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Abstract: We introduce nonexpansive and generalized nonexpansive condition for a map in an ordered S-
metric space and derive fixed point theorems for a non-decreasing mapping. To illustrate our results, we give
throughout the paper an example.
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I. Introduction and Preliminaries

The generalization of metric spaces in various structure has attracted attention of scientists due to the
development and generalization of fixed point theory in metric spaces. Particularly, Bakhtin [5] generalized the
concept of metric space by introducing b-metric space, many researchers studied fixed point results for various
mappings satisfying certain conditions in b-metric space. Mustafa and Sims [13] introduced the concept of G-metric
spaces to overcome fundamental flaws in Dhage’s theory of generalized metric spaces. Sedghi et al. [25]
familiarized the notion of a D*-metric space. Every G-metric space is a D*-metric space. The converse, however,
is false in general; a D*-metric space is not necessarily a G-metric space. Sedghi et al. [26] introduced a new
generalized metric space called an S-metric space.

Definition 1.1 (see [26]) Let X be a non-empty set. An S-metric on X isa function S: X x X x X — [0, + ) that
satisfies the following conditions, for each x,y, z, a € X,

(S1). S(x,v,2) =0,

(S2). S(x,y,z) =0ifandonlyifx =y = z,

(S3). S(x,v,2) <S(x,x,a) + S(y,y,a) +S(z,2,a).

Then S is called an S-metric on X and (X, S) is called an S-metric space.

The following is the intuitive geometric example for S-metric spaces.

Example 1.2 (see [26]) Let X = R? and d be the ordinary metric on X. PutS(x,y,z) = d(x,y) + d(x,z) +
d(y,z) for all x,y,z € R?, that is, S is the perimeter of the triangle given by S(x, y, z). Then S is an S-metric on
X.

Lemma 1.3 (see [26]) Let (X, S) be an S-metric space. Then S(x, x,y) = S(y,y,x) forallx,y € X.

Lemma 1.4 (see [10]) Let (X,S) be an S-metric space. Then S(x,x,2) < 2S(x,x,y) + S(y,y,2) and
S(x,x,2z) <250, x,y) +S(z,z,y) forall x,y,z € X.

Definition 1.5 (see [26]) Let X be an S-metric space.

(1). A sequence {x,} converges to x if and only if 71111210 S(x,, xn,x) = 0. That is, for each € > 0 there exists

ny € N such that for all n = ngy, S(x,,, x,, x) < € and we denote this by lim x,, = x.

n—oo

(2). Asequence {x,} is called a Cauchy if lim S(x,,x,, x,) = 0. Thatis, for each € > 0 there exists n, €
n,m-oo

N such that for all,m = ny, S(x,, X, %) < €.

(3). X is called complete if every Cauchy sequence in X is a convergent.

From (see [26], Examples in page 260), we have the following.
Example 1.6

(@ LetR betherealline. Then S(x,y,z) = [x — z| + |y — z| forall x, y, z € R, is an S-metric on R. This S-
metric is called the usual S-metric on R. Furthermore, the usual S-metric space R is complete

(b) LetY be a non-empty set of R. Then S(x,y,z) = |x —z| + |y — z| forall x,y,z € Y, is an S-metric on
Y. IfY is a closed subset of the usual metric space R, then the S-metric space Y is complete.
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Lemma 1.7 (see [26]) Let (X,S) be an S-metric space. If the sequence {x,,} in X converges to x, then x is
unique.

Lemma 1.8 (see [26]) Let (X,S) be an S-metric space. If x,, — x andy, — y. Then S(x,, X, yn) —
S(x,x,y).

Definition 1.9 (see [26]) Let (X, S) be an S-metric space. A mapping f: X — X is called Lipschitzian if there
exists a number k = 0 such that S(fx, fx, fy) < kS(x,x,y),V x,y € X.The mapping f is called contractive
ifk < 1.

