
ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629 

 

American International Journal of  
Research in Science, Technology,  
Engineering & Mathematics 
 

 

 
 

AIJRSTEM 19-105; © 2019, AIJRSTEM All Rights Reserved                                                                                                               Page 20 

Available online at http://www.iasir.net 
 

 

AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by 
International Association of Scientific Innovation and Research (IASIR), USA 
(An Association Unifying the Sciences, Engineering, and Applied Research) 

 

  

Fourier series Expansions Involving G-Function of Two Variables  
Vinay Kumar Shukla 

Department of Mathematical Science 

A. P. S. University, Rewa, (M.P.) 

Address - Village & Post - Bahrampur,  

District - Fatehpur, U.P., Pin – 212622, INDIA  

 
 

I. INTRODUCTION: 

 

 Recently, Beg [2], Ayant Frédéric [1], Dubey [3] and others have evaluated certain number of Fourier 

series expansion involving generalized hypergeometric functions. Following them in this paper we shall try to 

obtain some new Fourier Series expansion involving G-function of two variables, which play an important role in 

the development of the theories of special functions and two-dimensional boundary value problems.  

 The G-function of two variables was defined by Shrivastava and Joshi [7, p. 471] in terms of Mellin-

Barnes type integrals as follows:  

 Gp1,q1:p2,q2;p3,q3
0,n1:m2,n2;m3,n3[y

x|
(bj;1,1)1,q1:(dj,1)1,q2

:(fj,1)1,q3

(aj;1,1)1,p1:(cj,1)1,p2
:(ej,1)1,p3] 

 = 
−1

4π2
∫ ∫ ϕ1L2L1

(ξ, η)θ2(ξ)θ3(η)x
ξyηdξdη       (1) 

where 

 ϕ1(ξ, η) =
∏ Γ(1−aj+ξ+η)
n1
j=1

∏ Γ(aj−ξ−η)
p1
j=n1+1

∏ Γ(1−bj+ξ+η)
q1
j=1

, 

 

 θ2(ξ) =
∏ Γ(dj−ξ)
m2
j=1

∏ Γ(1−cj+ξ)
n2
j=1

∏ Γ(1−dj+ξ)
q2
j=m2+1

∏ Γ(cj−ξ)
p2
j=n2+1

 

 θ3(η) =
∏ Γ(fj−η)
m3
j=1

∏ Γ(1−ej+η)
n3
j=1

∏ Γ(1−fj+η)
q3
j=m3+1

∏ Γ(ej−η)
p3
j=n3+1

 

x and y are not equal to zero, and an empty product is interpreted as unity pi, qi, ni and mj are non negative integers 

such that pi ≥ ni ≥ 0, qi ≥ 0, qj ≥ mj ≥ 0, (i = 1, 2, 3; j = 2, 3).  

 The contour L1 is in the -plane and runs from – i∞ to + i∞, with loops, if necessary, to ensure that the 

poles of (dj - ) (j = 1, ..., m2) lie to the right, and the poles of (1 – cj + ) (j = 1, ..., n2), (1 – aj+ + ) (j = 1, 

..., n1) to the left of the contour.  

 The countor L2 is in the -plane and runs from – i∞ to + i∞, with loops, if necessary, to ensure that the 

poles of (fj –) (j = 1, ..., m3) lie to the right, and the poles of (1 – ej + ) (j = 1, ..., n3), (1 – aj+  + ) (j = 1, 

..., n1) to the left of the contour.  

and the double integral converges if 

  2(n1 + m2 + n2) > (p1 + q1 + p2 + q2) 

  2(n1 + m3 + n3) > (p1 + q1 + p3 + q3) 

and  | arg x | < ½ U , | arg y | < ½ V     

where  U = [n1 + m2 + n2  ½ (p1 + q1 + p2 + q2)]   

  V = [n1 + m3 + n3  ½ (p1 + q1 + p3 + q3)]   

 These assumptions for the G-function of two variables will be adhered to throughout this research work.  

 The following formulae are required in the proof: 

Abstract: The subject of Fourier series for generalized hypergeometric functions occupies a prominent place 

in the literature of special functions and boundary value problems. Certain double Fourier series of 

generalized hypergeometric functions play an important role in the development of the theories of special 

functions and two-dimensional boundary value problems. The object of the present paper is to establish two 

Fourier series expansion formulae involving G-Function of two variables.  
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 From Macrobert [5, 6]: 

 

  
√𝜋Γ(2−𝑠)

2Γ(
3

2
−𝑠)

(𝑠𝑖𝑛𝜃)1−2𝑠 = ∑
(𝑠)𝑟

(2−𝑠)𝑟

∞
𝑟=0 sin(2𝑟 + 1) 𝜃,       (2)

  

 

where 0 <   , Re s  
1

2
.  

 

  
√𝜋Γ(1−𝑠)

Γ(
1

2
−𝑠)

(𝑠𝑖𝑛
𝜃

2
)
−2𝑠

= 1 + 2∑
(𝑠)𝑟

(1−𝑠)𝑟

∞
𝑟=0 cosr𝜃,       (3)

 where 0 <   .  

