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I. Introduction and Preliminaries 

     Huang & Zhang [2] familiarized the idea of cone metric space and prove some fixed point theorems for 

contractive type mappings in a normal cone metric space. Subsequently, some other authors [1, 3 to 6] studied the 

existence of fixed points of self-mappings satisfying a contractive type condition. Here, we obtain points of 

coincidence and common fixed points for three self-mappings satisfying condition (A) in a complete cone metric 

space. 

Definition 1.1 (see [1]): A subset 𝑃 of a real Banach space 𝐸 is called a cone if it has the following properties: 

1. 𝑃 is non-empty, closed and 𝑃 ≠ {0} 

2. 0 ≤ 𝑎, 𝑏 ∈ ℝ and 𝑢, 𝑣 ∈ 𝑃 ⟹ 𝑎𝑢 + 𝑏𝑣 ∈ 𝑃; 

3. 𝑢 ∈ 𝑃 and −𝑢 ∈ 𝑃 ⟹ 𝑢 = 0 ⟺ 𝑃⋂(−𝑃) = {0}. 

Definition 1.2 (see [1]): For a given cone 𝑃 ⊆ 𝐸, we can define a partial ordering ≤ on 𝐸 with respect to 𝑃 by 

𝑢 ≤ 𝑣 if and only if  𝑢 − 𝑣 ∈ 𝑃. We shall write 𝑢 < 𝑣 if 𝑢 ≤ 𝑣 while  𝑢 ≪ 𝑣 stands for 𝑣 − 𝑢 ∈ 𝑃0 where 𝑃0 

denotes the interior of 𝑃. The cone 𝑃 is called normal if for some 𝐾 > 0 for 𝑢, 𝑣 ∈ 𝐸,  

                                                 0 ≤ 𝑢 ≤ 𝑣 ⇒ ‖𝑢‖ ≤ 𝐾‖𝑣‖                                                                       (1.1)                                                          

The least positive number 𝐾 satisfying (1.1) is called the normal constant of P. 

In the following, we always suppose that 𝐸 is a real Banach space and 𝑃 is a cone in 𝐸 with 𝑖𝑛𝑡𝑃 ≠ 0 and ≤ is a 

partial ordering with respect to 𝑃. 

Proposition 1.3 (see [7]): Let 𝑃 be a cone in a real Banach space 𝐸. If for 𝑏 ∈ 𝑃 and 𝑏 ≤ 𝛾𝑏, for some 𝛾 ∈ [0, 1) 

then 𝑏 = 0. 

Proposition 1.4 (see [7]): Let 𝑃 be a cone in a real Banach space 𝐸 with non-empty interior. If for 𝑏 ∈ 𝐸 and 𝑏 ≪
𝑐, for all 𝑐 ∈ 𝑃0 , then 𝑏 = 0. 

Definition 1.5 (see [1]): Let 𝑋 be a nonempty set. Suppose that the mapping 𝑑: 𝑋 × 𝑋 → 𝐸 satisfies 

1. 0 ≤ 𝑑(𝑢, 𝑣), ∀ 𝑢, 𝑣 ∈ 𝑋 and 𝑑(𝑢, 𝑣) = 0 ⟺ 𝑢 = 𝑣; 

2. 𝑑(𝑢, 𝑣) = 𝑑(𝑣, 𝑢), ∀ 𝑢, 𝑣 ∈ 𝑋; 

3. 𝑑(𝑢, 𝑣) ≼  𝑑(𝑢, 𝑤) + 𝑑(𝑤, 𝑣), ∀ 𝑢, 𝑣, 𝑤 ∈ 𝑋. 

Abstract: The aim of this paper is to prove a coincidence and common fixed point theorem of three self-

mappings satisfying contractive type condition (A) in cone metric space. 
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Then 𝑑 is called a cone metric on 𝑋, and (𝑋, 𝑑) is called a cone metric space. 

Example 1.6 (see [1]): Let = ℝ2  , 𝑃 = {(𝑢, 𝑣) ∈ 𝐸: 𝑢, 𝑣 ≥ 0} ⊂ ℝ2, 𝑋 = ℝ  and 𝑑: 𝑋 × 𝑋 → 𝐸  such that 

𝑑(𝑢, 𝑣) = (|𝑢 − 𝑣|, 𝛼|𝑢 − 𝑣|), where 𝛼 ≥ 0 is a constant. Then (𝑋, 𝑑) is cone metric space. 