In 2012, Sedghi et al. [26] asserted that an S-metric is a generalization of a G-metric, that is, every G-metric is
an S-metric, see [26, Remarks 1.3] and [26, Remarks 2.2]. The Example 2.1 and Example 2.2 of Dung et al. [9]
shows that this assertion is not correct. Moreover, the class of all S-metrics and the class of all G-metrics are distinct.
Jeli and Samet [12] showed that a G-metric is not a real generalization of a metric. Further, they proved that the
fixed point theorems proved in G-metric spaces can be obtained by usual metric arguments. The similar approach
may be found in [11].

The importance of nonexpansive mappings was outlined, e.g., in 1980 by Bruck [7]. A nonexpansive mapping
of a complete metric space need not have a fixed point (consider a translation operator fx = x + ¢ in a Banach
space). A fixed point of a nonexpansive mapping need not be unique (consider f = I). To ensure the existence
and/or uniqueness of fixed points we must assume additional conditions on f and/or the underlying space.
Contraction mappings, isometries and orthogonal projection are all nonexpansive mappings. The study of non-
expansive mappings has been one of the main features in recent developments of fixed point theory-see for instance
[6, 8]. Browder et al. [6] proved that every non-expansive mapping f from a convex bounded closed subset C of a
Hilbert space X into C has a fixed point. There are also several interesting unsolved problems. On the other hand,
fixed point theory has developed rapidly in metric spaces endowed with a partial ordering. The first result in this
direction was given by Ran and Reurings [23] who presented its applications to matrix equations. Subsequently,
Nieto and Rodriguez-Lépez [19] extended this result for non-decreasing mappings and applied it to obtain a unique
solution for a first order ordinary differential equation with periodic boundary conditions. Thereafter, several
authors obtained many fixed point theorems in ordered metric spaces. For more details see [1-2, 4, 11, 115-18, 20-
22, 24, 28] and the references cited therein.

We will prove in this paper some fixed point theorems for generalized nonexpansive mappings in complete S-
metric spaces endowed with a partial order. We furnish suitable examples to demonstrate the validity of the
hypotheses of our results. Presented theorems are extensions of the results of Ciric [8] is S-metric space.

I1. Main Results

First, we introduce some definitions in ordered S-metric spaces.

Definition 2.1 Let (X, S) be an S-metric space. A mapping f: X — X is called nonexpansive if there exists a
number k = 1 such that S(fx, fx, fy) < kS(x,x,y) forall x,y € X.

Definition 2.2 Let (X, S, <) be an ordered S-metric space. A mapping f: X — X is said to be generalized
nonexpansive (of Ciric type [8]) if

S(fx, fx, fy) < amax {S G, x,), 50, %, ), S0y, 9,5 [5G x, £3) + SOy, 01}
+bmax{S(x,x, fx), S, y, f¥)} + c[SCx,x, fy) + SO, v, f2)] (2.1)
holds for all comparable x,y € X wherea = 0,b > 0,c > 0 satisfya + b + 3c = 1.
Definition 2.3

1. If (X, <) is a partially ordered set then x,y € X are called comparable if x < y or y < x holds.

2. Asubset K of X is said to be totally ordered if every two elements of K are comparable.

3. If f:X - X is such that, for x,y € X, x <y implies fx < fy, then the mapping f is said to be

nondecreasing.
Definition 2.4 Let X be a nonempty set. Then (X, S, <) is called an ordered S-metric space if
(@ (X,S) isametric space,
(b) (X,S,<) isapartially ordered set.

Definition 2.5 The space (X, S, <) is called regular if the following hypothesis holds: if {x,,} is a non-decreasing
sequence in X with respect to < such that x,, - x € Xasn — oo, then x,, < x.

Now, we state and prove our first result.

Theorem 2.6 Let (X,S,<) be a partially ordered complete S-metric space. Suppose that f: X — X is a
nondecreasing generalized nonexpansive mapping. Also suppose that there exists x, € X with x, < fx,. If f has
closed graph (in particular, if it is continuous), then f has a fixed point. Moreover, the set of fixed points of f is
totally ordered if and only if it is a singleton.

