over good fit. Also we found that the mean
probability ¥, weakly depends on the sample taken from the entire population of Gaussian quartets.

I11. Results and Discussion
Typical histograms of the &p, distributions for K, =3 are given in Figs. 2-6. These plots are usually
asymmetric unimodal, however for lim=0.5 two modes appear for R, and r, in the case of the Gauss-Newton
algorithm. For genetic algorithm the histogram shapes are differ from the corresponding histograms of the
Gauss-Newton algorithm. This result is due to different use of initial parameters for both algorithms.
It is seen from the histograms that the number of the good-fitting models (N, () significantly decreases for
lim=0.5 as compared to lim=0.2.
Table 2 represents the statistical parameters (mean, variance and skewness) of the error distributions. It is seen
from this table that for experiments based on the unconstrained regression the absolute value of mean errors
|$ng | increase if the range bounds of initial guesses increase (lim increases from 0.2 to 0.5).
For experiments based on constrained regression (Eq. 4), the size of the sets meet the given constraints,
decreases. For these sets |€_pi | decreases as expected. The exceptions are|$_R3| and |¢:r3| for lim=0.2 and 0.5,

respectively. For the Gauss-Newton algorithm the values of |§_Pl. | in the derivative mode increase as compared

to the normal mode.
Figure 2. Histograms of the error distribution for Gauss-Newton algorithm (lim = 0. 2)
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Figure 3. Histograms of the error distribution for Gauss-Newton algorithm (lim = 0.5)
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Figure 4. Histograms of error distribution for genetic algorithm (lim = 0.2)
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Flgure 5. Histograms of the error distribution for genetic algorithm (lim = 0.5)
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The mean errors for the genetic algorithm are significantly greater than for the Gauss-Newton method (Table 2).
As expected, the mean errors of triplets are less than corresponding errors for quartets [4].

No dependence of skewness upon the errors of modeling parameters has been found.

Fig. 6 shows that in the most cases the correlation between errors is low.

The relative error probability is a very complex function ¥, (Pi, lim, K,pise, Kf). Tables 3 and 4 represent some
numerical values of this function for Gauss-Newton and genetic algorithms. From these tables the following
conclusions can be drawn:

1. For both algorithms probability ¥, increases while increasing K. The dependence ¥y (Kpoise) 1S

Table 2. Statistical parameters of the error distributions (K. =3 )

. Parameters of triplets
lim | Regression
Xo1 | R, | L5 | %02 | R, | 2 | %03 | R, | E
Gauss-Newton algorithm. Normal mode
_ -0.24% | -0.73% -0.39% | -0.23+ ) -0.25+ | -0.75+
0.074+ 0 0.089+
UR 0.017 0.017 0.015 0.009 0.017 0.017
0.016 0.016
0.23 -0.43 -2.9 -0.36 -1.0 -2.4 0.079 -0.43 -2.8
02 ) -0.33+ -0.38% | -0.26+ ' ) -0.80
0.061+ 0 0 0.059+ | 0.072¢
CR 0.010 0.015 0.007 0.017
0.014 0.016 0.017
0.071 1.0 -1.8 -0.69 -1.1 -1.1 0.65 0.75 -2.4
-1.05% | -0.24% | -1.61% -1.05% 0.38+ -1.14% } -1.63%
0 0.041%
UR 0.13 0.1 0.1 0.082 0.079 0.13 0.12
0.5 0.1
-0.97 -0.26 -1.7 -0.21 -1.21 0.15 -1.1 0 -1.7
UR -0.11+ | -0.14% | -0.26% 0 -0.11+ - -0.18+ | -0.10% | -0.27+
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low 0.063 0.043 0.044 0.028 | 0.067+ | 0.058 0.050 0.045
noise 0.015
2.0 0 -6.9 -0.26 3.5 -0.61 1.7 1.9 -741
0 0.11+ | -0.53% 0 -0.76+ | -0.19+ 0 -0.33% | -0.43%
CR 0.073 0.051 0.066 0.042 0.11 0.11
0.52 0.89 -0.94 -0.30 -1.7 0.38 0.84 0.26 0
Gauss-Newton algorithm. Derivative mode
-1.03% | -1.94% | 0.72% 0 -416+ | 3.53% | -0.97+ | -1.67+ | 0.52%
UR 0.23 0.27 0.24 0.29 0.25 0.23 0.26 0.23
0.93 -1.7 1.0 -0.22 -1.3 1.31 -0.92 -1.7 0.82
05 0 -1.88% | 0.71% 477+ | 231+ | -1.14% | -1.33% 1.30%
CR +0.12 0.20 0.18 0 0.32 0.16 0.19 0.30 0.33
0.69 -2.0 1.9 -0.73 -1.2 1.3 -0.51 -0.77 0.85
Genetic algorithm. Normal mode
-2.67+ | 3.98% 1.58+ | 0.025% | -3.34+ | -3.35+ | -1.01% | -042+ | 0.17%
0.2 CR 0.025 0.037 0.023 | 0.0002 | 0.030 0.030 0.016 0.013 0.011
-1.5 1.4 1.5 1.5 -1.3 -1.3 -1.8 -0.82 0.56
-8.63+ 9.6+ 5.46+ -8.25% | -4.77+ | -4.37% | -1.43% 1.43%
0.5 CR 0.086 0.10 0.076 0 0.081 0.054 0.055 0.041 0.034
-1.4 1.4 1.6 1.3 -1.3 -1.5 -1.7 -0.96 1.3
Figure 6. Linear correlation coefficients between errors
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Genetic algorithm: (1im=0.2 (a), 0.5 (b)). Newton-Gauss algorithm: normal mode (lim=0.2 (c), 0.5 (d)), derivative
mode (lim=0.5 (e))

