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I Introduction

The notion of interval-valued fuzzy sets was introduced by Zadeh [14]. In 1986, Atanassov [2] proposed
Intuitionistic Fuzzy Set (IFS) which looks more accurately to uncertainty quantification and provides the
opportunity to precisely model the problem based on the existing knowledge and observations. After three years
Atanassov and Gargov [1] introduced Interval-Valued Intuitionistic Fuzzy set (IVIFS). Ju and Wang [5] gave the
definition of interval-valued fuzzy graph. Some works in interval-valued fuzzy graph theory can be found in [3,4].
In 2013, Yager [12, 13] introduced the concept of the Pythagorean fuzzy set (PFS) as a generalization of the
intuitionistic fuzzy set (IFS) [2], to manage the complex impreciseness and uncertainty in practical decision-
making problems. The important characteristic of the Pythagorean fuzzy model is to relax the condition that the
sum of its membership degree and non-membership degree is not greater than one ( membership +
nonmembership < 1) with the square sum of its membership degree and non-membership degree not greater
than one (membership? + nonmembership? < 1). After the inception of Pythagorean fuzzy set by Yager [12],
Zhang and Xu [15] presented the mathematical form of the Pythagorean fuzzy set and introduced the concept of
the Pythagorean fuzzy number (PFN). Naz et al. [9] proposed the concept of Pythagorean fuzzy graphs (PFGS).
Xindong Peng et al. [11] introduced the notion of interval-valued Pythagorean fuzzy sets as a generalization of
Pythagorean fuzzy set [12]. Mohamed Y.S and Ali A.M. [6,7] introduced interval-valued Pythagorean fuzzy
graph. In this paper, the vertex degree, edge degree, total edge degree of an interval-valued Pythagorean fuzzy
graph is defined. Edge regular and totally edge regular interval-valued Pythagorean graphs are introduced. The
relation among edge regular and totally edge regular interval-valued Pythagorean fuzzy graph is proved.

Il. Preliminaries
Definition 2.1[12]
Let X be a universe of discourse. An Pythagorean Fuzzy Set P in X is given by P = {<xup(x),vp(x) >
/ x € X}, where up: X — [0,1] denotes the degree of membership and v,: X — [0,1] denotes the degree of non-
membership of the element x € X to the set P, respectively, with the condition that 0 < (up (x))2 + (vp (x))2 <
1. The degree of indeterminacy mp(x) = \/1 — up(x)? —vp(x)2.
Let D[0, 1] be the set of all closed subintervals of [0,1] and element of this set are denoted by uppercase letters.
If M € D[0,1] then it can be represented as M = [M,, M], where M, and M, are the lower and upper limits
of M.
Definition 2.2[11]
An interval-valued Pythagorean fuzzy set A defined in a finite universe of discourse X = {x;, x5, X3, ...., X, } IS
given by A ={<x,M(x) = [My, Myy], N(x) = [Na, Nay] >/x € X} where My, (x), Myy(x): X - [0,1]
and Ny (x), Ny (x): X - [0,1]and 0 < M2, + N3, < 1.
Here the numbers M (x)andN (x) denote the degree of membership and degree of non-membership of x € Xin A.
Definition 2.3[6]
An interval valued Pythagorean fuzzy graph with underlying set V is defined to be a pair G = (P, Q) where
1) the functions Mp;, Mp;: V — D[0,1] and Np;, Npy: V = D0, 1] denote the degree of membership and non

membership of the element xeV, respectively, such that 0 < Mp;(x) + Npy(x) < 1 for all xeV.

2) the functions Mg, Myy:E €V xV - D[0,1] and Ny, Noy:E €V XV — D[0,1] are defined by

MQL((x' Y)) < min(MPL(x)» MPL(y)) and NQL((X' }’)) = maX(NPL(x)' NPL(y)) MQU((x' }’)) <
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min(Mpy (x), Mpy () and NQU((xv.V)) = maX(NPU(x)’NPU(y)) such that 0< Méu((x; J’)) +
NGy ((x, ) <1, V(x,y)€E.
Here after, we use the notation xy for (x, y) an element of E.
Definition 2.4 [10] Let G* = (V,E) be a graph and let e = uv be an edge in G*. Then the degree of an edge e =
uv € E is defined by dg+(uv) = dg+(u) + dg:(v) — 2.

