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Abstract: In this paper, some estimates for Dirichlet kernel has been proved. Also, we have obtained the 

complex form of modified trigonometric cosine and sine sums of X.Z. Krasniqi [10]  and have proved the 

convergence of complex trigonometric series under class J* of complex coefficients in metric space 
1L . 
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I. Introduction 

It is well known that if a trigonometric series converges in 
1L -norm  to a function 

1ˆ Lf  , then it is the Fourier 

series of the function f̂ . But in 1932, Riesz { [5], Vol. II, Ch.VIII }   gave an example 


2
log

cos

n
n

nx
which shows 

that it is a Fourier series but it does not converges in 
1L -metric. This enhance many authors to study the 

Lebesgue convergence of trigonometric series. During literature survey, one can found that many authors 

introduced modified cosine and sine sums and use these modified sums as a tool to study the Lebesgue 

convergence of trigonometric series as these sums approximate their limits better than the classical 

trigonometric series. 

            Lebesgue convergence of complex trigonometric series was studied by C.V. Stanojevic and V.B. 

Stanojevic [2] Sheng Shu Yun [6], F. Moricz [3], C.P Chen [1] and S.S. Bhatia and B. Ram [8] for various 

classes of complex sequences by considering additional conditions to control the sine and mixed part of 

complex trigonometric series. Some of authors like S.S. Bhatia and B. Ram [7], Z


 Tomovski [9], J. Kaur and 

S.S. Bhatia [4] have obtained the complex form of modified cosine and sine sums and obtained necessary and 

sufficient condition for Lebesgue convergence of complex trigonometric series. 

  

Xhevat Z. Krasniqi [10] introduced new modified cosine and sine sums as 
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and 
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and studied their Lebesgue convergence with semi-convex coefficients. 

Keeping this idea, we have obtained the complex form of modified sums (1.1) and (1.2) as: 
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and studied its 
1L -convergence under a class J* of complex coefficients. 

 

II. Basic notations and background 

Let the partial sums of the complex trigonometric series 
n

nti
neĉ  be denoted by 
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If a trigonometric series is the Fourier series of some function 1ˆ Lf  , we shall write )(ˆˆ nfcn  for all n and 

)ˆ(ˆ),ˆ(ˆ),ˆ(ˆ fStfStCS nnn  . Let 
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denote the Dirichlet's kernel, the conjugate Dirichlet's kernel and the conjugate Fejer's kernel respectively. Let 


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)( , then the first differentials )(' tDn and )(
~ ' tDn of )(tDn and )(

~
tDn can be written as 
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where )(' tEn  denotes the first differential of )(tEn . 

 

Definition. [4] A null sequence }ˆ{ nc of complex numbers belongs to class J* if there exists a sequence }ˆ{ nA

such that  
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III. Lemmas 

The proof of main result is based upon the following lemmas. 

Lemma 3.1. [8]  Let r be a non-negative integer and 0 . Then there exists 0rM  such that for all 

 t and for all 1n , 
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Lemma 3.2.  For 1n , we have 
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Proof.  For 0t , we note that 
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Similarly, 
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and to prove (iii), we consider, 

                      

  

0

2/

0

2/

0

1

sin2

1
2

sin2sin2
dt

t
dt

t
dt

t

e

t

e tintin

 

Therefore 

                   


nnot
t

e
n

n

tin

),(log][loglim
sin2

2/
/


 . 

 

IV. Main Result 

The main result of this paper read as follows: 

Theorem 4.1. Let *ˆ Jcn  . Then there exists )(ˆ tf  such that 
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Now, we show that )(ˆ tf exists in ],0(  . Consider, 
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By using Lemma 3.1 and (2.3), we get 
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Using Abel's transformation, we get 
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Using (4.1), (4.2) and assertion (ii), we get the conclusion of assertion (iii). 
. 
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