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In this paper, we have discussed the concept of complex valued rectangular b-metric space in more general
approach. Ozgur Ege introduced complex valued rectangular b-metric space and also proved Banach
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1. Introduction

The Metric fixed point theory is one of the useful branch based on the use of fixed point theorem
to establish existence and uniqueness of a solutions. The Banach contraction principle have been widely
generalized theorem by many authors in this field according to their requirement by changing or imposing
some new conditions on contraction. In this process, Branciari introduced the concept of rectangular
metric space which contains change in the triangular inequality condition of definition of metric space by
four point expression. This resulted into many generalizations of the different theorems in Rectangular
metric space [RMS]. [See [3], [8] and references therein] In 1989, Bakhtin had introduced the concept of
b-metric space. Which has different condition on the constant %. In this b-metric space, many existing
results then have been generalized and proved.(see [3], [5], [6], [7], [8], [9], [10], [11], [12] and references
therein). In 2015, R George Et. Al. introduced the mixed concept of b-metric space and rectangular metric

2 Preliminaries

In this section, we discuss some theorems, definitions and examples which explains the required

background of the main results.

Definition 2.1. Let M be the non empty set and d be the mapping from X x X to [0.00).
Then d is called metric on M if;

(d1): d(z.y) =0 < z =y, forall(z,y) € X x X

(d2): d(z.y) =d(y,z). for all (z,y) e X x X

(d3): d(z.y) < [d(x.z) +d(2.y)] forall (x.y.2) e X x X x X

Definition 2.2. Let X be a non empty set and d : X x X — [0,oc) be a mapping. Then the
mapping d s called b-metric space if following conditions are satisfied:

(b1): dlz.y)=0 iff z=y forall z.ye X :

(b2): d(z.y)=d(y.x) forall z,ye X ;

(b3): there exists a real number s > 1 such that d(z,y) < s[d(z.2)+d(z.y)]. kere (X.d) 1s called
b-metric space. [bMS]
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Definition 2.3. Let X be a non empty set and d : X x X — [0,oc) be a mapping. Then the
mapping d s called rectangular metric if following conditions are satisfied:

(R1): d(z,y)=0 iff z=y forall z.ye€ X:

(R2): d(z,y) =d(y.z) forall z,y€ X :

(R3): d(x,y) < [d(z.u) +d(u,v)+d(v.y)]. for all z,y € X and all distinct u,ve X\ {z,y}.
here (X.d) is called rectangular metric space.[RMS]

Definition 2.4. Let X be a non empty set and d : X x X — [0.oc) be a mapping. Then the
mapping d s called rectangular b-metric if following conditions arve satisfied:

(Rb1): d(zx,y)=0 iff z=y forall z.ye X

(Rb2): d(z,y)=d(y.z) forall z.y€ X :

(Rb3): there erists a real number s > 1 such that d(z.y) < s[d(z.u) + d(u.v) + d(v,y)] . for all
r.y € X and all distinct u,ve X\ {z.y}.

here (X.d) is called rectangular b-metric space. [RbMS]

Example 2.5. Let X =N . define d: X x X — X as follows:

0 if z=y.
dz.y)=<3a if z.ye{1.3}.x#y
af2 if zory¢ {1.3},x#y

Here (X. d) is a rectangular b-metric space with coefficient s=2>1. a >0 is a constant.

But not a rectangular metric space. since d(1,3) = 3a .
d(1,3) < d(1.4) +d(4.5) +d(5,3)

<af2+af2+af2

< 30/2 < 3a.

Here we note that every metric space is a b-metric space, every b-metric space is a rectangular

b-metric space but converse is not true. See example 1.5 and 1.7 of [1].

- _____________________________________________________________
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Definition 2.6. [2] Let (r.d) be a rectangular metric space. {r,} be a sequence in X and let
zeX

e The sequence {x,} is said to be a convergent in (X.d) and converges to x if for every € > 0,
there exists ng € M such that d(z,.z) < ¢ for all n > ng, can also be wnitten as z, — x as

n—oo.
o If for every € > 0. there exists ng € N such that d(xn.Tnyp) <€ forall n>ng, p>0. ie

lim d(r,.2n4p) =0 for all p >0, then the sequence {z,} is called Cauchy sequence.

e The metric space (X.,d) is said to be a complete rectangular b-metric space if every Cauchy

sequence in X converges to some r € X |

In 2011, the concept of complex valued metric space was introduced by Azam, Fisher and Khan
[3]. According to Azam et al.