decreasing for the Gauss-Newton algorithm; however, for genetic algorithm it is increasing in many cases (red
numbers in Table 4). Contrary to the Gauss-Newton algorithm it is rapidly approaching saturation at small
values of K, ,;;c =3 + 5.

2. The mean probability %, - for 1im=0.2 is higher than that for lim=0.5.

3. Constrained regression increases the values of ‘?’g b

4. The mean probability ll_lgf decreases in the derivative mode as compared with the normal mode. This result
contradicts the conclusion of [6]. In this article it was pointed out that a chance of finding accurate values of line
parameters increases with increasing resolution in the first-order derivative. However, the noise enhancement
due to the differentiation decreases the probability ¥

5. There is no general relationship between whose probabilities which satisfied the condition

W, < 0.95% ¥, and triplet parameters. However, for constrained regression when lim=0.5 this condition is
true for R, and r, in both modes. Only one exception exists. So, the intensity and the width of the middle triplet
line are the most error-sensitive triplet parameters in decompaosition process.

6. The mean probability ¥, [4] for quartets is significantly less than that for triplets (Table 5).

We tried to find correlation between probabilities ¥, and multivariate selectivity in terms of the net analyte
signal [7]. Unfortunately, no correlation has been found.

Like we mentioned in the previous article [4], obtained results show that a small fitting error does not guarantee
that a fitting algorithm does converge to the correct line parameters. E.g., for constrained regression, using
Newton-Gauss algorithm in the normal mode for [im=0.5, the minimal probability that the absolute value of
the relative errors in determining parameters is less than 5%, ﬁi"=61.1%. For lim=0.2 ;’]‘c"" = 87.2%. If
Koise = 1 then W;’}"" =65.6% and 30.7 for lim=0.2 and 0.5, respectively. Moreover, in the case of small fitting
errors, the relative number of the good model fits decreases significantly (Table 6).
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In conclusion, probability ¥, increases when the initial guesses are close to the exact values of the parameters
and noise decreases. In analytical practice the probability ¥, can be increased by averaging of parameters
obtained from multiple repetitions of the same experiment.

