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I. Introduction 

A graph G  consists of a set of vertices )(GV  and a set of edges )(GE . All graphs considered in this paper are 

simple and finite. For every vertex )(, GVvu  , the edge connecting two vertices is denoted by )(GEuv  and 

their distance denoted by ),( vudG
 is the length of the shortest path between u  and v .  Let )(G  denote the 

maximum degree of a graph G . If the edge set is empty then G  is null graph. For basic terminology and concepts 

of graph theory, we refer [2], [3]. A graph is connected if any two of its vertices are the endpoints of one of its 

paths. Otherwise, it is disconnected. For disconnected graphs, it is often useful to consider the connected subgraphs 

that are maximal with respect to inclusion. They are uniquely determined and called connected components or 

simply components. If every component of a disconnected graph consists of a single vertex, we say the graph is 

totally disconnected. The totally disconnected graph on n  vertices is denoted by 
nD . For graphs 

1G  and
2G ,we let 

21 GG   denotes their union, that is, )()(=)( 2121 GVGVGGV   and )()(=)( 2121 GEGEGGE  . 
Throughout 

the paper, we denote the path graph, cycle graph, complete graph with n  vertices by nP , nC and nK respectively. 

Definition 1.1  

 Let  ),( 111 EVG   and ),( 222 EVG   be two connected graphs. [5] The tensor product of 1G and 2G  denoted 

by 
21 GGG  is the graph with vertex set )()()( 21 GVGVGV   and the edge set and the edge set 

E(G) = {(u, v) adjacent to )','( vu  | 1)',(
1

uudG  and }1)',(
2

vvdG .  

Definition 1.2  

 [1] Let 2- tensor product  
221 GGG 

 
  of 1G and 2G  has the vertex  set )()()( 221 GVGVGV   and 

the edge set )( 221 GGE   = {(u, v) adjacent to )','( vu  | 2)',(
1

uudG
 and }2)',(

2
vvdG

.  

Definition 1.3. [8] A total k-coloring of G is a mapping 𝑓: 𝑉(𝐺) ∪ E(G) {1, 2, … k}, k ∈ +  such that any two 

adjacent or incident elements in V(G) ∪E(G) have different colors. A proper total k-coloring of G is adjacent 

vertex distinguishing, or a total-k-avd-coloring, if Cf(u)  ≠ Cf(v) whenever uv ∈E(G),  where Cf(v) is the color 

set (or color class) of the vertex v (with respect tof), we denote Cf(v)  as C(v). 

C(v) =   )(|)(f(v) GEvwvwf   and C (v) = },{1,2, k \C(v) 

The minimum number of colors required to give an adjacent vertex distinguishing total coloring (abbreviated as 

AVDTC) to G is denoted by  χ
avt
(G) . The well-known AV DTC conjecture, madeby Zhang et al [8] says that 

every simple graph G has χ
avt
(G)≤∆(G) + 3. More recently, Wang [6] and Chen independently confirmed this 

conjecture for graph G with ∆(G) ≤3. Xiang'en Chen[7] proved χ
avt
(G)≤ 6 for graphs with maximum degree   

Abstract: In this paper, we prove the adjacent vertex distinguishing total  coloring conjecture for the graphs 

namely, tensor product and 2-tensor product of the graphs Path by Path and Path by Cycle in detail. Also, 

we prove that nP , nC and nK  admits adjacent vertex distinguishing total coloring and their color classes 

are discussed. 

Keywords:  simple graph, adjacent vertex distinguishing total coloring, adjacent vertex distinguishing total 
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∆(G) = 3. If G is a bipartite graph, then  χ
avt
(G)≤∆(G)+2 . Also, J.Hulgan [4] has given a short proof for an upper 

bound on the adjacentvertex distinguishing total chromatic number of graphs of maximum degree 3. 

 

II. AVDTC of nP
, nC

and nK
 

ZHANG Zhongfu [8] presented the concept of adjacent vertex distinguishing total coloring of some special 

graphs. In this section, we propose a procedure for AV DTC of Pn, Cn and Kn and also, we discuss their color sets.      

Let 𝑣1, 𝑣2, … , 𝑣𝑛  be the vertices of the graph G. The vertices and edges are colored from the color set {1, 2,…,k} 

using the function ΄ 𝑓΄.  Here 𝑓(𝑣𝑖)denotes the color ofthe vertex vi and𝑓(𝑣𝑖𝑣𝑗) denotes the color of the edge𝑣𝑖𝑣𝑗 . 