Let C be the set of complex munbers and u.v € C. Define a partial order = on C as follows :

~

We have u 2 v if and only if Re(u) < Re(v) and Im(u) < Im(v).

It follows that, u 2 v if one of the following conditions is satisfied:
(P1)Re(u) = Re(v), Im(u) < Im(v).
(P2)Re(u) < Re(v), Im(u) = Im(v).
(P3)Re(u) < Re(v). Im(u) < I'm(v),
(P4)Re(u) = Re(v). Im(u) = I'm(v)

In particular. we will write u 3 v if u # v and one of (P1), (P2), and (P3) is satisfied and we

will write u < v if only (P3) is satisfied.

Definition 2.7. [2] Let (X.d) be a complex valued rectangular b-metric space and let {x,} be the

sequence in X converges to x € X . Then;

o The sequence {r,} is said to be a complex valued convergent in (X,d) and converges to x if
for every € = 0. there exists ng € N such that d(x,,x) > ¢ for all n > ny . can also be written

as I, — I as n— 0.

o If for every p»= 0, lim d(zn.2nsp) =0 , the sequence {z,} is called complex valued Canchy
n—oc

sequence in (X.d).

o The metric space (X.d) is saud to be a complex valued complete rectangular b-metric space if

every complex valued Cauchy sequence in X converges to some x € X .
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3 Main Results

Ozgur Ege [2] applied this concept to prove the well known Banach contraction principle in com-
plex valued rectangular b-metric space (X.d). In the theorem 3.6 [2], Banch contraction principle
is proved by taking T : X — X as a mapping over the complex valued complete rectangular
b-metric space (X,d) which satisfies

d(Tz,Ty) 2 ad(z,y) with positive constant s > 1 and a € [0,2], Then T has unique fixed
point. Due to this result many researchers generalized the existing results in complex valued rect-

angular b-metric space. and also generated new results.

Theorem 3.1. Let (X,d) be the complex valued complete rectangular b-metric space with p > 1
and T : X = X be the mapping satisfying:

d(Tz.Ty) 2 ald(z.Tz)+ d(y, Ty)| (3.1)

forall z.y € X where a € [0, ;T}T] . Then T' has unique fired point.

Proof. Let o € X and T satisfies 3.1. Now define the sequence {r,} by Tz, = 2,41 for
all n > 0. Now our work is to prove {z,} is cauchy's sequence. If z, = r,4; which implies
Tz, =z, then {z,} is a fixed point and we are done.

Let x, # x4 . for all n >0, then from 3.1 we have,

(2, Tnt1) 3 A[TTnoy — Tay))
2 ald(Tn—1, Tamy) + d(2n. Tz,)]
2 afd(zn-1.2p) + d(Zn, ns1)]
(1 - a)d(zn, Tn1) 3 ad(zn-1,25)

d(2p-1.Tn)

d('rn?zrﬁ'l) : (1 i 0)

d(zn, Znt+1) 2 fd(Tn-1,2n) (3.2)
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1 1
<=-=pa<ll-—a = a<—

rh B=
B sy p+1

On successive repetition on 3.2, we get,
d(n, Tnt1) % Bd(zo,21) (33)

Obviously if z; is a periodic point of T' then we have, xy =z,

Then from 3.3. we have,

d(zg.Tzp) = d(z,. Txy)
d(.’l‘ﬂ, I[) = d(;l)n.I,H.l)

,‘f, ﬁ"d(l‘-o-l'l)

= d(xp,z;) =0 = 1y =2 Therefore z; is a fixed point of T.
Secondly. for any n € N and all n # m € N, we have from 3.1 and 3.3,

Aan, 2as2) = AT25-1,Tni1)
2 ald(Eye1, Tone1) + AT p41: T241)]
Zald(zp-1,20) +d(2041,n42)]
Salf" "d(zg,21) + 7 d(2g. 24)]
a1 + Bz, z,)
d(n, T2} 298" Yd(zg. 7)., where y= all + le (3.4)
So we proved, d(zy, 2a41) 2 8"d(zg, )

ff{.lf,,, 3"n+2) :j 18" ld(-"()- 1)

Now consider in general dl(z,,,z,44) for even , odd k.
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Case (i) : Let k=2m-+1 be an odd, then by 3.2,

({(J',-,. Ly ] = d{l:n yln42m+1 )
i ﬂ[d[.r,,..l'";.[) T d(;f:lwlﬂrnﬂ} 1) (,(Ql',,+g,I,,+2,,,+1 )]

