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Abstract: Haar wavelet method is applied to solve linear nth order intgro-differential equations (IDE). A
simple way is proposed to perform the calculations for the matrix representation in order to avoid the tedious
calculations. The procedure is taking the Haar series for the n™ order of the IDE and integrates the series,
which is applicable for different kinds of IDE (Fredholm and Volterra). Some test problems for which the exact
solution is known, are considered.
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l. Introduction

Orthogonal functions and polynomial series have received considerable attention in dealing with various
problems. The main characteristics of this technique are that it reduces these problems to those of solving a
system of algebraic equations, thus greatly simplifying the problem. Wavelet theory is relatively new and it has
been applied in various systems.

Wavelets permit the accurate representation of a variety of functions and operators. Special attention has
been given to application of the Legendre wavelets [1,5,6,7] the CAD wavelets [2]. Chebyshev wavelets [3] and
the sine-cosine wavelets [4]. In this paper, some operational matrices with the Haar wavelets of integration are
derived and use them for obtaining approximate solution of the following nth order IDE,

1. Fredholm IDE: ™ () = gGd + [, k(. 0f™ ®dt , nzm 1)
= f(0) , i=123..n
2. Volterra IDE: f™ () = g(x) + [} k(x, 0f™®dt ., nzm 2

o= £ , i=1,23..n
where k{x, tJand g(x) are known functions, and f(x) is an unknown function.

Il. Haar Wavelet

Haar Wavelet is the simplest wavelet. Haar transform or Haar wavelet transform has been used as an earliest
example for orthogonal wavelet transform with compact support.
The Haar wavelet family for t € [0.1]is defined as follows [8,9]

1 for te [E 1LL‘5]
m m
hi {t;] = -1 far te [k"'::'s‘ , 1%1:] (3)
0 otherwise

The integer m = 2' (j = 0,1,....]) indicates the level of the wavelet; k = 01,2, ..., m — 1 is the translation
parameter. Maximum level of resolution is ]. The index I is calculated according the formulai=m + k+ 1; in
the case of minimal valuesm =1 ,k=0, we have i = 2, the maximal value of i is i = 2M = 2™*1. It is
assumed that the value i = 1 corresponds to the scaling function for which h = 1 in [0,1].

I1l. Haar Wavelet Method for Fredholm IDE with nth Order

For solving Fredholm IDE with nth order, eqg. (1). A Function f (=) which is defined in the interval = € [0.1]
can be expanded into the Haar wavelet series

2 () = Z2M aihy () (4)
where a; are the wavelet coefficients.

Integrate eq. (4), n times, yields

60 = T2 s [ i@t + S o §
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Using the following formula J; .. J’xh{tjdt— =
E| 187 o m..r': x—t)"" lh{t:l'jt"_ E]EI Dlx. Pop—j (6)
Letky(xt) = &= “rl, and sP(x) = f k,(et) hy(t) dt ,i= 1.2,...2M , this leads to

flx) = E:llllj. 35 |u{x:] + E:]I:I L"lx-J T

f{x £)%=h;(t) dt , therefore eg. (5) becomes

K

In similar way, one can get f ™ (x) = T2 2,550 (x) 4 b 7 Xn-m-j, R Em ©)
Substituting equs (4) and (7) into eq. (8), yields '
T ah 60 = g6 + f kG ) {Z2 aisP =0 + T LF, %pmi) ®
or T alh;(x) — Ry ()] = gle) + ZPt S ’Q]{xj ©)
where: R, {x] f k(x, )SP™(t)dt i=12..2m

() = [ ke, Ot de j=012...mn-m—1
Next, the interval = € [0.1] is divided into ZMparts of equal length Ax = % and introduce the collocation
points ¥, =& —2, L=12,..2M (10)
Eq (9) is satisfied only at the collocation pomts (10), we get a system of linear equations
M aThy Ge) — Ry )] = gl ) + TRt R Qi) . L=12...2M

Bn-m—j

The matrix form of this system is a(H — R) = C— + e i T (11)
where Hyp = hiGq ). Ry = Rile). Gp=g() and Q=) = Q;(xy)
IV. Design of the matrix R

When Haar wavelets are integrated mn times, then the following integral must be evaluated,

6 = fy =t " b (Odt | =12...2M (12)
Ifi=1,thatis hI{tJ =1s05P60 = [y = h ®de == (13)
Fori= 2.3.....2M, we have
0 b
niy _ ot ) x—t)" t=x =ty
S'{’a_u! o —t, 00— 2 G —t, )0 t,Zx =t (14)
-t )" =2 -t )"+ (x—t)" tp=x=1
Therefore; the mafrix E; (%) can be constructed as follows
Since RB; (x) = [} k(x. t)SP-™()dt, i=12..2M
£ ke, D™ gt i=1
R () =—— (15)
(n-m)! J’k{xt;].:t tij“'mdt+f k(x, t)(t— t,)™ ™ dt i=1

