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Abstract: An (n,k,d) Generalised Doubly Extended Reed-Solomon (GDRS) code such that 2 < k < n-
L(q ,D/J (k#3 if q is even) can be extended by one digit while preserving the MDS property if and only if
2

the resulting extended code is also Generalised Reed-Solomon code. In this paper, we have extended
Generalised Triply Extended Reed-Solomon (GTRS) code by one digit, and analysed the conditions under which
this resulting extended GTRS code becomes MDS or otherwise. In this analysis, we have used the relation 2 < k

S(n+2)—L(q +1)/2J

Keywords: Reed-Solomon code, Generalised Reed-Solomon code, Generalised Doubly Extended Reed-Solomon
code, Generalised Triply Extended Reed-Solomon code, canonical generator matrix, singular column, regular
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I. Introduction

For every linear code (n,k,d), we have: d < n-k+1. This is known as The Singleton Bound. If d = n-k+1, then
(n,k,d) code C over finite field F=GF(q), where q is a positive power of a prime, say q=p", p being prime, n
being a positive integer, is called Maximum Distance Separable(MDS) code. The MDS codes are optimal. It
means that they achieve the maximum possible minimum distance for given length(n) and dimension(k). It is
known that for k > 1, the length of MDS codes of dimension k over finite field F=GF(q) has maximum upper
bound. It is denoted by symbol m(g,k). It means that MDS codes of dimension k over finite field F=GF(q) has
maximum length, denoted by m(q,k). For k>q, it has been verified that m(q,k) = k+1. To find the exact value
of m(q,k) for 2 <k <q, is an open problem. The generally believed conjecture is that for 2<k<q, m(q,k)=q+1,
except for the cases k=3 and k=g-1 with g even, in which case m(q,k)=g+2 . This conjecture has been proved for
some values of g and k. Reed-Solomon (RS) codes are a special case of a larger family of MDS codes, which
are called Generalised Reed-Solomon(GRS) codes. A code C is called GRS code, if it has a generator matrix:

G=[gi]
. 1y )
where g;=v; o, 1<i<k, 1<j<n. Therfore, G=[g;] =[v; o], 1<i<k, 1 <j<n
i ] V; V. Y/
g5, 9, 93 - . . Oy, 1 > f
V, V. .. V,
J,1 9, Qo3 - - - Oy, 1‘7‘12 zazz R (1)
2
931 Gsz Gss - - - Usn Viay Voo, . Voo
Ok11 Y12 ez - - - Gian V1051k72 vzazk’z- . Vn01:72
9a G G - O Jkxn _\/10‘1k71 Vzazkil- . V,]Ol:i1 dkxn

In this definition,0;’s are distinct elements of field F=GF(q); v;’s are non-zero but not necessarily distinct
elements of field F=GF(q). Also o;’s are called column generators of G; v;’s are called column multipliers of G.
And G is called canonical generator matrix of code C. GRS codes exist for any length n < q. GRS codes can be
extended by appending an extra column of the form:

(0,0,0.......,v) , v£0. 2)
to generator matrix G of the GRS code, while preserving MDS property. It means that if we append an extra
column of the form (2) to generator matrix G of GRS code, then new generator matrix so obtained will be a
generator matrix of new GRS code which is MDS. Therefore, extended GRS code will have a generator matrx
G; of the form:

v, v, . v, [¢]
v, Vyor, .. Va, 0 (3)
i, v, .. vya? 0
G, =
Vlo):lk’2 Vza;’z. . vna::’2
7V1a1k71 Vzazkil- - Vet v Lks(nany

IJETCAS 13- 613; © 2013, IJETCAS All Rights Reserved Page 356



Vinochaet al., International Journal of Emerging Technologies in Computational and Applied Sciences, 6(5), September-November, 2013,
pp. 356-364

It should be noted that index of the extra column (0,0,0,......,v)", v # 0, may be any. Here we have put it as the
last column of G1 .

