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Abstract: In this paper, we prove the adjacent vertex distinguishing total coloring conjecture for the graphs
namely, tensor product and 2-tensor product of the graphs Path by Path and Path by Cycle in detail. Also,
we prove that P, C and K admits adjacent vertex distinguishing total coloring and their color classes

are discussed.
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. Introduction

A graph G consists of a set of vertices v (G) and a set of edges E(G). All graphs considered in this paper are
simple and finite. For every vertex u,v eV (G), the edge connecting two vertices is denoted by uve E(G) and
their distance denoted by d (U, V) is the length of the shortest path between U and V. Let A(G) denote the

maximum degree of a graph G . If the edge set is empty then G is null graph. For basic terminology and concepts
of graph theory, we refer [2], [3]. A graph is connected if any two of its vertices are the endpoints of one of its
paths. Otherwise, it is disconnected. For disconnected graphs, it is often useful to consider the connected subgraphs
that are maximal with respect to inclusion. They are uniquely determined and called connected components or
simply components. If every component of a disconnected graph consists of a single vertex, we say the graph is
totally disconnected. The totally disconnected graph on n vertices is denoted by D, . For graphs G, andg, ,we let

G, UG, denotes their union, that is, (G, UG,) =V (G,) LV (G,) and E(G, UG,) = E(G,) WE(G,) Throughout
the paper, we denote the path graph, cycle graph, complete graph with N verticesby P, C_and K respectively.
Definition 1.1

Let G,=(V,,E,) and G, =(V,,E,) be two connected graphs. [5] The tensor product of G,and G, denoted
by G =G, ®G, s the graph with vertex set V(G) =V (G,) xV (G,) and the edge set and the edge set
E(G) = {(u, v) adjacent to (u',v') | dg (u,u’) =1 and de, (v,v') =1}.

Definition 1.2

[1] Let 2- tensor product G=G, ®, G, of G,and G, has the vertex set V(G) =V (G,)®, V(G,) and
the edge set E(G, ®, G,) ={(u, v) adjacent to (u',V") | dg (u,u’)=2 and dg (v,v') =2}.

Definition 1.3. [8] A total k-coloring of G is a mapping f: V(G) U E(G) >{1, 2, ...k}, k € z+ such that any two
adjacent or incident elements in V(G) UE(G) have different colors. A proper total k-coloring of G is adjacent
vertex distinguishing, or a total-k-avd-coloring, if C¢(u) # C¢(v) whenever uv €E(G), where C¢(v) is the color
set (or color class) of the vertex v (with respect tof), we denote C¢(v) as C(v).

c(v) = {{f(v) bu{f (vw)}|vw e E(G)} and C (v) = {1,2,---,kK}\C(v)
The minimum number of colors required to give an adjacent vertex distinguishing total coloring (abbreviated as
AVDTC) to G is denoted by x_ .(G) . The well-known AV DTC conjecture, madeby Zhang et al [8] says that
every simple graph G has y_ . (G)<SA(G) + 3. More recently, Wang [6] and Chen independently confirmed this
conjecture for graph G with A(G) <3. Xiang'en Chen[7] proved x. .(G)< 6 for graphs with maximum degree

avt
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A(G) = 3. If G is a bipartite graph, then x_ . (G)<A(G)+2 . Also, J.Hulgan [4] has given a short proof for an upper
bound on the adjacentvertex distinguishing total chromatic number of graphs of maximum degree 3.

Il. AVDTC of P”, C and Ky

ZHANG Zhongfu [8] presented the concept of adjacent vertex distinguishing total coloring of some special
graphs. In this section, we propose a procedure for AV DTC of P, Cn and K, and also, we discuss their color sets.
Let vy, v,, ..., v, be the vertices of the graph G. The vertices and edges are colored from the color set {1, 2,...,k}
using the function “f © Here f (v;)denotes the color ofthe vertex v; andf(vivj) denotes the color of the edgev;v;.

Theorem 2.1. The graph P, admits AV DTCand  yaw(Pn) :{43 Z i 13}

Proof. Letvy,v,, ..., v,be the vertices of the path P,. Definef: V(B,) U E(B,)~> {1,2, ..., k}as follows.
It can be easily proved for n = 2.

