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I. Introduction 

Let G=(V,E) be a simple undirected graph.A graph G consists of a pair (V(G),E(G)) where V(G) is non-empty 

finite set whose elements are called vertices and E(G) is a set of unordered pairs of distinct elements of V(G). The 

connectivity 𝜅(𝐺) of a graph G is the minimum number of vertices whose removal results in a disconnected or 

trivial graph.Any set M of independent edges of a graph G is called a matching of G. Ifuv∈ 𝑀, u and v are matched 

under M. The vertices u and v are M – saturated. A Matching M is called perfect matching if every vertex of G is 

M-saturated. M is called a maximum matching if there is no matching 𝑀′ in G such that|𝑀′| > |𝑀|.The degree 

of a vertex u in G is the number of edges incident with u and is denoted by deg (u) or d (u).The minimum and 

maximum degree of a graph is denoted by 𝛿(𝐺) and ∆(𝐺). For terminology, we refer to Harary [4]. 

A set S⊆V is a dominating set of G if every vertex of G is dominated by some vertex in S. The minimum 

cardinality of a dominating set is called the domination number of G and is denoted by 𝛾(G). Double domination 

introduced by Haynes [3] serves as a model for the type of fault tolerance where each computer has access to at 

least two fileservers and each of the fileservers has direct access to at least one backup fileserver.Sampathkumar 

and Pushpalatha [7] have introduced the concept of strong weak domination in graphs. A combination of the 

concepts of double domination and strong weak domination is the concept of domination strong domination where 

in for every vertex outside the dominating set, there are two vertices inside the dominating set, one of which 

dominates the outside vertex and the other strongly dominates the outside vertex. The concept of dom strong 

domination number of a graph is defined in [8]. The dom strong dominating set is defined as a subset S of V is 

called a dom strong dominating set, then for every vertex v ∈ V-S, there exists u1 ,u2∈ S such that u1v,u2v ∈ E(G) 

and d(u1) ≥d(v). The minimum cardinality of a dom strong dominating set is called the dom strong domination 

number and is denoted by 𝛾𝑑𝑠(G). In this paper the sum of the dom strong domination number and connectivity 

of graph less than or equal to 2𝑛 − 4 is obtained and characterized the corresponding extremal graphs. 

II. Results 

Theorem 2.1: [6] For any connected graph 𝑮, 𝜅(𝐺) ≤ 𝛿(𝐺). 

Theorem 2.2:[5] For any connected graph G, 2  ≤ 𝜸𝒅𝒔(𝑮) ≤ 𝒏. 

Theorem 2.3: [5] For any connected graph 𝐺, 𝛾𝑑𝑠(𝐺) = 𝑛 if and only if 𝐺 is a star. 

 

Notation2.4:𝐶𝑛(𝑃𝑘) is the graph by attaching the end vertices of 𝑃𝑘 path graph to any one vertex of the cycle 

graph. 𝐾𝑛(𝑃𝑘)is the graph by attaching the end vertices of 𝑃𝑘 path graph to any one vertex of the complete graph.  

 

Abstract: A subset S of V is called a dom strong dominating set if for every vertex v ∈ V-S, there exists u1 ,u2 ∈ 

S such that u1v,u2v ∈ E(G) and d(u1) ≥ d(v). The minimum cardinality of a dom strong dominating set is called 

the dom strong domination number and is denoted by 𝜸𝒅𝒔(G). The connectivity 𝜿(𝑮) of a graph G is the 

minimum number of vertices whose removal results in a disconnected or trivial graph. In this paper the sum 

of the dom strong domination number and connectivity of graph less than or equal to 2n-4 is obtained and 

characterized the corresponding extremal graphs. 
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Theorem 2.5: For any connected graph𝐺 , 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺) ≤ 2n-1 and the equality holds if and only if 𝐺  is a 

complete graph of order 2.  

Proof: If 𝐺  is connected, 𝛾𝑑𝑠(𝐺) + 𝜅 ( 𝐺 ) ≤ 𝑛 + 𝛿 ≤ 𝑛 + 𝑛 − 1 = 2𝑛 − 1 .Let 𝛾𝑑𝑠(𝐺) + 𝜅 ( 𝐺 ) = 2𝑛 − 1  .Then 

𝛾𝑑𝑠(𝐺) = n implies 𝐺is a star and since 𝜅(𝐺) = n-1, 𝐺 is complete. Hence 𝐺 ≅ K2. Conversely, if 𝐺 is a complete 

graph of order 2 then 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺) = 2n-1. 

 

Theorem 2.6: For any connected graph 𝐺, 𝛾𝑑𝑠(𝐺) +  𝜅(𝐺)=2n-2 if and only if  𝐺 ≅ 𝐾3or 𝐾1,2. 