It will be said that the extra column (0,0,0,...... ,V)/ , v # 0, has v as column multiplier, and o as
column generator. The resulting code having G; as generator matrix, is called Generalised Doubly Extended
Reed-Solomon(GDRS) code. The basic RS codes are defined as having non-zero elements of the field F=GF(q)
as column generators, that is, o;’s are non-zero elements of the field F=GF(q). The generators are successive
powers of a field element, say a, whose order is the code-length n, i.e. " = e (identity element of field) =1. So,
column generators of RS codes are like a°(=l), of, o o, .. So, as a result, RS code becomes cyclic. For
GRS codes, the column generators a;’s are distinct elements of field F=GF(q) including zero element of the
field. Moreover, one column (0,0,0,...... ,v)/ , v# 0, is appended to generator matrix G to have generator matrix
G, of GDRS code. This explains why we call the resulting code as Generalised Doubly Extended Reed-
Solomon(GDRS) code.

GDRS codes exist for any length n < (q+1). Seroussi and Roth (1986) have proved that for 2 <k <
L%J +2, except for k = 3 when g is even, GDRS codes of length (q+1) cannot be further extended while

preserving the MDS property. This means that for 2 <k < L%J +2, if a unique (n = g+1, k) MDS code exists

over field F=GF(q), then m(q,k)=g+1. This uniqueness is defined upto the equivalence relation which is as

follows: Two codes C,,C, over field F = GF(q) are equivalent, if a permutation @ on n symbols {1,2,3,...... ,n}
and n non-zero constants aj, a,,...... ,a, € F = GF(q) exist, such that Co,={ a; Cy1y, @ Cre)...... ,8n Cam)  (C1,
Coyevrnnn ,Cn) e C; }

For odd g, almost all known MDS codes of length (g+1) are GDRS. In this connection, an example is
given by Casse and Glynn, and presented by Hirchfled(1983), which shows a (h=q+1=10, k=5) MDS code,
which is not GDRS code. This example falsifies the earlier believed conjecture that MDS codes of length n=g+1
over field F=GF(q) are GDRS.

Seroussi and Roth (1986) have proved that a GDRS code of length n and dimension k, such that 2 <

k< n—t(q —1)/2J can be extended by one digit while preserving MDS property, iff the resulting code is also

MDS. It means that an (n,k) GDRS code over field F=GF(q) with 2 < k < n-t(q —1)/2J, can be uniquely

extended to an MDS code of length n=g+1, which is GRS, and which cannot be extended further.

If length of GRS code is n, then length of GDRS code will be (n+1). Let C be an (n+1,k,d=(n+1)-
k+1=n+2-k) GDRS code over field F=GF(q). Let the vector of column generators of C be denoted by a, where a
= (0, Og,....., On, Ons1), 0;’S , 1 <1< (nt1) being distinct elements of field F=GF(q) U {w}. Let the vector of
column multipliers of code C be denoted by v, where v = ( vy, Va,....., Vi, Vpi1), Vi’s , 1 <1< (n+1) being non-
zero elements of field F=GF(q). Then we denote GDRS code by GDRS(n+1,k, a, V).

Let k be any positive integer. Let f be an element of field F=GF(q). Then we denote the column
vector (1,[3,[32,/....,[3k'1)’kx1 by u“(B). So, UB)= (LB.B%...." Y . Also we define u(0) as: uew) =
(0,0,0,....... ) kst

The canonical generator matrix of GDRS(n+1k, a, v) code C is given by(in terms of above

notations):
- k k k k
Gi=[vi. U(a1) , V2. U(02) ,eeeoey Vi UT(0n) , V. UT(0)]
1 ] 1] 1 ] ) v, vV, A 0
a, a, a, 0 v, Voo, .. Vya, O
2 2 2 2 2 2
a, a, a, 0 ve,” va,© .. Vv, 0
=|v, v,. v,. \Y =
k-2 k-2 k-2
Vi, T V,a, T Vo,
k-1 k-1 k-1 k-1 k-1 k-1
R 2 e _1__ iy Vo, T VeV

, which is same as (3).

In GDRS codes, we take column generators a;’s as distinct elements of field F=GF(q) including zero
element of field. So, we can take one of the a;’s equal to zero element of field. Let us take o, = 0. Then a
generator matrix of GDRS code will become as:
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(v, v, .. v, 0 |

vio, Vo, 0 O

vy’ Vo’ 0O

(4)

k-2 k-2
v, " Voo, . . 0

k-1 k-1
(i Ve, . . OV |

If we append one more column of the form (0,0,...... ,vw)/kx1 , Voo 2 0 € F=GF(q) to Gy, then it will
become a generator matrix G, of new code, called Generalised Triply Exteded Reed-Solomon(GTRS) code.
Therefore,

v, V, .. v, 00
a o
v,o, V,a, 0 0 O
v’ V,a,” 000 )
G, =
Vot v,as?. .0
k-1 k-1
| Vi, V&, Ov v, Lkx(n+2)

Clearly, length of GTRS code will be (n+2).