Forn=3, f(v;) =ifori=123and f(v;v;,1) :{13‘ llzlz }

The color classes are C(v,) = C(v3) = {3,1} and C(v,) = {1,3,2}
1, ifi=1(mod?2) }
2, if i =0 (mod 2)
. 3, ifi=1(mod?2
Forl<i<n-1, f(vivi_H_) :{4 lj: i=0 Emod 2; }

Moreover, for i =0 (mod 2), C(v;)={3,4,2} and C(v;;,)={4,3,1}
Both C(v,)and C (v, )are two-element set. C(v,)={3,1} and C(vn):{

Clearly, the color set of any two adjacent vertices are different.

=3 125

Theorem 2.2. The graph C, admits AVDTCand y,,(C,) =4, for n>4.

Proof: Let vi,va,...,vn be the vertices of the cycle C, with n vertices and n edges.
Define f: V(Cn) U E(Cn) - {1,2,...,k} as follows.

Case-1. If n=1(mod2).

For 1<isn-1, (v )= {1’ fori E1(mOO|2)}_
" |2, fori =0(mod2)

3, fori =1(mod2)
4, fori =0(mod?2)
The color classes are C(v,) =C(v, ;) ={2,343,C(v,) ={12,4}.

For 2<i<n-2, C(vi):{{4'3’1}’ fori El(modZ)}
{3.4,2}, fori = 0(mod?2)

Now, we prove forn>4. Forl<i<n, f(v;) :{

{3,2}, if n =0 (mod 2)
{41}, if n=1 (mod 2) }

For 1<isn-2, f(vivm):{ }and f(vn)=4, f(vav1)=2, f(Vr.1vn)=1.

Case-2.  1f n=0(mod2).

For1sisn,  f(v,)={" or! (mod2)
2, fori =0(mod2)

3, fori =1(mod?2)

For 1sisn-1, f(vv,,)= {4 fori=0(mod2)

} and  f(vavi)=4.

The color classes are C(v,) = {{{;32 Il; I = i)((f:q(:)((jj fé))} _
1 Ty 1' I =

Therefore Xat (Cn) =4 forn24,

Theorem 2.3. The graph K, admits AVDTC and , (K )= {n +1, i-f n = 0(mod 2)}.
n+2,if n=1(mod?2)

n(n-1)

2

Proof: Letwvy,vy,...,vn be the vertices of K, with n vertices and edges.
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V(Kn)={ V1.V2,....vo}, 13 and E(K,)={vyv,|1<i<n and i# J}.

Case-1. If n=0(mod 2) f(vi)=i, for 1<isn
f(vivj)=i+j, for i+j=n+1
For i+j¥n+1, % fori+ j =0(mod2)

(=
7.C ()=, E(vﬁ_l):{gﬂ}.

Case-2. If n=1(mod 2) f(vi)=i, for 1<isn

f(vivj)=i+j, for i+j=n+2

ngr —‘(i + j)](modn +1), fori+ j =1(mod2)

The color classes are for j =12 ...

For i+j*n+2, () % fori+ j =0(mod2)
ViVi)=
' U”—;ﬂ(u " j)](modn+2), fori+ j = 1(mod2)

The color classes are

cei-f2]) st 3} oo 0]

Clearly, the color set of any two adjacent vertices are different.

n+1if n=0(mod2)
Zavl(Kn) = A _ .
n+2,if n=1(mod2)

Il. AV DTC of G, ®G,

Next we present the AV DTC of tensor product of two graphs G; and Gy. Let {v;, v,, ..., v, } be the vertices of
Gy and {wy, w,, ..., w, } be the vertices of G,. By the definition of tensor product, we obtain a graph with vertex
set {ui,j fori=12,..,mandj=1,2,..,n}
Now we start by investigating a product of two path Pmand P, m,neN
Theorem 3.1. The tensor product P, and P, admits AV DTC and

