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1 INTRODUCTION AND PRELIMINARIES
Throughout the present work, we use the following standard notations:

N:={1,23,..}, N,:={0,1,23,..}=Nu{0} and Z" :={-1,-2,-3,.. }=Z, \{0}.
Here, as usual, Z denotes the set of integers, R denotes the set of real numbers, R, , R_ denote the sets of
positive and negative real numbers respectively and C denotes the set of complex numbers.

The Pochhammer symbol (or the shifted factorial) (1), (A,v €C) is defined, in terms of the familiar
Gamma function, by

(1), = ri+v) _ 1 (v=0;4eC\{0}) a1
YT A(A+1)...(A+n-1) (v=neN;1eC) '
it being understood conventionally that (0)0 =1 and assumed tacitly that the Gamma quotient exists.
The following results will be required in our present investigations:
The Gegenbauer polynomials C, (X) [13, p.276 (1) and p.279 (15)] are defined by
D Cr (0" = (1-2xt+t%)", (1.2)
n=0
where
—Nn2v+n;
2 ' '1-X
c; (=2 1 x| 13)

S P ves 2

The Kampé de Fériet’s double hypergeometric function of higher order in the modified notation of Srivastava
and Panda [20, pp. 423(26), 424(27)], is given by

ok (ap)(bq)’(dk)’ _ © :!;[(ai)r+sl;l|:(bi)r1;l|:(di)s " ys
{(9-)I(em);(hn);x’y}_§o j m n e (1.4)
’ ST TTE) T T,

j:m;n
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where (ap) abbreviates the array of p parameters given by @;,a,,...,@, with similar interpretations for
(b,),(d,) et ceteraand for convergence of double hypergeometric series(1.4), we have
(p+g<j+m+1l, p+k<j+n+1, |x|<oo and |Yy|< o0 or
(iyp+q=j+m+1, p+k=j+n+1, and
1 1

X7+ y [P i<l i p> ]

max{| x|,|y[}<1, if p<ij.
The Appell’s double hypergeometric functions F, F,, F; and F, [19, p.53 (4,5,6,7)] are denoted by Fl.]ésl,
Folllll Fl%zoz and FOl 1 respectively.
The notation A(/; 1) abbreviates the array of ¢ parameters given by

A A+l A+0-1

] yraeee ) ’ 521,2,3,4,...
A 14
The Appell’s function of first kind F,[19, p.53(4)] is defined by
& (@) pen (0) (D7) X"y
Fla,b,bcix, y|= N, 15
Al V= 3 e (15)

where max{ x|,| y|} <1.
The idea of separation of a power series into its even and odd terms [19, p.200 (1), p.214 Q.N.8; see also 18,
p.196], exhibited by the elementary identity

D W(n) =D W(2n)+ > ¥(2n+1), (1.6)
n=0 n=0 n=0
is at least as old as the series themselves.

icb(m,n) = id)(Zm,Zn)+ i®(2m+1,2n+1)+

m,n=0 m£:0 m,n=0 . (1.7)
+ > @@2m2n+1)+ > d(2m+1,2n),
m,n=0 m,n=0

provided that above multiple series are absolutely convergent.
The Gauss hypergeometric function [13, p.73 (1)] is defined by

(@), (), 2"
2 { } Z(; @ (18)
where d #0,-1,—2,... and | Z|<1.
Suppose
A+iB = Aexp(iu) = Acosu+iAsinu, (1.9)
then modulus
(A*+B?) (1.10)

and the amplitude g is given by any one of the following

- _____________________________________________________________
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arctan(%j (AABeR))

—arctan(%j (AeR ;BeR))

= B (1.12)
n—arctan(m) (AeR_;BeR))

—7r+arctan(%J (AABeR.).

Motivated by the work of Barr [1], Carlson [2], MacRaobert [5-6], Manocha [7], Chaudhary et al. [3,4,8],
Qureshi and Ahmad [9], Qureshi, Quraishi and Pal [11], Qureshi, Yasmeen and Pathan [12], Qureshi, Kabra and
Khan [10], Sharma [14-16] and Srivastava [17,18], we shall obtain some linear generating relations associated
with Gegenbauer polynomials of even and odd degree.