111. Edge regular interval-valued Pythagorean fuzzy graph
Definition 3.1
The degree of a vertexx € V in an interval-valued Pythagorean fuzzy graph G = (P, Q) is defined as d(x) =
< [dMPL(x), dMPU(x)], [dNPL(x), dNPU(x)] > where

dMPL (x) = Zx,y#cev MQL (X_'Y); dMPU(x) = Zx,y:thV MQU(xy)and

deL(x) = Zx,y¢x€V NQL (X_'Y); dNPU(x) = Zx,y:txev NQU (xy)
Definition 3.2
An interval-valued fuzzy graph G = (P, Q) is said to be a regular if all vertices have same membership degree.
Definition 3.3
The degree of an edgeuv € E in an interval-valued Pythagorean fuzzy graph G = (P, Q) is a pair <
[dMQL(uv),dMQU(uv)], [dNQL(uv),dNQU(uv)] > , where dMQL(uv) = dyp, (W) + dy,, (v) — 2Mg, (wv) ,
dNPU(u) + dNPU(v) - ZNQu(uv)

Definition 3.4
The total degree of an edge in an interval-valued Pythagorean fuzzy graph is a pair ([thQL (uv), thQU(uv)],
[thQL(uv), thQU(uv)]) where thQL(uv) = dyp, (W) + dy,, (v) — Mg, (uv), thQU(uv) =

Appy (W) + dyp, (V) — Moy (uv) , thQL(uv) = dy,, (W) + dy,, (v) — No, (uv) and thQU(uv) =dy,, W) +
Aypy (V) — Noy (uv).
Definition 3.5
Let G = (P, Q) be an interval-valued Pythagorean fuzzy graph on G*. If each edge in G has same degree
([my,m,], [n,m2]) , then G said to be an edge regular interval-valued Pythagorean fuzzy graph or
([my, m,], [n1,m2]), - edge regular interval-valued Pythagorean fuzzy graph.
Example 3.1 Consider an interval-valued Pythagorean fuzzy graph given in fig.1

v; < [0.5,0.9],[0.1,0.3] >

e, < [0.3,0.4],[0.6,0.7] >

v, < [0.4,0.5],[0.6,0.7] >
e, < [0.3,0.4],[0.6,0.7] >
v3 < [0.3,0.4],[0.2,0.6] >
Figure — 1 Edge regular interval-valued Pythagorean fuzzy graph
Here, [0.3,0.4],[0.6,0.7] —edge regular interval-valued Pythagorean fuzzy graph.
Definition 3.2
Let G = (P,Q) be an interval-valued Pythagorean fuzzy graph on G*. If each edge in G has same total
degree ([m,, m,], [n1,n;]), then G said to be antotally edge regular interval-valued Pythagorean fuzzy graph or
([my, m,], [ny, n,])-totally edge regular interval-valued Pythagorean fuzzy graph.
Example 3.2 Consider an interval-valued Pythagorean fuzzy graph given in Fig.2

< e,,[0.2,0.3],[0.6,0.7] >
< v,,[0.5,0.9],[0.1,0.3] > < v,,[0.3,0.4],[0.2,0.6] >

< e,,[0.2,0.3],[0.6,0.7] >
< e3,[0.2,0.3],[0.6,0.7] >

< v3,[0.4,0.5],[0.6,0.7] >
Figure: 2 Totally edge regular interval-valued Pythagorean fuzzy graph
Here, all the edges have same total degree. Hence G is ([0.6,0.9],[1.8,2.1])-totally edge regular interval-valued
Pythagorean fuzzy graph.
Theorem 3.1
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Let G be an interval-valued Pythagorean fuzzy graph on G*. Then [MQ, IVQ] is a constant function if and only if
the following are equivalent
1. G isan edge regular interval-valued Pythagorean fuzzy graph
2. G isatotally edge regular interval-valued Pythagorean fuzzy graph
Proof:
Suppose that [, N, ] is a constant function.

Let [My, (uv), Moy (wv)| = [cy, ], [No (uv), Noy (uv)| = [cs, ¢4 for all € E, ¢y, c5, c3, ¢4 € [0,1]. Assume

that G is ([ky, k], [k3, k4])-edge regular interval-valued Pythagorean fuzzy graph. Then dyg, (uv) = k,and

dugy (Wv) = ky, dy,y, () = ks and dy,,, (uv) = k, foralluv € E.

Thereforetdyy,, (uv) = dy,, (uv) + Mo, (uv), tdy,, V) = dygy, W) + Moy (uv), tdy,, (uv) =

dNQL(uv) + Ngi (uv),

thQU(uv) = dNQU(uv) + Noy (uv).

> thQL(uv) =k, +cy, thQU(uv) =k, + c,,

thQL(uv) = k3 + czand thQU(uv) =k, +c,.