Proof: If G ≅ 𝐾3or 𝐾1,2, it is obvious that 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺) = 2𝑛 −  2.Suppose 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺)= 2𝑛 −  2. Then the 

possible cases are (i)  𝛾𝑑𝑠(𝐺)  = 𝑛  and 𝜅(𝐺 ) = 𝑛 − 2  (ii)  𝛾𝑑𝑠(𝐺)= 𝑛 − 1and 𝜅(𝐺 )= 𝑛 − 1. Forcase (i),since 

𝛾𝑑𝑠(𝐺) = 𝑛 which implies 𝐺 is a star, for which 𝜅(𝐺) =1. Therefore 𝐺 ≅  𝐾1,2. For case (ii), since 𝜅(𝐺) = 𝑛 − 1, 

𝐺 is a complete graph. Then 𝛾𝑑𝑠(𝐺) = 2, which results to 𝐺 ≅ 𝐾3. 

 

Theorem 2.7: For any connected graph 𝐺, 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺) = 2𝑛 − 3 if and only if ≅ 𝐾1,3 𝑜𝑟  𝐾4 . 

Proof: If 𝐺 ≅ 𝐾1,3 or 𝐾4then 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺) = 2𝑛 − 3. Conversely, Suppose 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺)= 2𝑛 − 3, then the 

possible cases are (i) 𝛾𝑑𝑠(𝐺) = 𝑛 and 𝜅(𝐺) = 𝑛 − 3 (ii) 𝛾𝑑𝑠(𝐺)= 𝑛 − 1 and 𝜅(G) =𝑛 − 2 (iii)𝛾𝑑𝑠(𝐺)= 𝑛 − 2 and 

𝜅(𝐺)= 𝑛 − 1. 

Case (i):𝛾𝑑𝑠(𝐺)  = 𝑛 and   𝜅(𝐺) = 𝑛 − 3. 

 Since𝛾𝑑𝑠(𝐺) = 𝑛 which implies 𝐺 is a star for which 𝜅(𝐺) =1, Therefore G ≅  𝐾1,3. 

Case (ii):𝛾𝑑𝑠(𝐺)= n-1 and 𝜅(𝐺) =  𝑛 − 2. 
Since 𝐺 is connected and 𝜅(𝐺) =  𝑛 − 2, 𝛿(𝐺) ≥ 𝑛 − 2. If 𝛿(𝐺) =𝑛 − 1, then G is complete, is a contradiction. 

 If 𝛿 (G) = n-2, then G ≅ 𝐾𝑛– Q where Q is a matching in Kn.Hence𝛾𝑑𝑠(𝐺) ≤3. Suppose 𝛾𝑑𝑠(𝐺) = 2 or 3then 

𝐺 ≅ 𝐾3– Q or 𝐾4– Q respectively, which is a contradiction. 

Case (iii): 𝛾𝑑𝑠(𝐺)= 𝑛 − 2 and 𝜅(𝐺) = 𝑛 − 1. 
Since 𝜅(𝐺) = 𝑛-1, 𝐺 is a complete on𝐾𝑛. But for complete graphs,𝛾𝑑𝑠(𝐺) = 2.Then 𝐺 ≅ 𝐾4. 

 

Theorem 2.8: For any connected graph 𝐺,𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺) = 2𝑛 − 4 if and only if 𝐺 ≅ 𝐾1,4or 𝐾5or 𝑃4 or 𝐶4 or 

𝐾3(𝑃2) or 𝐾4 – e or 𝐾5 –  e or 𝐾5 - Q where Q is a maximum matching in𝐾5. 

Proof:If  𝐺 ≅ 𝐾1,4 or 𝐾5or 𝑃4 or 𝐶4 or 𝐾3(𝑃2) or 𝐾4 – e or𝐾5 –  eor 𝐾5 - Q where Q is a maximum matching in 

K5, then 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺) = 2𝑛 −  4. Conversely, suppose 𝛾𝑑𝑠(𝐺)+ 𝜅(𝐺)  = 2𝑛 −  4, then the possible cases are 

(i) 𝛾𝑑𝑠(𝐺) = 𝑛and𝜅(𝐺) = 𝑛 − 4 (ii) 𝛾𝑑𝑠(𝐺)= 𝑛 − 1 and 𝜅(𝐺) = 𝑛 − 3 (iii) 𝛾𝑑𝑠(𝐺)= 𝑛 −  2 and 𝜅(𝐺)= 𝑛 −  2 

(iv) 𝛾𝑑𝑠(𝐺)= 𝑛 −  3 and 𝜅(𝐺) = 𝑛 − 1. 

Case (i): 𝛾𝑑𝑠(𝐺)  = 𝑛 and   𝜅(𝐺) = 𝑛 − 4. 

 Since 𝛾𝑑𝑠(𝐺)  = 𝑛 which implies 𝐺 is a star for which 𝜅(𝐺) =1. Therefore G ≅ 𝐾1,4. 