 

II. MAIN RESULT: 

 

 In this section, we shall establish following Fourier series: 

∑Gp1,q1:p2,q2;p3+2,q3+2
0,n1:m2,n2;m3+1,n3+1

∞

𝑟=0

[z2
z1|

(bj;1,1)1,q1:(dj,1)1,q2
:(
3

2
,1),(fj,1)1,q3

,(1,1)

(aj;1,1)1,p1:(cj,1)1,p2
:(1−r,1),(ej,1)1,p3

,(2+r,1)

]sin⁡(2r + 1)θ 

  =
√𝜋

2
𝑠𝑖𝑛𝜃Gp1,q1:p2,q2;p3,q3

0,n1:m2,n2;m3,n3 ⁡[
z2/𝑠𝑖𝑛

2𝜃

z1 |
(bj;1,1)1,q1:(dj,1)1,q2

:(fj,1)1,q3

(aj;1,1)1,p1:(cj,1)1,p2
:⁡(ej,1)1,p3]     (4) 

where 0 ≤ 𝜃 ≤ 𝜋, |𝑎𝑟𝑔𝑧2| < (m3 + n3 −
p3

2
−

q3

2
)𝜋. 

 Gp1,q1:p2,q2;p3+1,q3+1
0,n1:m2,n2;m3+1,n3 [z2

z1|
(bj;1,1)1,q1:(dj,1)1,q2

:(
1

2
,1),(fj,1)1,q3

(aj;1,1)1,p1:(cj,1)1,p2
:(ej,1)1,p3

,(1,1)

] 

+ 2 ∑ Gp1,q1:p2,q2;p3+2,q3+2
0,n1:m2,n2;m3+1,n3+1∞

𝑟=0 [z2
z1|

(bj;1,1)1,q1:(dj,1)1,q2
:(
1

2
,1),(fj,1)1,q3

,(1,1)

(aj;1,1)1,p1:(cj,1)1,p2
:(1−r,1),(ej,1)1,p3

,(1+r,1)

]cos⁡rθ 

 = √𝜋Gp1,q1:p2,q2;p3,q3
0,n1:m2,n2;m3,n3 ⁡[

z2/𝑠𝑖𝑛
2(
𝜃

2
)

z1 |
(bj;1,1)1,q1:(dj,1)1,q2

:(fj,1)1,q3

(aj;1,1)1,p1:(cj,1)1,p2
:(ej,1)1,p3]     (5)   

where 0 < 𝜃 ≤ 𝜋, |𝑎𝑟𝑔𝑧2| < (m3 + n3 −
p3

2
−

q3

2
)𝜋.  

Proof of (4): 

 To prove (4), expressing the G-function on the left-hand side as Mellin-Barnes type integral (1), we have  

∑
(−1)

4π2
∞
𝑟=0 ∫ ∫ ϕ1L2L1

(ξ, η)θ2(ξ)θ3(η)
Γ(

3

2
−η)Γ(𝑟+η)

Γ(η)Γ(2+𝑟−η)
(z1)

ξ(z2)
η sin(2𝑟 + 1) 𝜃dξdη   

 On changing the order of integration and summation which is easily seen to be justified, the above 

expression becomes 

 
(−1)

4π2
∫ ∫ ϕ1L2L1

(ξ, η)θ2(ξ)θ3(η)
Γ(

3

2
−η)

Γ(2−η)
× 

   × [∑
(η)𝑟

(2−η)𝑟

∞
𝑟=0 sin(2𝑟 + 1) 𝜃] (z1)

ξ(z2)
ηdξdη. 

and on using the relation (2), it takes the form 

 
√𝜋

2
𝑠𝑖𝑛𝜃.

(−1)

4π2
∫ ∫ ϕ1L2L1

(ξ, η)θ2(ξ)θ3(η)(z1)
ξ(z2/sin

2θ)ηdξdη. 

which is just the expression on the right side of (4). (4) is the Fourier sine series for the G-function of two variables. 

 The Fourier cosine series (5) is proved in an analogous by using (3).  

 

III. SPECIAL CASES: 

 On specializing the parameters in (4) and (5), we get following Fourier series in terms of G-function of 

one variable, which is a result given by Kesarwani [4, p. 1 (1.1) and (1.2)]: 

 

 ∑ Gp+2,q+2
m+1,n+1∞

𝑟=0 [z|
(
3

2
,1),(𝑏j,1)1,𝑞

,(1,1)

(1−r,1),(𝑎j,1)1,𝑝
,(2+r,1)

]sin⁡(2r + 1)θ 
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 =
√𝜋

2
𝑠𝑖𝑛𝜃Gp,q

m,n⁡[
z

𝑠𝑖𝑛2𝜃
|
(𝑏j,1)1,𝑞

(𝑎j,1)1,𝑝]        (6) 

where 0 ≤ 𝜃 ≤ 𝜋, |𝑎𝑟𝑔𝑧| < (m + n −
p

2
−

q

2
)𝜋. 

 Gp+1,q+1
m+1,n [z|

(
1

2
,1),(𝑏j,1)1,𝑞

(𝑎j,1)1,𝑝
,(1,1)

] + 2 ∑ Gp+2,q+2
m+1,n+1∞

𝑟=0 [z|
(
1

2
,1),(𝑏j,1)1,𝑞

,(1,1)

(1−r,1),(𝑎j,1)1,𝑝
,(1+r,1)

]cos⁡rθ 

 = √𝜋Gp,q
m,n⁡[

𝑧

𝑠𝑖𝑛2(
𝜃

2
)
⁡ |
(𝑏j,1)1,𝑞

(𝑎j,1)1,𝑝]        (7) 

where 0 ≤ 𝜃 ≤ 𝜋, |𝑎𝑟𝑔𝑧| < (m + n −
p

2
−

q

2
)𝜋. 

 

IV. CONCLUSION: 

 On specializing the parameters, G-function of two variables may be reduced to several other higher 

transcendental functions. Therefore the result (4) and (5) are of general nature and may reduce to be in different 

forms, which will be useful in the literature on applied Mathematics and other branches.   
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