Proof If fx, = x,, then the proof is completed. Suppose fx, # x,. Now since x, < fx, and T is non-
decreasing

Xo < fxg < f2xg e, < M < ™ < (2.2)
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Putx, = f™x, and S0 x,,.1 = fx,. If there exists ny € {1,2,....} such that right-hand side of (2.1) is 0 for x =
Xn,-1 and y = x,,, then it is clear that x,, _; = x,, = fx,,—; and so we have finished. Now we claim that
S(Xpt1r Xns1r Xn) < S(x, x5, 1) Tor all n = 1. Suppose this is not true, that is, there exists n, = 1 such that
S(Xng+1 Xng+1r Xng) > S(Xng, Xny» Xny-1). NOW since x, _; < x,,, We can use the inequality (2.1) for these
elements, and we obtain
S(xnoﬂxnoﬂxn(ﬁl) = S(fxno—li fxno—lv fxno)
< amax{S(an_l,xno_l,xno),S(xno_l,xno_l,fxno_l),S(xno,xno,fxno),
1
3 [S(xno—l' Xng—1 fxno) + S(xno'xno'fxno_l)]}
+b max{S(an_l,xno_l,fxno_l),S(xno, xno,fxno)}
+c[5(xn0_1,xn0_1,fxn0) + S(xno’xno’fxno—l)]
< amax{S(an_l,xno_l,xno),S(xno_l,xno_l,xno),S(xno,xno,xn0+1),
1
3 [S(xno—l' Xno-1) xno+1) + S(xno’ Xng xno)]}
+b max{S(an_l,xno_l,xno),S(xno,xno,xn0+1)}

+C[S(xno—1' Xne-1r xn0+1) + S(xno’ Xng xno)]
From Lemma 1.3, (S2) and (S3), we get

S(xn0+1' xn0+1' xno) <a maX{S(an, xnoi xno—l): S(Xno, xnot xno—l): S(xn0+1: xn0+1: xno):
%S(xno—lixno—lrxno+1)}
+b max{S(xno,xno,xno_l),S(anH, Xng+1r xno)} + cS(xno_l,xno_l,xnoﬂ)
< amax{S(xno,xno,xno_l),S(xno,xno,xno_l),S(xn0+1,xn0+1,xn0),
§ [S(xno—lr xno—lr xno) + S(xno—lx xno—lx xno) + S(xn0+1: xn0+1: xno)]}
+b max{S(Xn,, Xngr Xng-1)» S (Xng+1> Xng+1, Xng ) }
+C[S(xn0—1' xno—lr xno) + S(xno—lt xno—lt xno) + S(xn0+1' xn0+1' xno)]
< amax{S(xno,xno,xno_l),S(xno,xno,xno_l),S(xn0+1,xn0+1,xn0),
é [ZS(an, Xngs xno—l) + S(xno+1’ Xno+1s xno)]}
+b max{S(Xn,, Xng, Xng-1)» S (Xng+1> Xng+1, Xng ) }
+c[25(xn0, X xn0—1) + S(xn0+1, Xng+1s xno)]
=(a+b) max{S(an,xno,xno_l),S(anH, Xng+1r xno)}

+c[2$(xn0,xn0,xn0_1) + S(xn0+1,xno+1,xno)]
Since ¢ > 0 this implies that

S(xn0+1'xn0+1ﬂxno) < (a + b)S(xn0+1'xn0+1' xno) + 3CS(xn0+1:xn0+1'xno) = S(xno+1'xno+1'xno)
a contradiction. Thus S(fx,, fx,, xn) < S(fxp_1, fXn_1,Xn_1). From Lemma 1.3, we have S(x,, x,, fx,) <
S(n—1, Xp-1, fxn_1). Hence
S (X, Xn, f35) < S(xg, X0, f0) (2.3)
Using (2.1) and (2.3), we have

S(xy, %1, fx3) = S(fxo, fX0, fX2)
< amax {S(xm Xo, %2), S (%o, X0, fXo), S(xz:xz'fxz)% [S(xo, X0, fx2) + S(xz, xz'fxo)]}
+b max{S (xo, Xo, f%0), S (X2, X2, fX2)} + c[S(xo, X, fX2) + S(x2, X5, f%)]
< amax{S(xo, Xo, fx1), S (xq, %o, f %0), S (2, xz»fxz)é [S(xo, X0, fx2) + S(xz, xz'fxo)]}