/ 2 \
oy ﬂ[d{;’[,,.;l?", 1)+ d(-'"m Iy iy +'2” +a ;‘I(J’m 2vdnia) + d(-"'n L3y 0y H) + d(-'rn ey 4 2m+ ) )J

3 afd(zn 2ur) + A2 Tusa)] + 02 (@ Bura) + (s a, usa)]
$ 0 (A s 0nss) + gy bnge)) +00 40" [t 42ms Ens a1
3 a[ﬁ"d(:‘n,w[ ) 4 'd(lfn,;r]_J} + uz[d"“(l(wo.xll + 4" md(;tn.;l'l)] g Q"B 20 1)
Jaf' (14 B 4+af +af +oB o’ B 4o+ 0" d(mg, 1)
,jn,."i"rl(.ro,.rll{(l b B) + a1+ 8) +a*8Y(1 + 5) 4 ]

aff" (14 4) .
R —l—_r—m-,;-d(ro.;rl). here, af* <1
" We get,

a1+ 4) ‘
d(wyy tppk) 3 l_—udzd('m.-l‘l ) (3.5)

Where £ =2m+1 an odd number,

Case (it) : If k= 2m, an even number,
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Then we have from 3.3 and 3.4,

d(p, Lnsk) = d(Zn, Tntom)

sa [d{:ﬂ,,.xn“] +d(xps1,Tnq2) + (l(:r,,+g..1',,+2,,,)]

Zafd(@y, Tupr) + d(@nqr, 20 ,2)] + 07 [d(ng 2y Tos) + A(@gz, Bupa) + ATty Togam)]

3 “[d(-ﬁufnﬂ] t ‘I(-"n+l~-"n+'2)] +o ir"(-”n+2--'7n+3) t (I(J‘,.+3.:r,.+.|}]
+a? [d.(;r."H. Tnts) + d(;r:,.+r..17n+r.),| + oot ™! I(I(J".'vr--4~~"-'2:n—:*) + d(22m-3, am-2)
/P ld(J'rl+2rra—2- 3»‘n+2mJ

<a {;3"rl(ru.rl) + J””d(mo.ﬁ)] + 02[3'”2(1(10..1'1) + gt Rd{.ru.w'l)J + e
+a™"1 |;J'2’""ld(.to..r1] + 8™ =3d(zq, 7, )| +:a™ =1y gntdm "3d(:c0.1:,)E.from[.’&.-’l_l

2 ad"d(xy, 1) [l +B+aft+afd 4. Famigmond a-"""ﬁzm'"""}

+a™ 1 _,w,jdm-‘rn—.l

dixg,ay)
S aftd(zo,1)[(1+ 8) + af* (14 8) +...] +a™ ¥ (g, 1))

< ad"d(xo, 24)(1 + 5)

Vs n"'_'1;’,32"'+"_:;([(;l'0,:r|)

- 1-af?
SAs 1= 00, d(Tn, Tntam) =0 (3.6
In general, lim d(r,.z,4x) = 0.for all k>0 (3.7)

=% 1y, is a Cauchys sequence in X

Since (X.d) is a complex valued complete rectangular b-metric space, 3 2* € X such that,

lim z, = 2" (3.8)
N

Now we claim that 2* is a fixed point of T'
Let for any ne M
d(z",Tr*) 2 p{d(;r'. Tq) + d(Ty, Zns1) + d(Ty41. T.r‘)]
o p::d(.'r', Tn) + d(Tp, Tay1) + d(Txy T2 )]
< Pl 0) + A ns1) + Az, Toa) +d(a*, o)
3 pzd(:r'._ Ey) + d(Zp, .'17n+1)] + par [(I(;z:n, Txn )] + pod(x*, Tx*),

(1= pa)d(«*,Tx*) 2 pzd(.r',;r,,) + d(.r.,,,.r,,H)] + pax [d(.::,,,Tx,,]]
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Axn, Tns1) =0 as n — o¢ from 3.7

dix,.z*) =10 as n — oo from 3.8

= d{z*, Txr*) =0

= " = 1Tr", therefore x* is a fixed point.

Finally to show the uniqueness of a fixed point, Let y* be the another fixed point such that
Ty ="

Then,

diz®,y") =d(Tx* . Ty") 2 u[d(.ﬂ'.']';r.’) + d(‘_u'.']'y'ﬂ
e {d(.r‘.;r') +dly’, y‘]]
20
= d(z*.y*) =0

== r" = y* . proves that fixed point z* is unique. O
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