3, form=2andn=23

) 4 form=2andn =>4
Kan (P ®F) = 5, form=3and n>3

6, form=>=4and n=>4

Proof. Let the vertex set of Pnand P, are {v;, vy, ..., v, } and {wy, w,, ...,w,} respectively. The vertices and

edges are colored by defining f :V(P, ® P,) UE(P, ® P,) >{12,---,k}. The vertex and edge set of Pm &) Pnis
givenby  V(P,® P,) = {u,;|i=12..,m,j=12,..,n}

m-1

E(P,®P,) = {U (ui’jum‘j)u(muil(um_juivm)),j =12,...(n —1)}'

i=1

Clearly, Pn® Pnhas mn vertices and 2(m-1)(n-1) edges. First, we prove for m = 2, the graph G = P, ® P, has
two components each of them is path of length n—1.
Form=2andn=2. flun;) =1 f(uzj) =25 flugnugn) = f(Ugg uz,) = 3, for j = 1,2.
The color classes of the graph P, ® P, is C(uy,1) = C(uy,,) = {3,1} and C(u,,, ) = C(u,,, ) = {3,2}.
Forn=3,  f(uz;)=f(u;)=Jj, forj=123,

fuan u2) =25 f(uprua2) =3, fugn uy3) = fugouz3) = 1.
The color classes of the graph P, ® Py fori=1,2, C(uy;) = Cuys) = {1,3}and C(u;,, ) = {1,2,3}
Next, forn>4, f(u,;)=1; fori=12and1 <j <n.
Fori=1andj=1.23,....0-1), f(ujUir1 je1) =i+ 2 f(UiprjUijsr) =01 +3.
The color classesare  C(u 1,1 ) = {3,1}, C(uy,,, ) = {413}, C(uy,; ) = {4,2}, C(uy,, ) = {3,2},

C(uy;) ={341},C(uy; ) = 84,2}, forj=23,..,(n— 1)

3, n=23
Then Xayvi(P, ® Pn):{4 n>4 }
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Next, we discuss form=3 and n > 3.

Consider the graph G = P; ® P, with 3n vertices and 4(n-1) edges.
f(ui,j) =ifori=123andj=123,..,n
Fori=12and1<j<(n-1),
. (5 if i+5j—1)=0(mod5) }
fQupjuin ) = 0+2 and £ u )= {(i +5j — 1)(mod 5) , otherwise
The color classes of P, ® P, are  C(uy,,) ={3,1}, C(uy,,) = {51}
C(uzll) = {4l5l2}’ C(uZ'n) = {1’3’2}; C(u3il) = {153}5 C(u3;n) = {4’;3}
For2<j<(n-1), C(uy,;) =351}, C(uy;) =1{1,3452}C(us,;) ={1,43}.
Xat(Ps @ Pn)=5,for n > 3.
Now, we consider the general graph Pm® Pnform>=4andn=>4.
Forl<i<mandl<j<n; f(u .):{1’ if £ =1 (mod 2) }
=1= =I= T e )= 2, if i = 0 (mod 2)
Forl<i<m-land1l<j<n-1,
(3, ifi=1(mod?2) (5, ifi=1(mod?2) }
(i “i“'f“)‘{ 4, if i=0(mod2) } and - f (s “’*J‘“)‘{ 6, if i=0(mod2)
The color classes are  C(uy,,) = 3,1}, C(uyn) = {51}, C(uy,;) ={3,51} for j=23,...,n-1.
For2<i<m-land2<j<n-1,
_({3,4,5,6,2}, fori=0(mod2) } _{{5,4,2}, fori =0 (mod2) }
C(us )_{{3,4,5,6,1}, fori=1(mod2) J W)= 361} For i =1 (mod 2)

_({3,6,2}, if i =0 (mod 2) _({3,5,2}, if miseven
g5y ifi=1moa2) ) ™) Gen) irmicodd )

({61}, if misodd } _{{3,2}, m and n even }
€t )_{{5,2}, if miseven and € (umm )= {4,1}, mand n odd
Therefore the colour classes of any two adjacent vertices are different.

3, form=2andn=23

) 4, form=2andn =>4

Xavt (P @ Py) = 5 form=3and n>3

6, form>=4and n=>4
Hence the theorem.m
Theorem 3.2. The tensor product Pn ® Ca admits AV DTC and
4, form=2andn =3
5 form=3and n>3

Xavt(Pm@C“): 6, form=>=4and n=>4

Proof. Let the vertex sets of Pm and Cy are {v,, v, ..., v} and {w;, w,, ..., w,} respectively. The vertex and
edge set of the graph Pm® Cnis given by V(Pm ® Cn) ={u;,j|i=12,..,m,j=12,..,n}

m-1

U(ui,jui+1,j+1) U(U (Ui+1,jui,j+1))a j=12,...(n-1)
E(P,®C,) = |1 i=1 ,

m-1 m-1
U (ui,jui+1,j—n+1) o (U (ui+1,jui,j—n+1))! j=n
i=1 i=1

Clearly, (P, ® C,) has mn vertices and 2(m - 1)(n) edges. First, we prove for m =2 and n > 3. The graph