+b max{S(xg, X, fX0), S (X2, X3, fx3)} + c[S(xg, Xo, fx2) + S(xz, X2, )] (2.4)
From (2.3) and (S3), we get

3 [SCro, X0, x2) + S (2, %2, f%0)] < 5 [S (o, Xo, fX0) + S (6o, Xo, fX0) + S(F Xz, X2, fX0) + 5 (62, %2, f20)]
= § [S(xo, X0, fx0) + S(x0, X0, f%0) + S(fX0, fX0, f22) + S(fx0, fX0, %2)]
= %[S(XO' xo, f%0) + S(xo, X0, fX0) + S(x1, %1, fx3) + Sy, %1, fx1)]
= %[S(xo' X0, f%0) + S (xq, X0, fX0) + S(x1, %1, f21)]
+§[S(x1,x1,fx1) + S0y, x, f1) + S(fxa, f2, fx1)]
= %[S(xo' X0, f %) + S(xq, X0, fX0) + S(x1, %1, f21)]
+§[S(x1,x1,fx1) + S0y, f1) + S(fxy, fx1, fx2)]

=3 [S(x0, X0, fX0) + S(x0, X0, fX0) + S(x1, X1, fx1)]

[y
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+ 2 [SCer,x0, 1) + Sy, %0, 1) + S (2, X2, £32)]
< 25(x0, X0, fX0) (2.5)
Substituting (2.5) in (2.4), we have
S(x1, %1, fx3) < 2aS(xg, %o, fx0) + bS(xg, X0, fX0) + 6¢S(xg, X0, fX0)
= (2a+ b+ 6¢)S(xg,xg, fx0)
Froma + b + 3c = 1, we get
S(x1,x1, fx3) < (2 = b)S(xq, X0, fX0) (2.6)
From (2.1), (2.3), (2.5) and (2.6), we have
S(x2, %2, fx2) = S(fxq, fx1, fx2)
1
< a max {S(xl,xl,xz),S(xl,xl,fxl), S(x2, %2, fx2), 5 [S(xq, 21, fx3) + S(x2, Xz.fx1)]}
+b maX{S(xlixli fxl),S(xz,xz, fo)} + C[S(xll xl: fo) + S(.xz,xz, f‘xl)]
1
= max {S(xlvxlvfxl)fs(xlfxlifxl)’S(xZ’xZfoZ)’g [S(xy, xq, f2z) + S(xz.xz.xz)]}
+b maX{S(xlrxlr fxl),s(xz,xz, fo)} + C[S(xll xl: fo) + S(.xz,xz, xZ)]
1
= amax {S(xl,xl,fxl),S (xy, xlifxl)'S(XZ'XZ'fXZ)'ES(xlt x1'fx2)}
+b max{S(xy, x1, fx1),S(xz, X3, fx3)} + cS(x1, X1, fX3)
< aS(xg, X, fx0) + bS(xg, %0, fx0) + (2 — b)cS (x40, X0, fX0)
< (a+b+2c—bc)S(xy xo, fX0) = (1 — c(1 = b))S(x0, X0, fX0)
Hence S(x,, X, fx,) < (1 — ¢(1 — b))S(xo, %o, fx,). Proceeding in this manner we obtain

SC 0 f3) < (1= (L = )5y, 20, £x0) @)
foralln=1,2,..... , Where E] denotes the greatest integer not exceeding 2 Since 1 —c(1 — b) < 1, from (2.7),

we conclude that {f™x,} is a Cauchy sequence. From the completeness of X, there exists p € X such that
lim f™x, = p. Passing to the limit as n — oo in the relation ff"x, = f™*1x,, and using that f has closed graph,

n—oo

we get that fp = p, i.e., p is a fixed point of f. Now, suppose that the set of fixed points of f is totally ordered.
We claim that there is a unique fixed point of f. Assume that fu = u and fv = v. By supposition, we can replace
x by u and y by v in (2.1), and we obtain
S(u,u,v) = S(fu, fu, fv) < amax {S(u, u,v),S(u,u, fu),S(,v, fv),% [S(w,u, fv) + S(v, v, fu)]}

+b max{S(u,u, fu),S(v,v, fv)} + c[Su,u, fv) + S(wv,v, fu)]

= (a+20)S(u,u,v) = (1 —(b+ c))S(u, u,v) (2.8)
Since b + ¢ > 0, this implies that u = v. The converse is trivial.
We are also able to prove the existence of a fixed point of a mapping without using that it has closed graph. More
precisely, we have the following theorem.