Definition 1.7 (see [1]): Let {𝑢𝑛} be a sequence in 𝑋 and 𝑢 ∈ 𝑋. If for each 0 ≪ 𝑐, ∃ 𝑛0 ∈ ℕ such that for all 𝑛 >
𝑛0, 𝑑(𝑢𝑛, 𝑢) ≪ 𝑐   then {𝑢𝑛} is said to be convergent (or {𝑢𝑛} converges) to 𝑢 and 𝑢 is called the limit of {𝑢𝑛}.  

We denote this by lim
𝑛→∞

𝑢𝑛 = 𝑢  or 𝑢𝑛 → 𝑢 as  𝑛 → ∞ . If for each 0 ≪ 𝑐  ∃  𝑛0 ∈ ℕ  such that for all 𝑛, 𝑚 >

𝑛0, 𝑑(𝑢𝑛, 𝑢𝑚) ≪ 𝑐, then {𝑢𝑛} is called a Cauchy sequence in 𝑋. If every Cauchy sequence is convergent in 𝑋, 

then 𝑋 is called a complete cone metric space. 

Definition 1.8 (see [1]): A pair (𝑓, 𝑇) of self-mappings on 𝑋 one said to be weakly compatible if they commute 

at their coincidence point i.e. 𝑓𝑇𝑢 = 𝑇𝑓𝑢 whenever 𝑓𝑢 = 𝑇𝑢. 

Definition 1.9 (see [1]): A point 𝑣 ∈ 𝑋 is called a point of coincidence of 𝑓 and 𝑇 if ∃ a point 𝑢 ∈ 𝑋 such that 

𝑣 = 𝑓𝑢 = 𝑇𝑢. 

Condition (A):  Let (𝑋, 𝑑) be a cone metric space, 𝑃 be a normal cone with normal constant 𝐾 and 𝑆, 𝑇, 𝑓: 𝑋 → 𝑋 

are three self-mappings. Then 𝑆, 𝑇, 𝑓 are said to satisfy condition (A) if 

                         𝑑(𝑆𝑢, 𝑇𝑣) ≤ 𝑎𝑑(𝑓𝑣, 𝑆𝑣) [
1+𝑑(𝑓𝑢,𝑇𝑢)

1+𝑑(𝑓𝑢,𝑓𝑣)
] + 𝑏[𝑑(𝑓𝑢, 𝑆𝑢) + 𝑑(𝑓𝑣, 𝑇𝑣)] + 𝑐𝑑(𝑓𝑢, 𝑓𝑣) 

for 𝑢, 𝑣 ∈ 𝑋 where 0 ≤ 𝑎, 𝑏, 𝑐 < 1 with 𝑎 + 2𝑏 + 𝑐 < 1. 

Proposition 1.10 (see [6]): Let (𝑋, 𝑑) be a cone metric space and 𝑃 be a cone in a real Banach space 𝐸. If 𝑢 ≤
𝑣, 𝑣 ≪ 𝑤 then 𝑢 ≪ 𝑤. 

II. Main Results 

Theorem 2.1:  Let (𝑋, 𝑑) be a cone metric space, 𝑃 be a normal cone with normal constant 𝐾. Suppose the 

mapping 𝑆, 𝑇, 𝑓: 𝑋 → 𝑋 satisfying condition (A). If 𝑆(𝑋) ∪ 𝑇(𝑋) ⊆ 𝑓(𝑋) and 𝑓(𝑋) is a complete subspace of 𝑋, 

then 𝑆, 𝑇 and 𝑓 have a unique point of coincidence. Moreover, if (𝑆, 𝑓)and (𝑇, 𝑓) are weakly compatible, then 

𝑆, 𝑇 and 𝑓 have a unique common fixed point. 

