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Abstract: In this paper, an iterative method named accelerated predictor-corrector Halley method for finding
the true anomaly from mean anomaly and the eccentricity for a planet in an elliptical orbit around the sun
(Kepler's equation). With the purpose of reducing the number of iteration, we find that the purpose method is
the most efficient versus the predictor-corrector Halley method and Newton method.
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l. Introduction

Astronomy has always been a source of scientific inspiration. Probably the most significant revolution in
science was spurred by astronomy. Since antiquity, civilizations have wondered about the laws governing the
motion of Celestial bodies. The theory in force during the middle-ages was due to Ptolemy. In this model, the
sun , the moon, and all the stars revolved about the earth, and their motion was determined by super-imposing
circular motions. Some "stars"(which turned out to be the planets) were erratic, and each required many
parameters to describe their motion. The theory gave very accurate predictions [3,6,2].
One of the problems frequently appearing in the celestial mechanics literature is the resolution of famous
kepler's equation. It gives the relation between the polar coordinates of a celestial body (such as a planet) and
the time elapsed from a given initial point. kepler's equation is of fundamental importance in celestial
mechanics, but cannot be directly inverted in terms of simple functions in order to determine where the planet
will be a given time [7,10]. Let M be the mean anomaly (a parameterization of time) and E the eccentric
anomaly (a parameterization of polar angle) of a body orbiting on an ellipse with eccentricity e, then

M = E — esin(E)
For M not a multiple of pi, kepler's equation has a unique solution, but is a transcendental equation and so
cannot be inverted and solved directly for E given an arbitrary M. However, many algorithms have been derived
for solving the equation as a result of its importance in celestial mechanics [4,5,7,8,9,14]. One of the usual ways
to solve algebraic or transcendental equation is by the mean of iterative algorithms. The functional iteration is
the easiest and more used, its convergence is linear; nevertheless, when a very good approximation is required,
one must consider methods of higher order of convergence. The Newton—-Raphson is the most widely used,
because of their simple implementation and their quadratic order of convergence [11]. With the purpose of
reducing the number of iteration in the determination of the roots of a nonlinear equation, they have improved
the iterative methods by increasing the order of convergence.
In this paper, we make a revision of Newton method and protector —corrector Halley method and proposed the
accelerated protector —corrector Halley method in the determination of the roots of Kepler’s equation to find
which one is more efficient. Actually, we find that the accelerated protector —corrector Halley method is the
most efficient and turns out to be highly competitive versus the other two methods.

I1. lterative Method

Consider the nonlinear equation of the type

fx)=0 1)
Assume that a is a simple root of equation (1) and vy is an initial guess sufficiently close to «. Using the Taylors
series expansion of the functionf(x), we have

fy) + x—yf'(y) + @f”(y) =0 from which we have
2f(nf'(v)
Y- 2
2(f'(n)" — fF" ()
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Then the following iterative method can be suggested for solving the nonlinear equation (1).
Algorithm (1): Newton method for a given x,, find the approximate solution by the iterative scheme

£Gxn) _
Xns1 = Xn = 5%, 0=0,12,...

Algorithm (2): Predictor-Corrector Halley method [13] for a given x,, find the approximate solution x,,,by the
iterative schemes

g = 3, — 2Cin).
2f(yn)f’ (yn) Fn)
AR LT ToR R T 0.2
Algorithm (3) .w: Accelerated Predictor-Corrector Halley method
g = 3, — 2Cin).
£ (Xn)
Xns1 = Y = o) ) n=0,12,...

2(F (yn)) ~E ) " (y)

(Xn+1_xn)2
2, = x, — —SoriXn)” n=0,1,2,...
Xn+2—2Xn+1+Xn

and this is the main motivation of this paper.
I11. Satellite Orbital motion

In this section we shall consider the behavior of the accelerated method versus some other methods used to
determine the root of Kepler's equation in elliptic motion. Consider Earth's motion. The earth revolves in an
elliptical orbit around the sun, which is at one focus of the ellipse. The eccentricity of this ellipse is 0.0167. In
addition, the time it takes for the earth to make one complete orbit of the sun is approximately 365 days. We
also known that the earth approaches closest to the sun approximately January 4 of each year; in other words,
perihelion occurs approximately January 4. Now say we want to know the Earth's position February 1, or 27
days since perihelion. Finding the Earth's position at this time requires solving Kepler's equation of Elliptical

motion. In this case, e=0.0167, T=365 days, t=27 days. Therefore the mean anomaly M = % (it is the time
since periapse and T is the period of the motion).
M = 2 % 3.14159 *32—675 = 0.46478 radians. Finding the Earth's at February 1 requires solving Kepler's

equation of Elliptical motion for E (the eccentric anomaly) [1,2,6]
E —esin(E) = M 2
with 0 <e<land0 <M< .
The proposed new algorithm (algorithm 3) will be used to solve eq. (2) which can be summarized by the
following steps:
(1) Put E = E, (1st guess).
(2) Find the value of f = M — E; + e sinE,
(3) If abs(f) < € goto step 7