Theorem 2.7 Let (X, S,<) and f: X — X satisfy all the assumptions of Theorem 2.6, except that condition of
f having closed graph is substituted by the condition that (X, S, <) is regular. Then the same conclusions as in
Theorem 2.6 hold.

Proof Following the proof of Theorem 2.6, we have that {x,,} is a Cauchy sequence in (X,S) which is
complete. Then, there exists p € X such that x, — p. Now suppose that S(p, p, fp) > 0. From regularity of X,
by (2.2), we have x,, < p forall n € N. Hence, we can apply the considered nonexpansive condition. Then, setting
X = x, and y = p in (2.1), we obtain:

S(xn+1' Xn+1 fp) = SQan, fxn' fp)

< amax {SCen, %, ), S G X, F20), S@, 1, F9), 5 1S e, X, £9) + S, 1, F )1}

+b max{S(xn, Xn, [X1), S, p, fP)} + c[S(xn, X0, fD) + S0, P, f%5)]

= amax {SCtn, %, ), S oy X Xa1), SO, 1, 1), 5 1S G X, £2) + S, . X))

+ b max{S(xn, Xn, Xn+1), S(p! b, fp)} + C[S(xn! Xn» fp) + S(p! D, xn+1)] (29)
Passing to the limit as n — oo and using that x, — p, we obtain S(p,p,fp) < (a+b+c)S(p,p fp) <
S(p,p, fp) a contradiction. Therefore S(p,p, fp) = 0 and consequently p = fp, that is, f has a fixed point. The
unigueness of fixed point of f follows in the same way as in Theorem 2.6.

Corollary 2.8 Let (X, S, <) be a partially ordered complete S-metric space. Suppose that f:X —» X is a

mapping satisfying

S(fx'fx'fy) < bmax{S(x,X,fx),S(y,y,fy)} + C[S(x,x,fy) + S(y,y,fx)] (210)
for all comparable x,y € X, where b > 0,c > 0 satisfy b + 3c = 1. If f has closed graph or X is regular, then f
has a fixed point. Moreover, the set of fixed points of f is totally ordered if and only if it is a singleton.
Now, we present an example showing how our results can be used.
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Example 2.9 Let X = [0, +oo[ equipped with the S-metric S(x,y,z) = |x — z| + |y — z| for all x,y € X and
the order defined byx <y & (x=y) Vv (x,y € [O%] Ax= y). Consider the following self-mapping on X:
fx= %x,o <x< % and fx = 2x,x > % Then, it is easy to show that all the conditions of Theorem 2.7 are
fulfilled, the non-expansive condition (2.1) with a = % ,b = %and c= % Indeed, let x,y € X be comparable. If

x =y, then (2.1) holds trivially. Let x # y and, e.g., x < y. Then x,y € [0, %] and x > y. Condition (2.1) takes
the form
=yl = 27x = 3y| = Ifx = fyl + Ifx = fyl = S(Fx fx, f)

< smax{2bx —y1,2 ¢ =32 2|y = 2y] 32 fx =5y + 2]y -2}

+emax(2 fr— x|, 2|y —gyl}+ 22 [r —5y]+ 2|y -4

< smax{e =)xy5|(x = 57) + |y = S|} + fmaxtey} +3[(x = 3v) + [y - 3]
Using substitution y = tx,t = 0, the last inequality reduces to

1-t< %max{l —t1, t,%[(l —%t) + |t —%”} + %max{l, t} +§[(1 - %t) + |t - %”

and can be checked by discussion on possible values for t > 0. Here a + b + 3c = 1. Hence, all the conditions

of Theorem 2.7 are satisfied and T has a fixed point (which is 0). Note that T does not satisfy the non-expansive
condition for arbitrary x,y € X.
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