Table 3. Relative error probability (¥,) for Gauss-Newton algorithm

. . Parameters
lim | Regression | Kg Mode o R - = 7, s = r - ey
20 954 | 945 | 963 | 954 | 944 | 96.2 | 985 | 988 | 1000 | 96.6
916 | 905 | 933 | 916 | 90.4 | 933 | 940 | 948 | 99.4 | 930
0 921 | 907 | 928 | 920 | 906 | 929 | 951 | 959 | 99.1 | 935
UR 871 | 852 | 888 | 871 | 852 | 889 | 883 | 896 | 96.4 | 885
5 873 | 857 | 893 | 873 | 855 | 893 | 881 | 915 | 972 | 89.0
814 | 789 | 844 | 814 | 788 | 844 | 798 | 835 | 914 | 827
1 720 | 678 | 742 | 719 | 677 | 741 | 626 | 735 | 803 | 716
02 Cormal 655 | 611 | 688 | 655 | 61.0 | 687 | 553 | 651 | 7.0 | 647
I 979 | 974 | 998 | 970 | 958 | 96.4 | 987 | 989 | 1000 | 98.0
965 | 956 | 994 | 954 | 930 | 90.8 | 961 | 961 | 99.8 | 959
0 955 | 949 | 989 | 940 | 925 | 93.7 | 958 | 959 | 99.8 | 95.7
R 933 | 921 | 977 | 916 | 879 | 861 | 916 | 915 | 985 | 923
s 917 | 907 | 962 | 896 | 87.2 | 888 | 896 | 919 | 985 | 916
887 | 871 | 941 | 864 | 80.7 | 796 | 844 | 866 | 922 | 87.0
1 771 | 723 | 799 | 733 | 671 | 709 | 656 | 754 | 852 | 741
736 | 680 | 769 | 69.2 | 595 | 613 | 615 | 703 | 802 | 689
ormal 718 | 742 | 771 | 716 | 735 | 769 | 924 | 980 | 99.7 | 817
20 567 | 596 | 645 | 56.8 | 59.7 | 646 | 670 | 863 | 9.8 | 675
derivative 743 | 648 | 653 | 739 | 649 | 650 | 924 | 97.1 | 1000 | 775
569 | 528 | 56.2 | 57.1 | 530 | 55.9 | 649 | 814 | 90.4 | 63.2
ormal 611 | 660 | 685 | 60.6 | 653 | 680 | 756 | 915 | 925 | 72.1
10 442 | 496 | 545 | 443 | 495 | 547 | 465 | 695 | 7.3 | 538
derivative 647 | 561 | 549 | 644 | 565 | 549 | 762 | 876 | 905 | 67.3
UR 438 | 42.8 | 450 | 446 | 428 | 449 | 445 | 586 | 685 | 484
ormal 497 | 56.2 | 59.7 | 488 | 556 | 595 | 53.1 | 786 | 756 | 59.6
c 316 | 389 | 445 | 316 | 388 | 446 | 285 | 505 | 493 | 39.8
derivative 518 | 486 | 49.1 | 521 | 491 | 49.8 | 462 | 609 | 641 | 524
306 | 334 | 365 | 316 | 334 | 366 | 239 | 349 | 439 | 339
ormal 299 | 354 | 400 | 292 | 343 | 400 | 291 | 421 | 390 | 354
1 165 | 190 | 238 | 163 | 195 | 239 | 131 | 214 | 199 | 194
derivatives 279 | 323 | 355 | 295 | 332 | 365 | 169 | 91 | 86 | 255
141 | 178 | 198 | 143 | 183 | 199 | 81 56 | 73 | 139
05 | 959 | 966 | 97.2 | 948 | 905 | 922 | 964 | 984 | 99.9 | 958
20 norma 913 | 904 | 881 | 894 | 707 | 648 | 835 | 928 | 985 | 856
Serivative 974 | 961 | 915 | 891 | 755 | 685 | 960 | 978 | 99.9 | 90.2
905 | 880 | 834 | 782 | 527 | 490 | 818 | 916 | 97.9 | 793
- ormal 903 | 912 | 954 | 877 | 80.3 | 80.0 | 89.1 | 948 | 99.0 | 89.8
10 830 | 816 | 836 | 77.8 | 537 | 482 | 710 | 831 | 927 | 750
Serivative 936 | 875 | 8L2 | 804 | 56.8 | 475 | 860 | 892 | 983 | 80.1
R 816 | 753 | 723 | 639 | 358 | 31.0 | 658 | 767 | 89.8 | 658
- ormal 80.7 | 825 | 905 | 773 | 635 | 611 | 779 | 878 | 927 | 793
5 694 | 701 | 750 | 617 | 352 | 312 | 578 | 707 | 805 | 613
Serivative 839 | 787 | 758 | 655 | 40.3 | 346 | 627 | 653 | 923 | 666
667 | 623 | 627 | 455 | 21.9 | 188 | 453 | 512 | 756 | 500
- ormal 554 | 564 | 66.2 | 443 | 30.7 | 325 | 526 | 615 | 728 | 525
. 439 | 426 | 493 | 291 | 134 | 134 | 360 | 441 | 536 | 36.1
Serivative 527 | 543 | 506 | 30.8 | 193 | 17.9 | 274 | 34 | 97 | 296
374 | 369 | 368 | 162 | 70 | 68 | 192 | 45 | 102 | 194

Kooise =3 and 10 for upper and lower rows, respectively. Values ¥, < 0.95 « lI’gf are given in bold italic.