Theorem 2.1. The graph Pn admits AV DTC and       χavt(Pn) ={
3,   𝑛 = 2,3
4,    𝑛 ≥ 4    

} 

Proof.   Let 𝑣1, 𝑣2, … , 𝑣𝑛be the vertices of the path Pn. Define𝑓: 𝑉(𝑃𝑛) 𝑈 𝐸(𝑃𝑛) {1,2, … , k}as follows. 

   It can be easily proved for n = 2. 

For n = 3, 𝑓(𝑣𝑖) = 𝑖 𝑓𝑜𝑟 𝑖 = 1,2,3 and 𝑓(𝑣𝑖𝑣𝑖+1) ={
3,   𝑖 = 1    
1,    𝑖 = 2    

} 

The color classes are 𝐶(𝑣1) = 𝐶(𝑣3) = {3,1} and 𝐶(𝑣2) = {1,3,2} 

Now, we prove for n ≥ 4.    For 1 ≤ i ≤ n,    𝑓(𝑣𝑖) ={
1,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
2,    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

} 

For 1 ≤ i ≤ n-1,   𝑓(𝑣𝑖𝑣𝑖+1) ={
3,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
4,    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

} 

Moreover, for  i  ≡ 0 (mod 2), 𝐶(𝑣𝑖)= {3,4,2} and 𝐶(𝑣𝑖+1)= {4,3,1} 

Both 𝐶(𝑣1)and 𝐶(𝑣𝑛)are two-element set.  𝐶(𝑣1)= {3,1} and 𝐶(𝑣𝑛)={
{3,2},    𝑖𝑓 𝑛 ≡ 0 (𝑚𝑜𝑑 2)    

{4,1},    𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑 2)    
} 

Clearly, the color set of any two adjacent vertices are different. 

∴      χavt(Pn) ={
3,   𝑛 = 2,3
4,    𝑛 ≥ 4    

} 

Theorem 2.2.  The graph Cn admits AVDTC and  4=)( navt C , for n≥4. 

Proof:  Let v1,v2,…,vn be the vertices of the cycle Cn with n vertices and n edges.  

      Define f: V(Cn) ⋃ E(Cn) → {1,2,…,k} as follows. 

Case-1.  If n≡1(mod2). 

For 1≤i≤n-1, 














)2(mod0,2

)2(mod1,1
)(

ifor

ifor
vf i

. 

For 1≤i≤n-2,    














)2(mod0,4

)2(mod1,3
)( 1

ifor

ifor
vvf ii

and   f(vn)=4,  f(vnv1)=2,  f(vn-1vn)=1. 

The color classes are }4,2,1{)(},1,3,2{)()( 11   nn vCvCvC .  

For ,22  ni

          












)2(mod0},2,4,3{

)2(mod1},1,3,4{
)(

ifor

ifor
vC i

 

Case-2.     If n≡0(mod2). 

For 1≤i≤n,     














)2(mod0,2

)2(mod1,1
)(

ifor

ifor
vf i

 

For 1≤i≤n-1,   














)2(mod0,4

)2(mod1,3
)( 1

ifor

ifor
vvf ii

   

and    f(vnv1)=4. 

The color classes are 














)2(mod0},2,4,3{

)2(mod1},1,3,4{
)(

iif

iif
vC i

. 

        Therefore 
4=)( navt C , for n≥4. 

Theorem 2.3.   The graph Kn admits AVDTC  and 













)2(mod1,2

)2(mod0,1
=)(

nifn

nifn
K navt . 

Proof:   Let v1,v2,…,vn be the vertices of  Kn  with n vertices and 
2

)1( nn
edges.  
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                 V(Kn)={ v1,v2,…,vn},  n≻3   and  nivvKE jin  1|{)(   and }ji  . 

Case-1.  If n≡0(mod 2)                                f(vi)=i,   for   1≤i≤n 

f(vivj)=i+j, for i+j=n+1 

For i+j≠n+1,                     



































 






)2(mod1),1(mod)(
2

2

)2(mod0,
2

)(

jifornji
n

jifor
ji

vvf ji

.   

The color classes are  for ,
2

,2,1
n

i  C }{)( 2 iv i  ,  C








 i
n

v i
2

)( 12
. 

Case-2.  If n≡1(mod 2)  f(vi)=i,   for   1≤i≤n 

                        f(vivj)=i+j, for i+j=n+2 

For i+j≠n+2, 



































 






)2(mod1),2(mod)(
2

2

)2(mod0,
2

)(

jifornji
n

jifor
ji

vvf ji

.   

