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I. Introduction and Preliminaries

Huang & Zhang [2] familiarized the idea of cone metric space and prove some fixed point theorems for
contractive type mappings in a normal cone metric space. Subsequently, some other authors [1, 3 to 6] studied the
existence of fixed points of self-mappings satisfying a contractive type condition. Here, we obtain points of
coincidence and common fixed points for three self-mappings satisfying condition (A) in a complete cone metric
space.

Definition 1.1 (see [1]): A subset P of a real Banach space E is called a cone if it has the following properties:

1. P isnon-empty, closed and P # {0}
2. 0<agbeRandu,v€EP = au+ bv € P;
3. uePand—u€eP=u=0< PN(-P) ={0}.

Definition 1.2 (see [1]): For a given cone P < E, we can define a partial ordering < on E with respect to P by
u<wvifandonly if u—v e P. We shall write u < v ifu < v while u « v stands for v — u € P° where P°
denotes the interior of P. The cone P is called normal if for some K > 0 for u,v € E,

0<u<v=|ul <K|v| (1.2)

The least positive number K satisfying (1.1) is called the normal constant of P.

In the following, we always suppose that E is a real Banach space and P is a cone in E with intP #= 0 and < isa
partial ordering with respect to P.

Proposition 1.3 (see [7]): Let P be a cone in a real Banach space E. If for b € P and b < yb, for some y € [0,1)
then b = 0.

Proposition 1.4 (see [7]): Let P be a cone in a real Banach space E with non-empty interior. If for b € E and b <
c,forall c € P°,then b = 0.

Definition 1.5 (see [1]): Let X be a nonempty set. Suppose that the mapping d: X x X — E satisfies

1. 0<duv),VuveXandd(uv)=0u=ry;
2. d(u,v) =d(v,u),Vu,veEX,
3. du,v) < dlu,w)+dw,v),Vuv,we€X.
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Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Example 1.6 (see [1]): Let =R? , P={(u,v) €EE:u,v =0} c R% X =R and d:X XX - E such that
d(u,v) = (lu —v|,alu — v|), where « = 0 is a constant. Then (X, d) is cone metric space.

Definition 1.7 (see [1]): Let {u,} be asequence in X and u € X. If for each 0 < ¢, 3 n, € N such that forall n >

ng, d(uy, u) < ¢ then {u,} is said to be convergent (or {u,} converges) to u and u is called the limit of {u,}.

We denote this by lim u, =u or u, > u asn - o. If for each 0 « ¢ 3 n, € N such that for all n,m >
n—oo

ng, d(Uy, Uy) K c, then {u,} is called a Cauchy sequence in X. If every Cauchy sequence is convergent in X,
then X is called a complete cone metric space.

Definition 1.8 (see [1]): A pair (f, T) of self-mappings on X one said to be weakly compatible if they commute
at their coincidence point i.e. fTu = Tfu whenever fu = Tu.

Definition 1.9 (see [1]): A point v € X is called a point of coincidence of f and T if 3 a point u € X such that
v=fu=Tu.

Condition (A): Let (X, d) be a cone metric space, P be a normal cone with normal constant K and S, T, f: X - X
are three self-mappings. Then S, T, f are said to satisfy condition (A) if

1+d(fu,Tu)

d(Su,Tv) < ad(fv,Sv) [1+d(fu.fV)

] + bld(fu,Su) + d(fv,Tv)] + cd(fu, fv)

foru,v € Xwhere0 < a,b,c <1witha+2b+c<1.

Proposition 1.10 (see [6]): Let (X, d) be a cone metric space and P be a cone in a real Banach space E. Ifu <
v, v < wthenu < w.

I1. Main Results

Theorem 2.1: Let (X,d) be a cone metric space, P be a normal cone with normal constant K. Suppose the
mapping S, T, f: X — X satisfying condition (A). If S(X) UT(X) € f(X) and f(X) is a complete subspace of X,
then S, T and f have a unique point of coincidence. Moreover, if (S, f)and (T, ) are weakly compatible, then
S,T and f have a unique common fixed point.

Proof: Let u, be arbitrary point in X.Choose a point u, in X such that fu, = Su,. Similarly, choose a point u,
in X such that fu, = Tu,.Continuing in this way choose u, in X to obtain u;,,in X such that

fuzrsr = Suzr,  fUzksr = TUzpsr, (kK =0)

Then,

A(fuzks1, fUzrs2) = d(Suzk, TUzkeq)

1+d(fugr Tuzg) ]

< ad(fuzg+1, SUzk+1) [1+d(fu2k:fu2k+1)

+b[d(fuz, Stzr) + d(fuaksr, TUzier)] + cd(Fuzg, fUzrs1)

1+d(fuzp.fu )
< ad(fuzs1, fUzk+2) [—1+d(fuzz,fu§::i)]

+b[d(fuzp, fuaksr) + A(fzgsrs fUzrs2)] + cd (fFgr, fuzpeq)
This =

b+c

d(fuzrs1, fUzrs2) < [—] Ad(fuzk, fUzk+1)