V. Haar Wavelet Method for Volterra IDE with nth Order

For solving volterra IDE with nth order, eq. 3 stages of section 4 will be followed to get
n=im=-1

Zal[h{x —R ) =glx )+ Z S 0 (x,)
i=1 j=o
ButRi(x,) = [, k(=) [ (D)dt i=1,...2M
Q;iGx) = [ k(x, )t dt j =0, ...n-m-1

where 57 ™(t} as in 1 €q. 5,eq.7andeq. 8

That is B;(x;) = ﬁ,J’ k(x,, t)t™™dt = pwhere i = 2,...,2M
and
r= .
|k, o) — 1) dt = g2 e, . b EX Sl
Jo
1 SO SO
Rilxd = klep ) — 107t — | k(e 20— 10" " dt = pf , xp <ty , 2521,
: [ —m! Iy e ) )
-3z
| ki, — ) Jl:—2| k'xbt"“:—:“"‘ J|:+| k'.‘l:’,_,["“[—["_' =g E L. pEx el
“iby £
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Letpf = py G = pyy = fy koG — 8,0 ™dt L=12,..,2M s = 0123 £, =0

pi =p ) =py —2py; =p () — 29 ()
T—“":P":’r:]—?’n—?i'—’:b+%u_ﬁ+?u—?'i-’-':]'l‘?i“u':-r]
If M=4 we have L=1,...,.2M=8; i=1,. 2M8.rb—_

] o T

EE 2]
pi Pl pi pi pé
pi pi P opiopi pé
r=|0 0 0 0 p P P op
pi pi v ps 2
0 0 pi pi P P
0 0 0 0 p p P OB
lo 0 0 0 0 0 pr pil
VI.  Numerical Examples
Example (1):

Consider the following Fredholm integro differential equation:

FPG) = ——7x+f(.r+t]f{t]dt (16)
=2, FO0)=f0 =0

The exact solution of this equation is f{x) = x* + xZ,

We solve equation (16) by using our method with differential value of J. The accuracy for the results was
estimated by the error function

g =max(If(t, — fir(t)) 1 =L =2M ore, =EI%[f(t — fir (8]

Where f., (.1} is the exact solution. Table 1 shows the errors g;and &y,

Table I Shows the results of example 1

1 2M 8 e,
2 8 0 0
3 16 2.2204 e-016 4.9304 e-032
4 32 2.2204 e-016 1.1093 e-031
5 64 0 0

Example (2): consider the followmg integro-differential equation

FOG) = o +r;1_gjx_a+j G+ 20 F D) de

=¥ =
2 :f';ﬂ (0) = 1
a, = fFP0) =1
@, =f (0) =1

The exact solution of this problem is f(x} = &*. The errors g; and e, are shown in table (2)

Table 11 Shows the results of example 2

I M ey Err

2 8 2.6122e-004 1.0610e-007
3 16 7.2822e-005 1.3569e-008
4 32 1.9208e-005 1.7058e-009
5 64 4.9316e-006 2.1353e-010

Example (3):
Consider the following Voltera integro-differential equation

FE(x) = —2sinx + 2xcosx — x + [ (x + O FFP(Dde
0

as=f (0) =1
a, = fH(0) =0
ay = f(0) = -1
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o
o

:‘f‘i{[]:] =0
=f0)=1

[ ]

The exact solution of this equation is f{x) = cosx. Table (3) shows The errors g; and ey .
Table 111 Shows the results of example 3

I M E_I' Err

2 8 4.1260 e-005 2.4214 e-009
3 16 1.1784 e-005 3.1535 e-010
4 32 3.1415 e-006 3.9820 e-011
5 64 8.1059 e-007 4.9902 e-012

VII. Conclusions

In this work, we solved IDE by using Haar wavelets in collocation method. Haar wavelets are well behaved
basics functions that are orthogonal on [0, 1). This allow us to transform any function square integral on the
interval time [0, 1) into Haar wavelets series. Applications of the wavelets allow the creation of more effective
and faster algorithms than the ordinary ones. Illustrative examples are included to demonstrate the validity and
applicability of the technique. The main advantage of this method is its simplicity and small computation costs.
We can use the proposedﬂmethod to solve the following n™® order Fredholm integro-differential equation

F™ ) = g(x) +[ ke, )™ (£)dt
o
Since the Haar wavelets are defined only for the integral[0.1], we must first normalize the above equation. This

can be done by the change of the variables
-, _ -0

T e T e,
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