G = (P,® C,) has 2n vertices and 2n edges. .- G=P,® Cn:{szg lfl}qnz:l ér?;i?z)
n -

edges are colored by defining f:V (Pm &® Cn) U E(P,® C)>{12, ...k}
f(ui,j) =i; fori=1,2andj=1,2,3,...,n.
Fori=land1<j<(n-1), f(uijuis1 je1) =i+ 2 f(Uiprjuijsr) =0 +3.
Fori=1,j=n, f(Uirtjmns1ti,j) = 0+ 2 f(Wisjoper Uigr ;) = 0+ 3.
The color classes are C(uy,; ) = {3,4,1}, C(uy,; ) = {342}, forj=12,...n.
Then Yaut (P, ® C)=4,n>3.
Next, we discuss the case m = 3 and n = 3. .- The graph P3 ) Cn has 3n vertices and 4n edges.

}. The vertices and
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fluy;)=1i; for i=123andj=1,23,..,n
Fori=1,2and1<j<(n-1),

. _(5 if i+5j—1)=0(mod5) }
f(ui'j ui“’jﬂ) =i+2 and f(uiﬂ'j b ’j“) - {(i +5j — 1)(mod 5) . otherwise

. . . 5 ifi=1
Fori=1,2a0d =N, f (s snjonsn) = 1+ 2 200 fCuien i) 5 0T )

For 1< j <n, the color classes are C(uy,; ) = {3,5,1}, C(u,,; ) = {1,3,45,2}; C(us,; ) = {1,4,3}.

Xavt (P3® C,)=5; n>3.
Next, we prove for the general graph P, ® C,form>4andn>4.
1% (Pm® Cn) |=mn and |E (Pm® Cn) | =2(m- 1)n.
Forl<i< mand1<j<n,

(1, fori=1(mod?2)
f (i )_{2, fori =0 (mod 2) }
Forl<i<(m-1)and1< j<(n-1),
(3, ifi=1(mod?2) (5, ifi=1(mod?2) }

f i ”i+1'f+1)‘{4, if i = 0 (mod 2) } and f (v, w; ,,-+1)‘{6, if i = 0 (mod 2)
Forl<i< (m-1)andj=n,

5 ifi=1(mod?2 3, ifi=1(mod?2
f(ienj ws '1""”):{6, i]]:i =0 Emod 23 }a”d f(isnrjonsr v J):{4, i;i =0 Emod 2% }
The color classes are C(ul,j) ={3,5,1} forj=1,2,...,n.

For2<i<(m-1)and1<j<n,
({3,4,5,6,2}, if i =0 (mod 2) _({4,6,1}, if misodd
C(”i'j )_{{3,4,5,6,1}, if i =1 (mod 2) }and C(um,]- )_{{3,5,2}, if miseven }
Here, the color classes of any two adjacent vertices are different.
Thus
4, form=2andn =3
5 form=3and n=>3

Hence the theorem.
6, form=>=4and n>4 ence the theore

Xavt ( Pm ® Cn) =

IV. AVDTC of G1 ®, G2

In this section, we discuss a detailed procedure for 2 - tensor product of some graphs and their AV DTC.
The 2-tensor product of two graphs G1(V1;E1) and Go(V2;E,) isdenoted by G, ®, G, Let G, =P, and G, =P,

be the two path graphs with mand n vertices respectively. The graph P, ®, P

n
vertices) if A(G,)<2 or A(G,)<2 . Consider the vertex set V(P,)={v;,v,,---v,} and
V(P,) ={w,,w,,---w_}respectively. Since P, ®, P, isa null graph, we considerm,n > 3.

Theorem 4.1. The graph P, ®, P, admits AVDTC and
form=34 andn = 3,4,5,61

is a null graph (isolated

3’
4, form=34and n=>7
Xavt (Pn®2P) ={ 5 form=56and n>5
Ik 6, form>=7and n>7 |

)

Proof: Let the vertex sets of Pm and P, are {vi,Va,...,vim} and {wi,Wa,...,wn} respectively. The vertex and edge set
of Pm ®, Pnisgivenby V(R, ®,P)={u;;[i=123,..mandj=123,...,n}

E(R, ®, R)= {[Uui,junz,m]U(Uunzui,m]' j=123...,(n _2)}

Then graph Pn &, Py has mn vertices and 2(n-2)(m-2) edges. First, we prove for m=3,4 and n=3 4.