Proof:   Let 𝑢0 be arbitrary point in 𝑋.Choose a point 𝑢1 in 𝑋 such that 𝑓𝑢0 = 𝑆𝑢1. Similarly, choose a point 𝑢2 

in 𝑋 such that 𝑓𝑢2 = 𝑇𝑢1.Continuing in this way choose 𝑢𝑘 in 𝑋 to obtain 𝑢𝑘+1in 𝑋 such that  

                                                   𝑓𝑢2𝑘+1 = 𝑆𝑢2𝑘,    𝑓𝑢2𝑘+2 = 𝑇𝑢2𝑘+1,   (𝑘 ≥ 0)   

Then, 

            𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) = 𝑑(𝑆𝑢2𝑘, 𝑇𝑢2𝑘+1) 

                                            ≤ 𝑎𝑑(𝑓𝑢2𝑘+1, 𝑆𝑢2𝑘+1) [
1+𝑑(𝑓𝑢2𝑘,𝑇𝑢2𝑘)

1+𝑑(𝑓𝑢2𝑘,𝑓𝑢2𝑘+1)
] 

                                            +𝑏[𝑑(𝑓𝑢2𝑘, 𝑆𝑢2𝑘) + 𝑑(𝑓𝑢2𝑘+1, 𝑇𝑢2𝑘+1)] + 𝑐𝑑(𝑓𝑢2𝑘, 𝑓𝑢2𝑘+1) 

                                            ≤ 𝑎𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) [
1+𝑑(𝑓𝑢2𝑘,𝑓𝑢2𝑘+1)

1+𝑑(𝑓𝑢2𝑘,𝑓𝑢2𝑘+1)
] 

                                            +𝑏[𝑑(𝑓𝑢2𝑘, 𝑓𝑢2𝑘+1) + 𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2)] + 𝑐𝑑(𝑓𝑢2𝑘, 𝑓𝑢2𝑘+1) 

This ⟹ 

                                          𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
] 𝑑(𝑓𝑢2𝑘, 𝑓𝑢2𝑘+1) 

Similarly, 
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            𝑑(𝑓𝑢2𝑘+2, 𝑓𝑢2𝑘+3) = 𝑑(𝑆𝑢2𝑘+1, 𝑇𝑢2𝑘+2) 

                                            ≤ 𝑎𝑑(𝑓𝑢2𝑘+2, 𝑆𝑢2𝑘+2) [
1+𝑑(𝑓𝑢2𝑘+1,𝑇𝑢2𝑘+1)

1+𝑑(𝑓𝑢2𝑘+1,𝑓𝑢2𝑘+2)
] 

                                            +𝑏[𝑑(𝑓𝑢2𝑘+1, 𝑆𝑢2𝑘+1) + 𝑑(𝑓𝑢2𝑘+2, 𝑇𝑢2𝑘+2)] + 𝑐𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) 

                                            ≤ 𝑎𝑑(𝑓𝑢2𝑘+2, 𝑓𝑢2𝑘+3) [
1+𝑑(𝑓𝑢2𝑘+1,𝑓𝑢2𝑘+2)

1+𝑑(𝑓𝑢2𝑘+1,𝑓𝑢2𝑘+2)
] 

                                            +𝑏[𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) + 𝑑(𝑓𝑢2𝑘+2, 𝑓𝑢2𝑘+3)] + 𝑐𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) 

This ⟹ 

                                          𝑑(𝑓𝑢2𝑘+2, 𝑓𝑢2𝑘+3) ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
] 𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) 

Now by induction we arrive at 

                      𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
] 𝑑(𝑓𝑢2𝑘, 𝑓𝑢2𝑘+1) 

                                                      ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
]

2

𝑑(𝑓𝑢2𝑘−1, 𝑓𝑢2𝑘) 

                                                      ≤. . . . . . . ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
]

𝑘

𝑑(𝑓𝑢0, 𝑓𝑢1) 

And  

                      𝑑(𝑓𝑢2𝑘+2, 𝑓𝑢2𝑘+3) ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
] 𝑑(𝑓𝑢2𝑘+1, 𝑓𝑢2𝑘+2) 

                                                      ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
]

2

𝑑(𝑓𝑢2𝑘, 𝑓𝑢2𝑘+1) 

                                                      ≤. . . . . . . ≤ [
𝑏+𝑐

1−(𝑎+𝑏)
]

𝑘+1

𝑑(𝑓𝑢0, 𝑓𝑢1) 

for each 𝑘 ≥ 0. 

Let =
𝑏+𝑐

1−(𝑎+𝑏)
 , then 𝜆 < 1. 