Else
(4) Find f = e cosE, — 1
f, =cosE -1

f, = —e sinE,
E=E——

f1

M =E —E + esinE

f, =cosE—1

f, = —e sinE

(5) Take the new guess of E as
6)E=E— &M

22—ff,
Find the new accelerated value of E as
En — En _ (En+1—En) 2

(En+2—2 Ent+1+En)
Go to step 2
(7) Present value of E is correct within e

IV. Results and Discussion

To compare the different methods of iterations algorithms 1 and 2 against the proposed algorithm (algorithm 3)
used the initial guess E, in the region 0 <M < m, 0 < e < 1.as follows:
If M < 0.1 then E, = M + (6M)? — M)e? (3)
IfM>0.1thenE, =M+ 0.85e€ 4
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IfOo<M<mthenE, =M+ 0.85e (5)
Next, we shall take the following couple of values M and e as shown in table 1.

Table 1 shows different values of Mand e

Cases M e
Case 1 0.9 0.09
Case 2 15 0.5
Case 3 3 0.09
Case 4 3 0.9
Case 4 0.2 0.2
Case 5 0.1 0.95
Case 6 0.05 0.09
Case 7 0.05 0.95
Case 8 0.099 | 0.95
Case 9 0.001 | 0.95

Case 10 0.05 0.5

Case 11 0.08 0.95
Case 12 0.08 0.08
Case 13 0.07 0.95
Case 14 0.07 0.09
Case 15 0.06 0.95
Case 16 0.06 0.09
Case 17 0.0005 | 0.09

In the table (2), the initial guess is E, = M + 0.85 e for cases (1-6) and E, = M + ((6M)1/3 — M)e? for cases
(7-18). Convergence is considered to be achieved if |E — esinE — M| < 1075, Then the number of iterations
required using algorithms (1-3) are included in table (1)

Number of iteration

Cases Algorithm | Algorithm | Algorithm The root

) ) (©)
Case (1) 4 3 1 0.974466199670940
Case (2) 5 4 2 1.962189287578571
Case (3) 4 3 1 3.011660975704094
Case (4) 5 4 2 3.067037496680689
Case (5) 5 3 1 0.249355982228356
Case (6) 6 4 2 0.741917668105762
Case (7) 5 4 2 0.054942321531551
Case (8) 10 6 3 0.531420642466566
Case (9) 19 25 22 0.738568830061134
Case (10) 10 5 2 0.01997462949968
Case (11) 8 4 2 0.0998342433686
Case (12) 13 6 3 0.669752004546650
Case (13) 12 4 2 0.086996999248733
Case (14) 13 7 4 0.628653087236876
Case (15) 7 4 2 0.076915578596776
Case (16) 20 8 5 0.583020838445192
Case (17) 6 4 2 0.065929343219182
Case (18) 6 4 2 5.499505467163154¢e-4

Table 2 shows that the algorithms 1 and 2 require a large number of iterations to converge a good estimate with
M small and e closed to 1 while Algorithm 3 provides correct values of a true anomaly and converges faster
with small number of iterations for any values of M and e.

Table (3) illustrates the results of combining the initial guess E, = M + 0.85 e for 0 « M « 1 with the three
algorithms for cases (7-18).
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Number of iteration

Cases Algorithm | Algorithm | Algorithm The root

1) ) (©)
Case (7) 5 3 1 0.054942321531551
Case (8) 7 4 2 0.531420642466566
Case (9) 8 5 2 0.738568830061134
Case (10) 9 5 2 0.019974762949968
Case (11) 7 4 2 0.99834243368842
Case (12) 8 5 2 0.669752004546650
Case (13) 5 3 1 0.086946999248733
Case (14) 7 5 2 0.628653087236876
Case (15) 8 4 2 4.336808689942018e-11
Case (16) 9 4 2 0.583020838445192
Case (17) 5 3 1 0.065929343219182
Case (18) 5 4 2 5.49450546713154e-4

It's noticed that only one or two iterations are to be used when using algorithm 3 together with the initial guess
given in eq. (5).

V. Conclusions

For our comparison of our accelerated method with other methods Kepler equation was solved for different
values of M and e such that Me[0, ) and e €[0,1]. A solution stopped when |f < 1075|, and the number of
iteration was recorded. It's clear from the tables 2,3 that the other methods need a large number of iteration in
order to reach the correct root whereas new method converts with less number of iterations. Converge with a
case when M near to zero and e near to 1 needed large number of iterations. But for much more critical values
of M and e can be treated successfully by our algorithm.
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