I1. Some Lemmas and Definition As Pre-requisites
Lemma 1:An (n,k,d) code C is MDS iff every k columns of a generator matrix G of code C are L.I.
Lemma 2: Let F=GF(q), q > 3 be the finite field. Let S be a subset of r distinct elements of F=GF(q) such that

t(q +%J +2 <r <q. Let ae F-{0}, i.e. a be a non-zero element of field F=GF(q). Let k be an integer such

that 2< k< r-t(q +% J . Then, for any subset S’ = { oy, a,....., a2 } Of set S of cardinality (k-2), there

exist two elements ay.g, oy in S such that the vector

w= U¥ay) + a.u¥() (6)
lies in the linear span over field F=GF(q) of the vectors u(ay) , U4(as) , ....., U(ow).
Def. 1 : Let G, be the canonical generator matrix of GTRS(n+2,k, a, v) code over field F=GF(q). Then we say
that a column v; . uk((xi) =v;.[ Loj,0 Z. ...,aik'l)/kx1 is singular if a;= oo, and is regular otherwise.
Lemma 3: Let G, be the canonical generator matrix of GTRS(n+2,k, a, v) code over field F=GF(q), where 2 <k

<n+2 - t(q +%J ,and let he F*be a column vector such that h # a. u“(e0) for any a€ F=GF(q), and h

can be expressed as a linear combination of (k-1) columns of G, . Then h can be expressed as a linear
combination of (k-1) regular columns of G, .

I1l. Extension of GTRS(n+2,k, a, v) Code

Theorem 1 : Let C be a GTRS(n+2,k, a, v) code over finite field F=GF(q), such that 2 < k < (nt+2)-
L(q +1)/2J . Let G, be canonical generator matrix of code C. Let h be a k-dimensional column vector over

field F=GF(q).

(i) When k=2, and every non-zero column vector h € F*= F? is equal to v. u?() for some BeF U {0}, vEF-
{0}, and if B is not a column generator of G,, then extension of C generated by matrix [G,|h] will generate
MDS code. (i)
When k=2, and every non-zero column vector h € F*= F?is equal to v. u’(p) for some peF U {}, veF-
{0},and if B is a column generator of G,,then extension of C generated by matrix [G,|h] will not generate an
MDS code.

(iii) Let G/ is generator matrix of GTRS(n+2,k+1, a, v) code , G, being generator matrix of GTRS(n+2, k , a,
v) code. Let h € F**'be a column vector. Let h* € F* be the vector obtained by deleting the last co-ordinate of
h. Let h* = a. uX(c0) for some a € F=GF(q), and a=0, i.e. if a is zero element of field F=GF(q). Then extension of
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C generated by matrix [G,|h] will generate an MDS code. If a # 0, i.e. if a is not zero element of field
F=GF(q), then extension of C generated by matrix [G,'|h] will not generate an MDS code.

(iv) Let h* # a. uX(e0) for some a € F=GF(q) and h* can be expressed as a linear combination of (k-1) columns of
G,). Then extension of C generated by matrix [G,'|h] will not generate an MDS code.

(v) Let h* # a. uX(e0) for some a e F=GF(q), let h can not be expressed as a linear combination of (k-1) columns
of G, and let a=0. Then extension of C generated by matrix [G; |h] will generate an MDS code. If a # 0, then
extension of C generated by matrix [G;/|h] will not generate an MDS code.

Proof : Here C is GTRS(n+2,k, a, v) code, over finite field F=GF(q),with canonical generator matrix G, such

that2 < k < (n+2)-t(q +%J .

(i) Let k=2. Let e F U {0} . Now U*(PB) = (1B,B%....8" Y er.

1
Therefore, U?(B) = (1,B) :LB}

1 Vv
So, v. UXp) =v.[ } = [ } eFr?, [V } being non-zero, because v # 0. Let it be h , being non-zero.
B v. v.

Therefore, non-zero h (€ FA)=v. u’(B) .