Hence G is ([ky + ¢y, ky + ¢3], [k + c3, k4 + c4])-totally interval-valued Pythagorean fuzzy graph. Thus (1) =
2

I(\lo)w, suppose that G is a ([m,, m,], [n,, n,])- totally edge regular interval-valued Pythagorean fuzzy graph,

then thQL(uv) =my, thQU(uv) =my, thQL(uv) = my and thQU(uv) =c,+my,Vuv €E.

thQL(uv) = dMQL(uv) + Mgy, (uv) =my, thQU(uv) = dMQU(uv) + Moy (uv) = my, thQL(uv) =

dNQL(uv) + No,(uv) = ny, thQU(uv) = dNQU(uv) + Noy(uv) = ny, foralluv € E.

= dMQL(uv) =m; — kl,dMQU(uv) =m, — kz,dNQL(uv) =n, —ksand dNQU(uv) =n, —k,foralluv € E.

Hence, G isa ([m, — k;, m, — k;], [n; — ki, n, — k,])-edge regular interval-valued fuzzy graph.

Thus (2) = (1)

Conversely,

Let us assume that (1) and (2) are equivalent. To prove that [MQ, IVQ] is a constant function.

Suppose [M,, N,] is not constant.

Then My, (uv) # My, (xy), Moy (uv) # Moy (xy) and Ng, (uv) # Ny (xy), Noy (uv) # Ny (xy) for at-least

one pair of edges uv, xy € E.

Let G be a([ky, k], [k3, k4]) —edge regular interval-valued Pythagorean fuzzy graph.

Then My, (uv) # My, (xy) = kq, Moy (uv) # Mgy (xy) = k, and Ny, (uv) # Nop (xy) = k3, Noy (uv) #

NQU(X}’) = ky.

= thQL(uv) = dMQL(uv) + My, (uv) = ky + My, (uv), thQU(uv) = dMQU(uv) + Moy (wv) = k; +

Moy (uv), thQL(uv) = dNQL(uv) + Nop(uv) = k3 + Ny, (uv), thQU(uv) = dNQU(uv) + Noy (uv) = k4 +

Noy (uv).

Since Mg, (uv) # Mg, (xy), Moy (uv) # Myy (xy) and Ny, (uv) # Noi(xy),

Ng, (uv) # Ny, (xy), we have thQL(uv) * thQL(xy),thQU(uv) * thQU(xy),thQL(uv) * thQL(xy)

and tdny, (uv) # tdny, (xy). Hence G is not a totally edge regular interval-valued Pythagorean fuzzy graph,

which is a contradiction to our assumption.
Further, let G be a totally edge regular interval-valued Pythagorean fuzzy graph.

= tdy,, (uv) = tdy,, (xy) tdy,, (Uv) = tdy,, (xy)tdy,, (uv) = tdy,, (xy) and tdy,, (uv) = tdy,, (xy).
= dMQL(uv) + MQL(UV) = dMQL(xY) + MQL(XY): dMQU(uU) + MQU(uU) = dMQU(x}’) + MQU(X}’):
dNQL(UV) + NQL(UV) = dNQL(x}’) + NQL(X}’): dNQU(UU) + NQU(UU) = dNQU(xy) + NQU(xy)-

dMQL(UV) - dMQL(x}’) = MQL(xy) - MQL(uU): dMQU(UU) - dMQU(x)’) = MQU(X}’) - MQU(UU): dNQL(UU) -
dNQL(x}’) = Ng(xy) — No, (uv) and dNQU(UV) - dNQU(x)’) = Noy (xy) — Noy (uv).

= duyg, W) = dyy, (xy) # 0, dyy, (WV) = dugy, (xy) # 0, dy,, (uv) —dy,, (xy) # 0 and dy,, (uv) —
dyyy (xy) # 0.

= dyg, (W) # dyy, (x3), dyg, (Uv) # dyy, (Xy), dyy, (uv) # dy,, (xy) and dy,, (wv) # dy,, (xy).
Thus G is not an edge regular interval-valued Pythagorean fuzzy graph.

This is a contradiction to our assumption. Hence [M,, N,] is a constant function.

Theorem 3.2
If an interval-valued fuzzy graph G is both edge regular and totally edge regular, then [MQ,IVQ] is a constant
function.
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Proof:

Let G be a ([kq, k,], [k3, k4])-edge regular and ([ry, 73], [13, 13])-totally edge regular interval-valued fuzzy
graph.