AIJRSTEM 18-412; © 2018, ANRSTEM All Rights Reserved Page 56



R.Ezhilarasi et al., American International Journal of Research in Science, Technology, Engineering & Mathematics,24(1), September-
November, 2018, pp. 52-61

2 2
Dn vertices are are (Uz;), j=1,2,3,...,n. 1f n=0 (mod 2), the graph P; ®, P, has four path graphs each of length

If n=1(mod 2), the graph P3 ®, P, has two path graphs each of length N+1and {”J with Dy vertices. These

% with Dy vertices. The graph P4 ®, Py has four path each of length n+1 and N-1 forn=1 (mod 2) and it has
2 2

eight path graphs each of length n , for n=0 (mod 2). The vertices and edges are colored by defining
2

f:V (Pm ®, Pn) U E (Pm ®, Pn) — {1,2,... k}. We discuss the case for m=3,4, n=3,4 and m > n.
For 1<j<n, fu )= 1, for|:;|:,2
"7 |2, otherwise
Forlsism-2and Isj<n-2, f(U;;U,;0)= (U, U ;,) =3

2, forj=34

Next, For the case n=5,6. We have for1<i<m and1<j<n, () Lforj=12)
LIIj =
3, forj=56

. . 3,
Forl<is(m-2) and 1<j<(n-2), f (ui,jui+2,j+2) =f (ui+2,jui,j+2) = {

forj=12
1, otherwise |

Now, forn>7, we have for1 <i<mand1<j<n, f(u )= 1, fori=12 and
b 2, fori=34
Forl1<i<(m-2)and I<j<(n-2), f(u;;Ui,,;,,)=3 and f (Ui, Ui j.2) =4
1, fori=12
Next,we discuss the case for m=5,6 andn>5. Forl<i<m and1l<j<n, f« =2 forj=34}and
ij il il
3,0therwise
For 1<i<(m-2) and 1<j < (n-2), we have
3, fori=12 5, fori=1,2
f(u U, )= ocand f(u., U . ,)=4" L.
Ui Uiz .2) {4, othermse} Uizl 1.2 {1, otherwise}
Now, we discuss the color classes of P ®2 P,, forn>3.
The color classes of Ps ®, Ps, for j=1,3,  C(u1j)={1,3}, C(us;)={2,3}, C(u1,2)={1}, C(u32)={2}
and C(uzj)={1}, forj=1,2,3.

{31}, fori=1
The color classes of the graph Pz ®, Py, for j=1,2,3,4, we have C(u,,) =1 {1}, fori=2
{2,3}, fori=3
The color classes of the graph P3 ®, Ps, for i=1,3, we have
{31}, for j=12,5 {3, forj=12
C(u;;) =1 {123} for j=3 } @0 C(u,;)=1{2}, for j=34
{2,3}, forj=4 {3}, forj=5
The color classes of the graph P3 &®, Ps, for i=1,3, we have
C(u,) = {{1’3}’ for =.l’2’5’6} andcy, )= {{g :2:1 21324
’ {1,2,3}, for j=34 2] ' '
{3}, for j=5,6
The color classes of the graph P3 ®, Pn, n >7 are C(uz;)={1},
{13}, forj=12 {2,43, for j=12
Cluy;) =134} for j=34,..n-2{3d c(u, )=1{234}, for j=34,.,n-2}"
{L4}, forj=n-1n {23}, forj=n-1n

Next, for m=4 and n=4. For 1 <j <n, the color classes of the graph P, &, P4 are
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c {31}, fori=12
Uiy = {23}, fori=34/

{343, forj=125
C(u;;) =4 {1,2,3}, for j=3
{2,3}, forj=4

The color classes of the graph P4 ®, Ps fori=1,2,3,4, C(u; ;) = {{;12},3]:}021 :-1'2'35;{6} '
’ 169 ’ or J =9