Hence, when k=2, then every non-zero column vector h € F*=F? is equal to v. u?(B) for some peF
U {0} . If P is not a column generator of G,, then vector h € F“= F? will be some singular column .
Therefore, [G,|h] will be canonical generator matrix of further extended code. So, extension of C generated
by matrix [G,|h] will generate an MDS code.
(i) But if B is a column generator of G,, then:

\" \'
h=v. u(B)=v.(1, B)’ = { } =(1). [ } = a linear combination of one column of G,
V. v.p

\'
(because B being column generator of G, and k=2, so { :| will be a column of G,).
V.

= a linear combination of 2-1=k-1 column of G..
Therefore, [G,|h] will have k=2 columns, which will be L.D. (This follows from a result of Linear Algebra,
whch states: “ Let m > 1. Then the vectors vy, Vs,....., vy, are LD iff one of them is a linear combination of the
others”). Hence, k = 2 columns of [G,|h] will not be LI. So, according to Lemma 1, [G,|h] will not generate
an MDS code.
Let k > 2 when q is odd, and for some k > 4 when q is even.

(iii) Let G, is generator matrix of GTRS(n+2,k+1, @, V) code, where k+1 < (n+2)—{(q +%J We have

already taken G, as generator matrix of GTRS(n+2, k , a, v) code. It is clear that G, is of order kx(n+2) and G,'
is of order (k+1)x(n+2). Therefore, it should be noted that G, consists of the first k rows of G, except in the
singular column where v. u(c0) replaces the first k entries(zeros) of v. u"(o0), and v,.. u*(o0) replaces the first k
entries(zeros) of V... u“"(c0). This fact can be seen from the figures of G,and G, as follows:

vi v, .. v, 00 v, Vv, .. v, 00 ]
Vi, V,a, 0 00 va, V,a, .. 0 0 O

2 2
via,© V,a, 00O v, voa,” 00

G, =|. : e andG,_. C e )
] =
k-2 k-2

k-2 k-2 via, "V, . . 000
vio, Vo, . . 0 1 1k_1 2 zk_l

k-1 k-1 via, V,a, .. 00 O
i, V,a, Ov v, Jixtne2) g g 0

iy Voo, . VoV e

Let h € F“!be a column vector. Let h* € F* be the vector obtained by deleting the last co-ordinate of h.
Therefore, we can write:
k
h= {h ]Where n € F=GF(q).
n
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Let h*=a. u(e) for some a € F=GF(q). If a=0, i.e. if a is zero element of field F=GF(q), then:

0 0
0 0
h=0.u) =0.|" | =|* |=[00...0] .
_1_ _O_
(0] 0]
0 0
h* .
Therefore, h:{ }: = 1.
77 .
0 0
L7 ] (k+1)x1 _1 J(k+1ya

Hence, h=17 . uk”(oo),?] € F=GF(q), not necessarily column generator of G, . So,vector h will be some

singular column G, . Therefore, [G,’ |h] will be canonical generator matrix of further extended code. So,
extension of C generated by matrix [G;/ |n] will generate an MDS code. Let h* = a. u(e) for some a€
F=GF(q), and a#0, i.e. if a is not zero element of field F=GF(q).

k
Then: h = {h } , N € F=GF(q)
n
= {a,uk(oo)} , ae F=GF(q)
n
[ [o] T [0] T[o T
0 0 0 0
0 0 0 0
_lafooo...01},|_ L _ ,
= =lal’ = =a.l. =a.|.
n .
_1_k><1 a n o
B | 1] _A_(m)xl LY J(k+1pa

where 5:% ,a#0, aeF.

k
Let us take § = Zaji )

i=1

~ _ 0

0

0
0 0
0]
Therefore,h =a. | = a.

1 1

k

Sa, (Gt et
Li=1 d(k+1)xa
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(o | [0 ] 0 ]
0 0 0
0 0 0
/
=a.||. : : =a[000...01 o]}t
+ + . +
0 0 0
1 0 0
| ¥in ] [z ] _ajk_(k+1)><l

/ /
2a[000...00a;,Jjpat . ta[000...00 ot Tyuya-
Therefore, h is a linear combination of k vectors:

/ / /
[000...01 ajl](kﬂ)xl,[o 00...00 ajz](mm, .. . ,[000...00 ajl](kﬂ)xl.
Let oy, ap, . . ., ojk2 be (k-2) distinct regular column generators of G, . We need that these o1,
k
op . . . . 0jkedonotadd upto J, because O = Zaji .
i-1
k-2
Letus define: =0 — Zaji . 8)
i-1
Claim : There exist two distinct regular column generator ;.1 , ok Of G, , which are not in the set:
{ W1, 052, ..00y U-jk—Z}
and which satisfy : o1+ o= 4 . 9)

k
Hence u = Zaji and h will be a linear combination of k columns of G’ .
i=1
Proof of Claim :
We note that the elements of field F=GF(q) can be arraged in L(q +% J pairwise unordered and

disjoint pairs: Pi={a,b},1 <i < L(qJF%J, (10)

such that a;+bj= 4. (11)
When q is odd, then there is exactly one such pair in which a; = b; . For example, because g>3, so let
q=5={01234} Then t =(3+4)(mod 5)=2. Then unordered and disjoint pairs of the field F=GF(q=5=5")
elements such that a; + bj= u =2 are: {0,2},{1,1},{3,4}. So, there is exactly one pair {1,1}, in which a; = by
=1. If 1 =(2+3)(mod 5)=0, then unordered and disjoint pairs of the field F=GF(q=5=5") elements such that a;
+bi= p =2are: {0,0},{1,4},{2,3}. So again there is exactly one pair {0,0} in which a; = b; =0. Similarly, by
choosing different elements of different fields F=GF(q), g>3, q is odd, and hence taking different values of 2,
we can show that when g is odd, then there is exactly one pair in which a;=b; .
When q is even, then a; # b; for all i. For example, because >3, so letq= 8 =2°={0,1,2,3,4,5,6,7
}. Then u =(4+5)(mod 8)=1. Then unordered and disjoint pairs of the field F=GF(q=8=2°) elements such that
a;+bj= 1 =lare: {0,1},{2,7},{3,6}, {4,5}. If B=(6+7)(mod 8)=5, then unordered and disjoint pairs of the field
F=GF(q=8) elements such that a; + b;= & =5 are: {0,5},{1,4},{2,3}, {6,7}. If u =(4+4)(mod 8)=0, then
unordered and disjoint pairs of the field F=GF(q=8) elements such that a; + b= g =0 are: {0,0},{1,7},{2,6},
{3,5}, {4,4}. Therefore, if 4 istaken as 0, then there is a; = b; in one pair. If 4 is not taken as 0, then a; # b;
for all i.
Therefore, we conclude that when q is odd ( q being greater than 3), then there is exactly one such
pair € P; , in which a; = b;. When q is even ( q being greater than 3), £ # 0, then a; # b; for all i, and £ should
k=2 k
not be equal to zero, otherwise & = Zaii , which is not permissible, because 6 = Zaii :
i=1 i=1
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Now in the Theorem, we have the condition; 2 < k< (n+2)-t(q +%J .

With respect to G, being a generator matrix of GTRS(n+2,k+1, a, v) code, the above condition becomes as:

2<k+1 < (n+2)- t(q“L%J —k+1 5(n+2)-L(q+%J = 2k 1> t(q+%J
= n-k+l > L(q{%J = (n)-(k-1)> L(qﬁl%J

So, we see that at least one of the pairs P; will contain two distinct regular generators of G, , which are
different from ©j1, 0j2, ....., Gjkz , i.e. which are not in the set { a1, 02, ....., 02 } and which satisfy oj 4 +

Kk
0jk= M.Hence o= Zaii . So, his a linear combination of k columns of G;' , and hence k+1 columns of
i=1
[G,'|h] are L.D. Hence k+1 columns of [G;'|h] are not LI. Hence by Lemma 1, [G, |h] will not generate an
MDS code.
(iv) Let h* # a. u(e0) for some a € F=GF(q) and h* can be expressed as a linear combination of (k-1) columns of
G,.

Here we see that conditions of Lemma 3 are satisfied. Therefore, h* can be expressed as a linear
combination of (k-1) regular columns of G,. So, this linear combination does not include the singular columns
of G..

Therefore, h can be expressed as a linear combination of (k-1) columns of G,, which give h* in G,
extended to length k+1, plus, a suitable scalar multiple of u"*l(oo) = [0,0,0,....... ,0,0,1]’(k+1)x1,which is chosen
such that the value of 77 is obtained in the (k+1)* entry.