1-(a+b)

Similarly,
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A(fUzrs2s fUzs3) = d(SUzpyr, TUzk2)

1+d(fuzk+1,TU2k+1)
< ad(fu,p.y, Su [—
= (f 2k+2 2k+2) 1+d(fu2k+1.fu2k+2)

+b[d(fUzks1, SUzis1) + d(fUzpsz TUzks2)] + cd(FUpsr, fUais2)

1+d(fugk+1.f Uzk+2)
< 2raY Usk+1.] Uk+2)
< ad(fuzisz, fUak+3) [1+d(fuzk+1.fuzk+z)

+b[d(fUzrs1, fUzk+2) + A(fUskrz, fokes)] + cd(fUsprr, foksz)
This =

b+c

d(fuzkszs fUzess) < [1 (a+b)] d(fuzks1, fUzres2)

Now by induction we arrive at

b+c
1-(a+b)

A(fuzksr, fUorsz) < [ ] d(fuzk, fUuzrs1)

b+c 2
= [1—(a+b) d(fuzk-1, fuzr)

b+c k
<[5 dtrue Fun

And

b+c

d(fuziesa fUzk+s) < [1 (a+b)] d(fuzps1 fUzierz)

b+c 2
= [1_(a+b) ad(fuzk, fuzker)

b+c k+1
<= dGuo fun)
for each k = 0.

Let=L,thenA< 1.
1-(a+b)

Hence in general we can write
d(fug, fgsr) < Ad(fuy, fug)
Now for positive integer p, we have
d(fuk,fuk+p) < d(fug, fugsr) + d(f s, fUges)+. ... +d(fuk+p_1,fuk+p)

< [AK 4 AL g pRrzg AP A (Fug, fuy)

1-AP~

< A [ ] d(fug, fu,)

< 2 [15] d(Fuo fu)

Now for ¢ € P®, 3 r > 0 such that c — v € P° if ||v|| < r. Choose a positive integer n, such that for all k >
||—d(fu0,fu1)|| < r, which implies that,
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ﬂ.k 0 ﬂ.k o
c —Ed(fuo,ful) € P’ and Ed(fuo,ful) - d(fuk'fukﬂ)) ep

k > N, and for all P, by Proposition 1.10, d(fuk,fuk+p) & cforall k > N, and for all P. Hence { fu,} is a
Cauchy sequence in f(X). Since f(X) is complete, there exist x, y € X such that fu, - y = fx.

Since
d(fx,Sx) < d(fx, fuy) + d(fuz, Sx)
< d(, fuze) + d(Tuzk_4,5x)

< d(y, fug) +d(Sx, Tuz,_4)

14+d(fx,Tx)
1+d(fx,fuzg-1)

+b[d(fx,Sx) + d(fuze—1, Tuzr—1)] + cd(fx, fuzx_1)

< d(, fug) + ad(fuge—1, Suze—1) [

1+d(fx,Tx)
=d(y, fuy) +ad(fugg_q1, fUzi) [fou;_l)]

+b[d(fx,Sx) + d(fuge—1, fuz)] + cd(fx, fuze_1)

This =

1+d(fx.fuzk-1)

d(fx,Sx) < ﬁ
+bd (fuzk—1, fuz) + cd(fx, fuze—1)

d(y, fuze) + ad (Fuze_s, fuiz) (M)l

Hence, it concludes that

K

d ’
ld(fx, S|l < — d(y, fuzi) + ad(fugk—1, fuz) (M)
) —_— 1_b

1+d(fx.fuzk-1)

+bd (fuze—1, fuz) + cd(fx, fuze—1)

where K is a normal constant. If n — oo, then we arrive at ||d(fx, Sx)|| = 0. Hence fx = Sx.
Similarly by using the inequality
d(fx,Tx) < d(fx, fuzsr) + d(fugesr, TX)
We can show that fx = Tx, implying that y is a common point of coincidence of S,T and f;i.e.y = fx = Sx =

Tx. Now we show that S, T and f have unique point of coincidence. For this, assume that there is another point
y*in X such that y* = fx* = Sx* = Tx" for some x* € X. Now

d(y,y*) = d(Sx,Tx")

1+d(fx,Tx)

< ad(fx’,Sx) [1+d(fx,fx*)

|+ bla(Fx, $x) + d(Fx", Tx*)] + cd(fx, fx°)

= ad(Fx", fx°) [0 4 pld(fx, fx) + d(fx°, fx)] + cd(Fx, fx°)

1+d(fx.fx*)
The last inequality gives

dy,y*) < cd(y,y*)
This is possible only when y = y*.

If (S, f) and (T, f) are weakly compatible, then
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Sy=Sfx=fSx=fyand Ty =Tfx = fTx = fy

It implies that Sy =Ty = fy = z (say). Hence, z is a point of coincidence of S,T and f and so y = z by
unigueness. Thus y is the unique common fixed point of S, T and f.
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