The color classes of the graph P, &, Ps, fori=1,2,3,4,

{31}, forj=12
(u; ;) =1{L3,4} for j=34,.n-2
{114}1 for J =n —1,n

Now, we discuss the color classes of P4 ®2 Pn, forn>7. Fori=1,2, c

{2,4}, for j=1,2
C(ui,j) =<{2,3,4}, for j=34,.n—=2}"
{2,3}, forj=n-1n
The color classes of the graph Pm &, Py, for m=5and n>5, we have

and for i=3,4,

{13}, forj=1,2 {2,4,5}, for j=1,2
C(u,;)=1{L35}, for j=34,.n—-2; ' C(uy;)=1{12,34,5}, forj=34,.n-2
{314}1 for J =n-1n {1,2,3}, for J =N —1, n

{13}, for j=1,2 {84, forj=12
C(us ;) =+{134}, forj=34,.n-2;"' C(u,;)=+{L34}, for j=34,..n-2
{34}, forj=n-1n {14}, forj=n-1n
{2,4}, for j =12
C(uM) =4{2,34}, for j=3,4,.n—2}"
{2,3}, forj=n-1n

The color classes of Pn ®, Py, form=6and n>5, we have

_ {13}, forj=12 _ {2,455}, for j=1,2
For i=1,2, _ . : For i=3,4, i
C(u;;)=+{135}, for j=34,.n-2 C(u;;) =1{1,2,3,4,5}, for j=3,4,.n-2
{L5}, forj=n-1n {1,2,3}, forj=n-1n

{13}, for j=1,2
For i=5,6, C(u,;)=1{134}, for j=34,.n-2}"
{34}, forj=n-1n
Now, for the general graph P ®, P, m>7, n>7
Forl<i<mandl<j<n, f(u. j)={1’ for! 51'2(m°d4)}.
’ 2, fori =0,3(mod4)

For1<i<(m-2) and 1<j<(n-2),

FU U 0) {3, for! =1,2(mod4)} and (U, U, )= {5, fOI‘-I il,Z(mod4)}

4, fori =0,3(mod4) 6, fori =0,3(mod4)
Now, we discuss the color classes for i=1,2 of the graph Pm &, P, for m>7, n>7.
{13}, forj=1.2
C(u;;)=1{135}, forj=34,.n-2;"
{L5}, forj=n-1,n
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{1,3,6}, for j =12
_ {1,3,4,5,6}, for3< j <n-2;if i =1,2mod(4)
For 3<i=m-2, Cu )= {145}, forj=n-1n
Wl {2,4,5}, for j=1,2
{2,3,4,5,6}, for3< j <n-2;if i =0,3mod(4)
{2,3,6}, forj=n-1,n
{16}, for j=1,2
(Upy;)=C(u, ;) =1{L46}, for3<j<n-2
{14}, forj=n-1n
{2,5}, for j=1,2
(um—l,j) = C(um,j) = {27375}7 for SS J <n _2
{2,3}, for j=n-1n

If m=2(mod 4), then C

If m=0(mod 4), then C

If m=1(mod 4), then

{16}, forj=12 {2,5}, for j=1.2
C(up;) = {146}, for 3< j<n-2 and C(Uy,) = {4235}, for 3< j<n-2
{L4}, forj=n-1n {23}, forj=n-1n
If m=3(mod 4), then
{16}, forj=1,2 {25}, for j=12
C(U, 1) =146} for3< j<n-22" cu, )= 14235}, for3< j<n-2
{14} forj=n-1n {23}, forj=n-1n

Clearly, the color classes of any two adjacent vertices are different. Continuing the process, we have
(3, form=34 andn =34,5,6
4, form=34and n=>7
Xavt (Pn®2P) ={ 5 form=56and n>5 $ . Hence the theorem.
IL 6, form=7and n>7 |

)

3form=34andn=4

Theorem 4.2. The graph P, ®, Cy admits AVDTC and _ |4form=34andn>4
Zavt(Pm ®2 Cn) -