Hence in general we can write  

𝑑(𝑓𝑢𝑘, 𝑓𝑢𝑘+1) ≤ 𝜆𝑘𝑑(𝑓𝑢0, 𝑓𝑢1) 

Now for positive integer 𝑝, we have 

𝑑(𝑓𝑢𝑘, 𝑓𝑢𝑘+𝑝) ≤ 𝑑(𝑓𝑢𝑘 , 𝑓𝑢𝑘+1) + 𝑑(𝑓𝑢𝑘+2, 𝑓𝑢𝑘+3)+. . . . . +𝑑(𝑓𝑢𝑘+𝑝−1, 𝑓𝑢𝑘+𝑝) 

                                                  ≤ [𝜆𝑘 + 𝜆𝑘+1 + 𝜆𝑘+2+ . . . . . .  . +𝜆𝑘+𝑝−1]𝑑(𝑓𝑢0, 𝑓𝑢1) 

                                                  ≤ 𝜆𝑘 [
1−𝜆𝑝−1

1−𝜆
] 𝑑(𝑓𝑢0, 𝑓𝑢1) 

                                                  ≤ 𝜆𝑘 [
1

1−𝜆
] 𝑑(𝑓𝑢0, 𝑓𝑢1) 

Now for 𝑐 ∈ 𝑃0 , ∃  𝑟 > 0 such that 𝑐 − 𝑣 ∈ 𝑃0  if ‖𝑣‖ < 𝑟. Choose a positive integer 𝑛0 such that for all 𝑘 ≥

𝑛0, ‖
𝜆𝑘

1−𝜆
𝑑(𝑓𝑢0, 𝑓𝑢1)‖ < 𝑟,  which implies that, 
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                          𝑐 −
𝜆𝑘

1−𝜆
𝑑(𝑓𝑢0, 𝑓𝑢1) ∈ 𝑃0 and  

𝜆𝑘

1−𝜆
𝑑(𝑓𝑢0, 𝑓𝑢1) − 𝑑(𝑓𝑢𝑘 , 𝑓𝑢𝑘+𝑝) ∈ 𝑃0 

𝑘 > 𝑁𝑐 and for all 𝑃,  by Proposition 1.10, 𝑑(𝑓𝑢𝑘, 𝑓𝑢𝑘+𝑝) ≪ 𝑐 for all 𝑘 > 𝑁𝑐 and for all 𝑃. Hence { 𝑓𝑢𝑘} is a 

Cauchy sequence in 𝑓(𝑋). Since 𝑓(𝑋) is complete, there exist 𝑥, 𝑦 ∈ 𝑋 such that 𝑓𝑢𝑘 → 𝑦 = 𝑓𝑥. 

Since  

                      𝑑(𝑓𝑥, 𝑆𝑥) ≤ 𝑑(𝑓𝑥, 𝑓𝑢2𝑘) + 𝑑(𝑓𝑢2𝑘, 𝑆𝑥) 

                                       ≤ 𝑑(𝑦, 𝑓𝑢2𝑘) + 𝑑(𝑇𝑢2𝑘−1, 𝑆𝑥) 

                                       ≤ 𝑑(𝑦, 𝑓𝑢2𝑘) + 𝑑(𝑆𝑥, 𝑇𝑢2𝑘−1) 

                                       ≤ 𝑑(𝑦, 𝑓𝑢2𝑘) + 𝑎𝑑(𝑓𝑢2𝑘−1, 𝑆𝑢2𝑘−1) [
1+𝑑(𝑓𝑥,𝑇𝑥)

1+𝑑(𝑓𝑥,𝑓𝑢2𝑘−1)
] 

                                        +𝑏[𝑑(𝑓𝑥, 𝑆𝑥) + 𝑑(𝑓𝑢2𝑘−1, 𝑇𝑢2𝑘−1)] + 𝑐𝑑(𝑓𝑥, 𝑓𝑢2𝑘−1) 

                                        = 𝑑(𝑦, 𝑓𝑢2𝑘) + 𝑎𝑑(𝑓𝑢2𝑘−1, 𝑓𝑢2𝑘) [
1+𝑑(𝑓𝑥,𝑇𝑥)

1+𝑑(𝑓𝑥,𝑓𝑢2𝑘−1)
] 

                                        +𝑏[𝑑(𝑓𝑥, 𝑆𝑥) + 𝑑(𝑓𝑢2𝑘−1, 𝑓𝑢2𝑘)] + 𝑐𝑑(𝑓𝑥, 𝑓𝑢2𝑘−1) 