The color classes are 

















 i

n
ivC i

2
,)( 2

_

, for 1≤i≤









2

n ; 















 1,

2
)( 12

_

ii
n

vC i , for 2≤i≤ 








2

n ;

 















 2,1

2
)( 1

_

n
n

vC . 

Clearly, the color set of any two adjacent vertices are different. 

∴













)2(mod1,2

)2(mod0,1
=)(

nifn

nifn
K navt .

 

III.  AV DTC of 21 GG 
 

Next we present the AV DTC of tensor product of two graphs G1 and G2. Let {𝑣1, 𝑣2, … , 𝑣𝑚} be the vertices of 

G1 and {𝑤1, 𝑤2, … , 𝑤𝑛} be the vertices of G2. By the definition of tensor product, we obtain a graph with vertex 

set  {𝑢𝑖,𝑗  𝑓𝑜𝑟 𝑖 = 1,2, … ,𝑚 𝑎𝑛𝑑 𝑗 = 1,2, … , 𝑛}. 

Now we start by investigating a product  of  two path Pm and Pn, nm,     

Theorem 3.1. The tensor product Pm and Pn admits AV DTC and  

)( nmavt PP  ={

3,   𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 = 2,3
4,    𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 ≥ 4
 5,     𝑓𝑜𝑟 𝑚 = 3 𝑎𝑛𝑑  𝑛 ≥ 3
6,       𝑓𝑜𝑟 𝑚 ≥ 4 and   n ≥ 4

} 

Proof.  Let the vertex set of Pm and Pn are {𝑣1, 𝑣2, … , 𝑣𝑚} and {𝑤1, 𝑤2, … , 𝑤𝑛}  respectively. The vertices and 

edges are colored by defining },,2,1{)()(: kPPEPPVf nmnm  . The vertex and edge set of Pm Pnis 

given by       V(Pm  Pn)  =  {ui,j | i = 1,2, … ,m , j = 1,2, … , n}  

                     E(PmPn)  = 









 











)1.(,2,1)),(()( 1,,1

1

1

,1,

1

1

njuuuu jiji

m

i

jiji

m

i

 ,     

Clearly, Pm  Pn has  mn  vertices and 2(m-1)(n-1) edges. First, we prove for m = 2, the graph G =  P2 Pn has 

two components each of them is path of length 1n . 

For m = 2 and n = 2.                 𝑓(𝑢1,𝑗 ) = 1; 𝑓(𝑢2,𝑗 ) = 2;  𝑓(𝑢2,1 𝑢1,2 ) = 𝑓(𝑢1,1 𝑢2,2 ) = 3, 𝑓𝑜𝑟 𝑗 = 1,2. 

The color classes of the graph  P2   P2 is  𝐶(𝑢1,1 ) = 𝐶(𝑢1,2 ) = {3,1} 𝑎𝑛𝑑 𝐶(𝑢2,1 ) = 𝐶(𝑢2,2 ) = {3,2}. 

For n = 3,       𝑓(𝑢2,𝑗 ) = 𝑓(𝑢1,𝑗 ) = 𝑗, 𝑓𝑜𝑟 𝑗 = 1,2,3, 

                       𝑓(𝑢2,1  𝑢1,2 ) = 2; 𝑓(𝑢1,1 𝑢2,2 ) = 3 , 𝑓(𝑢2,2  𝑢1,3 ) = 𝑓(𝑢1,2 𝑢2,3 ) = 1. 

The color classes of the graph P2   P3 for i = 1, 2,      𝐶(𝑢𝑖 ,1 ) = 𝐶(𝑢𝑖 ,3 ) = {1,3} and 𝐶(𝑢𝑖 ,2 ) = {1,2,3} 

Next, for n ≥ 4,     𝑓(𝑢𝑖 ,𝑗 ) = 1;  for i = 1,2 and 1  ≤ j  ≤ n. 

 For i = 1 and j = 1,2,3,…,(n-1),   𝑓(𝑢𝑖 ,𝑗 𝑢𝑖+1 ,𝑗+1) = 𝑖 + 2;  𝑓(𝑢𝑖+1,𝑗 𝑢𝑖 ,𝑗+1) = 𝑖 + 3 . 

The color classes are      𝐶(𝑢  1,1 ) = {3,1}, 𝐶(𝑢1,𝑛 ) = {4,1}, 𝐶(𝑢2,1 ) = {4,2}, 𝐶(𝑢2,𝑛 ) = {3,2}, 

𝐶(𝑢1,𝑗 ) = {3,4,1}, 𝐶(𝑢2,𝑗 ) = {3,4,2}, 𝑓𝑜𝑟 𝑗 = 2,3, … , (𝑛 − 1) 

          Then  χavt(P2   Pn)={
3,   𝑛 = 2,3
4,    𝑛 ≥ 4    

} 
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Next, we discuss for m = 3 and n ≥ 3. 