Therefore, h may be like this:

Vi Vs Via | (0]
Vi, Vo, Va4 0
2 2 2
Vi, Vo&, Va4 0
h . . . . (12)
=la,. +a,|. F e +a, , +a,.
k-2 k-2 k-2
Vi, Vo&, Vi@ 0
k-1 k-1 k-1
Vi, Vo&, Vi@ 0
k k k 1
| i Jia V2% ke [ Via®k1 Jkiapa - (ke
where a;’s are scalars € field F=GF(q). Clearl will be given by the (k+1)* entry of h, that is,
y y y
_ k k k
n —al.(vlal ) + az.(Vz(Iz )i, + ax.1 -(Vk-lak-l ) + ag (1) (13)
Therefore, h can be written as :
Vi | A Via 0]
Vi Vo&, Vi@ 0
2 2 2
Vi, Voo, Via® 0
h |a +a, Foreeeen, +a, , +a,
k-2 k-2 k-2
Vi, Vo&, Via@iq 0
k-1 k-1 k-1
| Vi | Nezam Vi | 10|
k K K
a, (v ) + a,(Voay) + e +a,(Visaa ) + a3 (D) |
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A1 Vs Vi (0]
Vi, Vo, Via®y 0
2 2 2
Vi, Vo, Via®a 0 )
. h
a +a, Forers +a,, +a,. 1|
k=2 k—2 k-2
N/t Vo, Via®a 0
k-1 k-1 k-1
Vi, Voo, Via®1 0]
n i

where h¥is a linear combination of (k-1) regular columns of G,.
Therefore, h can be expressed as a linear combination of k columns of G, , and hence k+1 columns of [G;’ |h]
are L.D. Hence k+1 columns of [G,/ |[h] are not LI. Hence by Lemma 1, G/ |h] will not generate an MDS
code.
(v) Let h* #a. uf(e) for some a € F=GF(q) and let h* can not be expressed as a linear combination of (k-1)
columns of G,, and let a=0.

So, in this case, h* can be appended to G, , while preserving MDS property.

Because h*#a. u(x0) (given), so we can have:

h* = V.uk( L), where v # 0, and A is not a column generator of G, and hence also not of G, .

1 0] v
A 0 "
2P 0 VA2
Consider: h = v.[ U} &) + a.u*}( o0) =v.| | . =
+a
]’kfl 0 Vﬂ/kfl
A ] 1)) [ vaf +va]
If a=(77 /v) — A¥, then h will become as:
VA VA VA
vA? vA? VA2
h= = =
y ;kal v lk_l Y ﬂk—l
(VA +v(g/v—2) | |VA +n-vi*]| |n ]

Therefore, difference between h* and h is that if we delete n ,ie. (k+l)stentry of h,from h, we
get h* , which is:

v 1
VA
| v X
h* = =v.
v lkfl /'lkfl

Therefore, h* = v.u( ), which is there.
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So, we can take a=(77 /v) — \¥. (14)
If a=0,then: h = v.[ U“*( ) +a.u"(w0) ] =v. U“( 1)
Because A is not a column generator of G, and hence also not of G/, therefore, h will be some singular column

. Therefore, [G; |h] will be canonical generator matrix of further extended code. So, extension of C generated
by matrix [Gz’ [h] will %enerate an MDS code.

Let h*+ a. uN(eo) for some a e F=GF(q), let h* can not be expressed as a linear combination of (k-1)
columns of G,, and let a # 0.

In this situation, we use Lemma 2 by taking number of elements of set S as r = n+2, so that S is; S={
A, O, 003, ...y O, Ope1, Ons2} AN g (as subset of set S) = { A ,a.», O3, ....., 0.1 }, and because h =v.[ uk”( 2

+ a.u*"}( o) ], we see that h lies in the linear span over field F=GF(q) of the vectors v. u“"}(a , ), v. u"**(a 3
Y, , v. U0 hq), that is, h can be expressed as a linear combination of vectors: v. u***(a ), v. U (a5
™ 7 (1 7 1
kil . a, oy ak+l .
. N .
) IOUTR , V.U “(ay) i.e.of vectors: oz | 2 |2 , al, | e of vectors:
v V. v
_a; _ _0.’; _ a:+1
v ] [v v
va, | |va, Vo,
2 2 2
val | | val va?,
. e, . i.e. of k columns of G’ .
k k k
vay | |va; | Ve,

Therefore, h can be expressed as a linear combination of k columns of G, , and hence k+1 columns of [G,/ |h]
are L.D. Hence k+1 columns of [G,/ |n] are not LI. Hence by Lemma 1, G, |h] will not generate an MDS code.
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