This ⟹ 

                         𝑑(𝑓𝑥, 𝑆𝑥) ≤
1

1−𝑏
[
𝑑(𝑦, 𝑓𝑢2𝑘) + 𝑎𝑑(𝑓𝑢2𝑘−1, 𝑓𝑢2𝑘) (

1+𝑑(𝑓𝑥,𝑇𝑥)

1+𝑑(𝑓𝑥,𝑓𝑢2𝑘−1)
)

+𝑏𝑑(𝑓𝑢2𝑘−1, 𝑓𝑢2𝑘) + 𝑐𝑑(𝑓𝑥, 𝑓𝑢2𝑘−1)
]     

Hence, it concludes that   

                      ‖𝑑(𝑓𝑥, 𝑆𝑥)‖ ≤
𝐾

1−𝑏
‖

𝑑(𝑦, 𝑓𝑢2𝑘) + 𝑎𝑑(𝑓𝑢2𝑘−1, 𝑓𝑢2𝑘) (
1+𝑑(𝑓𝑥,𝑇𝑥)

1+𝑑(𝑓𝑥,𝑓𝑢2𝑘−1)
)

+𝑏𝑑(𝑓𝑢2𝑘−1, 𝑓𝑢2𝑘) + 𝑐𝑑(𝑓𝑥, 𝑓𝑢2𝑘−1)
‖                     

where 𝐾 is a normal constant. If 𝑛 → ∞, then we arrive at ‖𝑑(𝑓𝑥, 𝑆𝑥)‖ = 0. Hence 𝑓𝑥 = 𝑆𝑥.  

Similarly by using the inequality 

𝑑(𝑓𝑥, 𝑇𝑥) ≤ 𝑑(𝑓𝑥, 𝑓𝑢2𝑘+1) + 𝑑(𝑓𝑢2𝑘+1, 𝑇𝑥) 

We can show that 𝑓𝑥 = 𝑇𝑥, implying that 𝑦 is a common point of coincidence of 𝑆, 𝑇 and 𝑓; i.e. 𝑦 = 𝑓𝑥 = 𝑆𝑥 =
𝑇𝑥. Now we show that 𝑆, 𝑇 and 𝑓 have unique point of coincidence. For this, assume that there is another point 

𝑦∗ in X  such that 𝑦∗ = 𝑓𝑥∗ = 𝑆𝑥∗ = 𝑇𝑥∗ for some 𝑥∗ ∈ 𝑋. Now 

               𝑑(𝑦, 𝑦∗) = 𝑑(𝑆𝑥, 𝑇𝑥∗) 

                             ≤ 𝑎𝑑(𝑓𝑥∗, 𝑆𝑥∗) [
1+𝑑(𝑓𝑥,𝑇𝑥)

1+𝑑(𝑓𝑥,𝑓𝑥∗)
] + 𝑏[𝑑(𝑓𝑥, 𝑆𝑥) + 𝑑(𝑓𝑥∗, 𝑇𝑥∗)] + 𝑐𝑑(𝑓𝑥, 𝑓𝑥∗) 

                             = 𝑎𝑑(𝑓𝑥∗, 𝑓𝑥∗) [
1+𝑑(𝑓𝑥,𝑓𝑥)

1+𝑑(𝑓𝑥,𝑓𝑥∗)
] + 𝑏[𝑑(𝑓𝑥, 𝑓𝑥) + 𝑑(𝑓𝑥∗, 𝑓𝑥∗)] + 𝑐𝑑(𝑓𝑥, 𝑓𝑥∗) 

The last inequality gives 

                                                       𝑑(𝑦, 𝑦∗) ≤ 𝑐𝑑(𝑦, 𝑦∗) 

This is possible only when 𝑦 = 𝑦∗. 

If (𝑆, 𝑓) and (𝑇, 𝑓) are weakly compatible, then  
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                                          𝑆𝑦 = 𝑆𝑓𝑥 = 𝑓𝑆𝑥 = 𝑓𝑦 and 𝑇𝑦 = 𝑇𝑓𝑥 = 𝑓𝑇𝑥 = 𝑓𝑦 

It implies that 𝑆𝑦 = 𝑇𝑦 = 𝑓𝑦 = 𝑧  (say). Hence, 𝑧  is a point of coincidence of 𝑆, 𝑇  and 𝑓  and so 𝑦 = 𝑧  by 

uniqueness. Thus 𝑦 is the unique common fixed point of 𝑆, 𝑇 and 𝑓. 
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