= dMQL(uv) = k,and dMQU(uv) = k,, dNQL(uv) = k5 and dNQU(uv) =k, foralluv € E.
NOW,thQL(uv) = T1thQU(UU) =1,

thQL(uv) = rzand thQU(uv) =1,

= dyg, (W) + Mo, (uv) =13, dygy, (Wv) + Moy (uv) =,

dyg, (V) + Ny, (uv) = 13, dy,,(WV) + Noy (wv) =1

= Mo, (uv) =1, — ky, Moy (uv) =1, — ky, Ny, (uv) = 13 — k3 and Noy (uv) = 1, — ky.

Hence, [My, N,] is a constant function.

Remark 3.1
The converse of the above theorem 3.2 need not be true. It can be seen from the following example.
Example 3.3 Consider an interval-valued Pythagorean fuzzy graph given in Figure 3,

v, <[0305],[0.20.6] > e, <[0.20.4],[07,08] > vy <[0.50.6],[03,04] >

e, < [0.2,0.4],[0.7,0.8] >

v, < [0.6,0.7], [0.4 es < [0.2,0.4],[0.7,08] > | e; <[0.2,0.4],[0.7,0.8] >

es < [0.2,0.4], [0

vg < [0.4,0.6],[0.7,0.8] > e, < [0.2,0.4],[0.7,0.8] > v, < [0.5,0.8],[0.3,0.5] >
Figure- 3

Here, [Mq, IVQ] is a constant function but the graph is neither edge regular nor totally edge regular interval-valued
Pythagorean fuzzy graph.

Theorem 3.3

Let G be a regular interval-valued fuzzy graph on G* = (V,E). Then G is edge regular if and only if [M,, N,] is
a constant function.

Proof:

Let G be an [k, k5], [k, k4] — regular interval-valued Pythagorean fuzzy graph.

dMQL(UV) = ky, dMQU(uU) = ks, dNQL(uv) = ks, dNQU(uU) =k,
Assume that [M,, N,] is a constant function.
Then to prove that G is edge regular interval-valued Pythagorean fuzzy graph.
Let My, (uv) = c1, Moy (uv) = ¢, No,(uv) = c3, Noy(uv) = ¢,
By the definition of edge degree,
dMQL(uv) =dy,, (W) +dy,, (v) — 2My, (uv) = ki + ky — 2¢; = dy(say),

dMQU(uv) = dypy (W) + dypy, (V) — 2Moy (uv) = ky + ky — 2¢, = dy(say)

dNQL(uv) =dy,, (W) +dy,, (V) = 2Ng,(uv) = k3 + k3 — 2¢5 = d3(say)

dNQU(uv) = dyp, (W) + dy,, (V) — 2Ny (wv) = ky + ky — 2¢4 = dy(say)
= dMQL(uv) = dl,dMQU(uv) = dz,dNQL(uv) = d, and dNQU(uv) =d,
Hence G is ([d4, d,], [ds, d,]) —regular interval-valued Pythagorean fuzzy graph.
Conversely, assume that G is edge regular interval-valued Pythagorean fuzzy graph.
Then to prove that [M,, N,] is a constant function.
Let dMQL(uv) =d,, dMQU(uv) = dz,dNQL(uv) =d; and dNQU(uv) =d, foralluv € E.
By the definition of edge degree,
dy = ky +ky —2Mgy, (), dy = ky + ky — 2Moy(uv), d3 = k3 + k3 — 2Ny, (uv)
dy = ky + ky — 2Ngy (uv)

dMQL(uV) = deL(u) + deL(U) - ZMQL(uU)
dy = ky +ky — 2Mg, (uv)

dMQU(UV) = deU(u) + deU(U) - 2MQU(UU)
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dz = k2 + kz - ZMQu(uv)

2k, —d

dNQL(uv) = dy,, (W) + dy,, (v) — 2Ny, (uv)
d3 = k3 + k3 - ZNQL(U.U)

dNQU(uv) = dyp, W) + dy,,(v) — 2Ngy (uv)
dz = k4 + k4_ - ZNQu(uv)
Noy(uv) = 2](42—_d4f0r alluv € E.

Hence [M,, N, ] is a constant function.

IV. CONCLUSION
An interval-valued set Pythagorean fuzzy set model is suitable for modeling problems with indeterminacy,
uncertainty, and inconsistent information in which human knowledge is necessary and human appraisal needed.
Interval-valued Pythagorean fuzzy models give more flexibility and compatibility to the system as compared to
the classical, interval-valued fuzzy and interval-valued intuitionistic fuzzy models. In this paper, edge regular and
totally edge regular interval-valued Pythagorean fuzzy graphs are defined. A necessary and sufficient condition
for edge regular and totally edge regular interval-valued Pythagorean fuzzy graphs are derived.
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