Table 4. Relative error probability (¥, ) for genetic algorithm
Parameters

lim K

£ Xo1 R, T Xo2 R, T Xo3 R3 3 mean
100.0 | 100.0 | 100.0 | 100.0 | 90.8 | 100.0 | 100.0 | 100.0 | 100.0 | 99.0
20 | 100.0 | 100.0 | 100.0 | 100.0 | 84.3 | 100.0 | 100.0 | 100.0 | 100.0 | 98.3
100.0 | 100.0 | 100.0 | 100.0 | 83.9 | 100.0 | 100.0 | 100.0 | 100.0 | 98.2
0.2 948 | 806 | 90.3 | 749 | 952 | 969 | 971 | 99.1 99.3 | 92.0
10 | 95.7 84.4 | 921 645 | 947 | 957 | 975 | 99.1 994 | 914
95.8 | 845 | 92.2 64.0 | 946 | 956 | 975 | 99.1 99.4 | 914
5 75.9 53.8 | 65.7 377 | 766 | 811 | 829 | 865 904 | 723
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(1
[2]

[3]
(4]

[5]
6]

[71

79.4 60.5 70.2 31.1 72.8 | 749 84.6 86.8 90.8 | 72.3
79.5 60.9 704 | 308 | 727 | 747 84.6 86.9 90.8 | 724
315 18.6 22.7 4.0 252 | 22.0 | 49.0 37.5 453 | 284
1 36.4 21.4 24.5 3.4 23.2 194 | 505 39.3 456 | 293
36.6 21.6 24.5 3.4 23.2 19.3 50.6 39.4 | 456 | 29.3
82.9 57.4 729 | 86.6 | 98.0 | 99.9 89.3 97.2 86.6 | 86.9
20 | 857 71.2 78.6 75.1 91.8 | 98.0 92.0 96.1 97.7 | 873
87.2 749 | 80.8 67.3 | 89.7 | 96.3 924 | 95.8 97.5 | 86.9
56.2 36.6 51.3 62.8 | 824 | 95.6 724 | 753 84.4 | 685
10 | 61.8 49.2 583 | 486 | 717 | 836 76.1 75.6 84.3 | 67.7
65.0 53.3 60.5 | 426 | 675 | 783 76.7 75.8 843 | 67.1
38.1 249 | 317 233 | 56.1 | 734 | 60.2 | 485 63.3 | 46.6
5 42.6 338 | 388 175 | 464 | 558 61.6 51.8 64.1 | 4538
45.9 36.6 | 408 154 | 43.0 | 50.7 61.9 52.9 64.2 | 45.7
13.2 8.4 10.9 3.1 135 | 174 | 325 14.5 21.8 | 15.0
1 15.2 10.6 13.5 2.5 11.0 | 123 32.7 16.4 232 | 153
16.6 11.2 13.8 2.3 10.2 11.1 32.7 16.9 23.0 | 153

05

Knoise = 1,2and 3 from upper to lower rows, respectively. Values ¥, < 0.95 * ‘I/gf are given in bold italic

Table 5. Comparison of the mean relative error probabilities for triplets and quartets decomposed by Gauss-Newton algorithm

K; 20 10 5 1

Triplets 95.8 89.8 79.3 525
85.6 75.0 613 36.1

ouartets 94.7 85.6 68.7 32.9
817 65.0 458 183

Knoise = 3and 10 for upper and lower rows, respectively. lim = 0.5.

Table 6. Relative number of the good model fits (N g¢/Nyora1,%)

Kroise Regression 53 lim —

3 UR 70.8 =5

CR 66.3 54

10 UR 85.8 >3

CR 79.0 88
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