I MAIN GENERATING RELATIONS

Any values of parameters and variables leading to the results given in this section which do not make sense, are
tacitly excluded (Suppose & , A, 1, v and X are real numbers), then

ONGO
> 22 cr(ot'=
FENED,
A@2;2): A(2;0);A(2;); 2
Faill v ioe v T_ O?L C(x+X2=1)%t, (x— /X2 —1)t LA +Det
S| A& 2’ 2’ p(u+1)

A(2;A+2): A2, +1);A(2; +1);

x F2%2 3 3. (x+Vx2-1)%t, (x—=Vx* =1)°t |, 2.1)

ALIAR;u+2): —;

2 2’
where max{(x+\/x2 ~1%t|,| (x=vx* -1 )2t|}<1
GONG

Conn (" = (x=Vx* ~1)ax

2

AQ: z+1) A2; a) AQR:a +1):
3 (X +X2=1)%t, (x— VX2 =1t |+
2’
+(X+VX* —1D)ar x
AQR:A+1): A2;a +1):A(2:Q);
x F 42 3 1 (x+Vx?=1)%t, (x=vx* -1)°t |, (2.2)

A2, u+1): E; >

(,u+1) (,u+2)

><|:222

ALIAQR;u+1): %;

where max{ (X+/x*=1)%t],| (x—vx*=1)°t |}< 1

3C (x)cos(ng) = ﬂ 23)
n=0 -
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3¢ (x)sin(n6) = _—sinvg | 2.9)
n=0 2V |x

111. DERIVATIONS

To prove the results (2.1)and (2.2) we consider the following generating relation [19, p.126 (7)]

i%cﬁ’(x)t” - Fl[’if“’“?#?(xﬂxz D, (x—Vx? —1)t] (3.1)
n=0 ,U n

_ < (i)m+n(a)m(a)n(x+\/x2 —]_)m(x_,/XZ _1)n tm g

B Zo (1) men oy (32)

where

max{ (X+/X2 =Dt ],] (x=/x* =)t |}< 1,

Now using the series identities (1. 6) and (1.7) in equations (3.1) and (3.2), we get

Z (/1)2n Ca (X)th Z( )2n+1 C201n+1(x)t2n+1

o (1) 20 170 ()20
— ii (l)2m+2n (a)Zm (a)Zn (X T X — )2m (t )m(X_ v X2 _1)2n (th) +
m=0n=0 (zu)2m+2n (2ml)(2n|)
TR o e o o RNl G TG i s G
m=0n=0 (:u)2m+2n+1(2m!)(2n +1)I
573 Panizns(@ana(@)en (0 V7 D HET = 1)) |
m=0n=0 (/u)2m+2n+l(2m +1)'(2n)'
+ t2 ii (ﬂ)2m+2n+2 (a)2m+1 (a)2n+1 (X + m)zmﬂtzm (X B m)znﬂtzn (3.3)
m=on=o (£0) ymi2ns2 (2M+1)1(2n +1)!

Putt=iT ort? =-T? in equation (3.3), equating real and imaginary parts, we get

i(/l) (l+l) oot
2n X =
NG b,
ii(i)nwn(ﬂz*l)mn(‘”) oD D X =2y (T (k-1 S
(’2‘>m+n(“+1)mm( )a()omin

CEVACEN
p(p+1)
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D D D DD, (0 VX 1) (T (k= -1 (T’

XZZ 2 2 2

— +2 +3 3, ,3
m=0n=0 (lu )m+n(u2 )m+n(§)m(§)nm!n!

(3.4)

and

(4i5(ﬂ+%

- 0(,u+1) (,u+2)

wm(l+5mmﬂ+2mm()(“*5(“*5(“*2 (XD (T (x = -1y (T2
+

m=on=0 (ﬂg_l)m+n(#+2)m+n(2)m(2)nm!n!

Cona (T = (x=Vx* ~1)ax

+(X+Vx* =Dax
e o D 200D, (e VX =D (T (k= —1) (T 2"
XZZ 2 2 2

— +1 +2 3, ,1
m=0n=0 (,uz )m+n(lu )m+n(§)m(§)nm!n!

3.5)

Put T =iyt or T =—t in equations (3.4) and (3.5) and apply the definition of Kampé de Fériet’s double

hypergeometric function (1.4), we get the desired result (2.1) and (2.2).
To prove the results (2.3) and (2.4), we proceed as follows:

Put t = C0S@ +iSIiNE@ in equation (1.2) and apply De Moivre’s theorem, we get

> Cr(x)(cosn@ +isinnd) = [(1- 2xcosd + cos26) +i(sin 20 — 2xsind)] ™ (3.6)
n=0
Suppose (Sin26 —2xsind) and (1—2xc0sH +c0s28) are positive real numbers
Let rcosg = (1—2xcosf +c0s26) and rsing = (sin26 — 2xsiné)
Again using De Moivre’s theorem in the right hand side of equation (3.6), we get
ZC: (x)(cosn@+isinn@) =r ™" (cosvg —isinvg), (3.7)
n=0
where I = 2|X—COS€| and ¢ = 6.

Equating real and imaginary parts in equation (3.7), we get the desired results (2.3) and (2.4).
We conclude our present investigation, by observing that several other linear generating relations can be
obtained from known generating relations, in analogous manner.
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