5form=56andn>5

6 form>7andn>7

Proof: The graph Pn ®, Cyhas the vertexV (P, ®, C)={u;; [i=123,..mand j=123,...,n}

m-2 m-2
Uui,jui+2,j+2j Y [Uunz,jui,mJ forj=12..,(n-2)
i1

and the edge set E(P. ®,C )= [i-l
m <2 ~n/ ™

m-2 m-2
v [Uui,jmzunz,j J U (Uui+2,jn+2ui,j j forj=n-1n
i1

i=1
~.Pm ®, Cxyhas mn vertices and 2n(m-2) edges. The vertices and edges are colored by defining
f:V (Pm ®, Ci) U E (Pm ®, Cn) — {1,2,....k}. First, for m=3,4 and n>4.
Forl<i<mandl<j<n, f(uij)z{l’fori:%’z}.
' 2,0otherwise
For n=4, for 1 <i<(m-2) and 1<j<(n-2), f(U;;U;5;5,.) = F(¥i,5;Ui5..) =3
Next, for m = 3,4 and n > 4, The graph P, ®, C, has D, vertices with four cycles each of length g when

n=0(mod 4) or a cycle of length 2n, when n =1,3(mod 4) or two cycles each of length n, when n =2 (mod 4). The
graph Pm &, Cn has 4n vertices and 4n edges and it has all bipartite components with two cycles each of length

2n for n=1,3 (mod 4), eight cycles each of length " for n =0 (mod 4) and four cycles each of lengthn  forn
2

=2 (mod4).
Forl<is(m-2)and1<j<(n-2), f(u ;U,;..)=3 (4, ;,)=4and
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Forj=(n-1).n, f (u ui,i) =3 f (Hi,j—n+2ui+2,j) =4

i+2,j—n+2
{1,3,4}, fori =1
. P3 ®2 Cn .
The color set for 1 <j <n of the graph forn>4,, C(u;)=1{234} fori=3;.
{3, fori=2

1,3,4}, fori=12
P n , — { g} 1 d .
The color set for 1 <j < n of the graph +®, C , for n>4 Cui;) {{2’3,4}, fori = 3,4}

Now, we discuss the case for m=5,6 and n>5.For 1<i<mand 1<j<n, . . _ - for! :1'2
(u;;)=42 fori=34
3, otherwise
Forl<i<(m-2) and 1<j<(n-2), f(“ivjum‘m):{j’ fori :l_,Z} and £y, u,,)- {5, fori :_1,2}_
,otherwise 1, otherwise
j= 5 fori=12 3, fori =12
Fori=in-yn, we have £ (U . o0.25) = {1, otherwise} 2 W niath)= {4, otherwise}
{1,355}, fori=1
The color classes of Ps ®, Cp, forn>5, we have 1 <j<n, 143}, fori =25
Cluy) = {12,345}, fori =3
{2,3,4}, fori=4

{135}, fori =12
C(u;;) =1{12,3,4,5}, fori =34
{L1,4,3}, fori =5,6

The color classes of P ®, Cy, for n>5, we have for 1 <j<n,

Now, we prove the general graph for m>7andn>7.
1, fori =1,2(mod4)
2, fori=0,3(mod4)

(o, |5 Tori=12mo0n) and £y )= 5, forle,2(m0d4)
vitezi2) 6, fori =0,3(mod4) o 6, fori =0,3(mod4)

Forj=(n1)n, )= {5, for.i 51'2(m°d4)}and U, )= {3, for? 51,2(m0d4)}_
' ' 6, fori = 0,3(mod4) & . 4, fori=0,3(mod4)
The color classes are C(U; ;) ={1,3,5}, for i =12 and j= 12,---n
{1,3,4,5,6},if | =1,2mod(4)
{2,3,45,6},if i =0,3 mod(4)} '

If m=1mod(4) and 1<j<n, ¢ )= {2,35},ifi=m-1
Y {1,4,6},ifi=m

If m=2mod (4)and 1<j<n, C(u,,;)=C(u,;)={L46}.
If m=0mod (4) and 1<j<n, C(u,_;)=C(u, ;) ={2.35}.

Forli<i<mandl<j<n, f(uij):{

For 1<i<(m-2) and 1<j<(n-2),

For 3<i<m-2, C(uij):{

If m=3mod(4)and 1<j<n, C(u”):{{fjlzl}sﬁ%i:i;ml}'

The color classes are different for any two adjacent vertices.
3form=34andn=4
4 form=34andn>4 . Hence the theorem.
5form=5,6andn>5
6 form>7andn>7

Conclusion: We found the adjacent vertex distinguishing total chromatic number of tensor product and 2-tensor
product of path by path and path by cycle. Also, we are working in the direction of finding theadjacent vertex
distinguishing total chromatic number of 2-tensor product of path P; with some special graphs like wheel, star,
sun let, pan graph and complete bipartite graph.

Xan (P ®, C,) =
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