 

Case (ii): 𝛾𝑑𝑠(𝐺)= 𝑛 − 1 and 𝜅(𝐺) =  𝑛 − 3. 
Since𝜅(𝐺)=  𝑛 − 3,𝛿(𝐺) ≥ 𝑛 − 3. If 𝛿(𝐺)= 𝑛 − 1, then 𝐺  is complete. Hence 𝛾𝑑𝑠(𝐺)=2implies 𝐺 ≅ 𝐾3  is a 

contradiction. If𝛿(𝐺) = 𝑛 − 2 , then 𝐺 ≅ 𝐾𝑛 – Q where Q is a matching in 𝐾𝑛 . Therefore𝛾𝑑𝑠 ≤ 3.Suppose 

𝛾𝑑𝑠(𝐺) = 2 𝑜𝑟 3 then 𝐺 ≅ 𝐾3 – Q   or 𝐾4 – Q respectively, which is a contradiction. If   𝛿(𝐺)  =  𝑛 − 3 .                   

Let X = {v1, v2, v3….. vn-3} be the minimum cut vertex of 𝐺 and 𝑉 − 𝑋 = {u, v, w}. 

 

Sub case 1: <  𝑉 −  𝑋 > = 𝐾3
̅̅ ̅ 

Let us consider <X> is connected. If |𝑋| = 1 then 𝐺 is isomorphic to 𝐾1,3 which is a contradiction. If |𝑋| = 2 then 

𝐺 is isomorphic to graph obtained from 𝐾2,3 by joining the vertices of degree 3 by an edge which is acontradiction. 

If|𝑋| ≥ 3 and let deg (v2) ≥ deg (vi), i=1or 3 then𝛾𝑑𝑠 = 4 implies 𝑛 = 4 is a contradiction. 

 

Sub case2: <  𝑉 –  𝑋 > = 𝐾2 ∪  𝐾1 

Let uv ∈ 𝐾2 and w ∈ 𝐾1 .Suppose < 𝑋 > is connected. Since 𝛿(𝐺) = 𝑛 − 3, w is adjacent to all vertices of 𝑋. 

If |𝑋| = 1and if deg (u) = deg (v) = 𝑛 − 2then𝐺 ≅ 𝐾3(𝑃2). If deg (u) = 𝑛 − 2 and deg (v) <𝑛 − 2 then 𝐺 ≅  𝑃4. 

Suppose deg (u) = deg (v) =𝑛 − 3. If v1 is a vertex in 𝑋 such that u and v is not adjacent to v1. Then graph does 

not exist. Hence v1 is adjacent to at least one vertex of uv  ∈ 𝐾2and adjacent to w ∈ 𝐾1. If |𝑋| = 2 then 𝛾𝑑𝑠(𝐺)+ 

𝜅(𝐺) ≠ 2𝑛 − 4. If |𝑋| ≥ 3 then as above sub case, is a contradiction.  Suppose< 𝑋 >is disconnected. If< 𝑋 > =
 𝐾2,Let v1, v2 ∈ X is adjacent to u, v and w in<  𝑉 –  𝑋 > then graph does not exist. Let |𝑋| ≥3 and deg (v2) =deg 

(vi) i=1, 3. We obtain graphs with 𝛾𝑑𝑠 =  3.which is a contradiction. 

 

Case (iii):𝛾𝑑𝑠(𝐺) =  𝑛 − 2 and 𝜅(𝐺) = 𝑛 − 2. 

If 𝜅(𝐺)  = 𝑛 − 2 then 𝛿(𝐺) ≥ 𝑛 − 2.  If 𝛿(𝐺) = 𝑛 − 1 then 𝐺 ≅ 𝐾𝑛 is a contradiction. If  𝛿(𝐺) = 𝑛 − 2then 

𝐺 ≅ 𝐾𝑛 – Q where Q is a matching in𝐾𝑛. Therefore 𝛾𝑑𝑠 ≤ 3.Suppose 𝛾𝑑𝑠 = 2 then n=4.Hence 𝐺 ≅ 𝐾4– Q 
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or𝐶4where Q is a matching in K4 with|𝑄| = 2. If |𝑄| = 1 then 𝐺 ≅ 𝐾4 – e.Suppose𝛾𝑑𝑠 = 3 then n=5.Hence G ≅
 K5 – Q where Q is a matching in K5 with|𝑄| = 2. If |𝑄| = 1 then 𝐺 ≅ 𝐾5 – e.  

 

Case (iv):𝛾𝑑𝑠(𝐺) = 𝑛 − 3 and 𝜅(𝐺) = 𝑛 − 1. 

Since  𝜅(𝐺) = 𝑛 − 1, 𝐺 is complete on𝐾𝑛. For complete graphs, 𝛾𝑑𝑠(𝐺) = 2. Hence 𝐺 ≅ 𝐾5. 
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