Consider the graph G = P3   Pn  with 3n vertices and 4(n-1) edges. 

𝑓(𝑢𝑖 ,𝑗 ) = 𝑖; 𝑓𝑜𝑟 𝑖 = 1,2,3 𝑎𝑛𝑑 𝑗 = 1,2,3, … , 𝑛 

For i = 1,2 and 1 ≤ j ≤ (n - 1), 

 𝑓(𝑢𝑖 ,𝑗 𝑢𝑖+1 ,𝑗+1) = 𝑖 + 2    and  𝑓(𝑢𝑖+1,𝑗 𝑢𝑖 ,𝑗+1)= {
5,             𝑖𝑓 (𝑖 + 5𝑗 − 1) ≡ 0(𝑚𝑜𝑑 5)    

(𝑖 + 5𝑗 − 1)(𝑚𝑜𝑑 5)           ,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒   
} 

The color classes of  P3   Pn  are     𝐶(𝑢1,1 ) = {3,1},      𝐶(𝑢1,𝑛 ) = {5,1} 
               𝐶(𝑢2,1 ) = {4,5,2},    𝐶(𝑢2,𝑛 ) = {1,3,2};    𝐶(𝑢3,1 ) = {1,3},     𝐶(𝑢3,𝑛 ) = {4,3} 

For 2 ≤ j ≤ (n-1),  𝐶(𝑢1,𝑗 ) = {3,5,1},   𝐶(𝑢2,𝑗 ) = {1,3,4,5,2}; 𝐶(𝑢3,𝑗 ) = {1,4,3}. 

              χavt( P3   Pn) = 5 , for  n  ≥ 3. 

Now, we consider the general graph Pm  Pn for m ≥ 4 and n ≥ 4 . 

         For 1 ≤ i ≤ m and 1 ≤ j ≤ n;   𝑓(𝑢𝑖,𝑗 ) ={
1,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
2,    𝑖𝑓 𝑖 ≡ 0 (mod 2)

} 

         For 1 ≤ i ≤ m-1 and 1 ≤ j ≤ n-1, 

𝑓(𝑢𝑖,𝑗 𝑢𝑖+1 ,𝑗+1)={
3,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
4,    𝑖𝑓 𝑖 ≡ 0 (mod 2)

}   and    𝑓(𝑢𝑖+1,𝑗 𝑢𝑖 ,𝑗+1)={
5,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
6,    𝑖𝑓 𝑖 ≡ 0 (mod 2)

} 

The color classes are   𝐶(𝑢1,1 ) = {3,1},    𝐶(𝑢1,𝑛 ) = {5,1} , 𝐶(𝑢1,𝑗 ) = {3,5,1}  for  j = 2,3,…,n-1. 

For 2 ≤ i ≤ m-1 and 2 ≤ j ≤ n-1, 

𝐶(𝑢𝑖 ,𝑗 )={
{3,4,5,6,2},    𝑓𝑜𝑟 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    
{3,4,5,6,1},    𝑓𝑜𝑟 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    

}  and 𝐶(𝑢𝑖,1 )={
{5,4,2}, 𝑓𝑜𝑟 𝑖 ≡ 0 (𝑚𝑜𝑑 2)      
{3,6,1}, 𝑓𝑜𝑟 𝑖 ≡ 1 (𝑚𝑜𝑑 2)      

} 

 

𝐶(𝑢𝑖 ,𝑛 )={
{3,6,2},    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

{4,5,1},    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
}   and 𝐶(𝑢𝑚,𝑗 )={

{3,5,2}, 𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛    
{4,6,1}, 𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑     

} 

 

𝐶(𝑢𝑚,1 )={
{6,1},    𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑    
{5,2},    𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛    

}   and 𝐶(𝑢𝑚,𝑛 )={
{3,2},   𝑚 𝑎𝑛𝑑 𝑛 𝑒𝑣𝑒𝑛       
{4,1},   𝑚 𝑎𝑛𝑑 𝑛 𝑜𝑑𝑑      

} 

Therefore the colour classes of any two adjacent vertices are different. 

χavt ( Pm  Pn) ={

3,   𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 = 2,3
4,    𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 ≥ 4
 5,     𝑓𝑜𝑟 𝑚 = 3 𝑎𝑛𝑑  𝑛 ≥ 3
6,       𝑓𝑜𝑟 𝑚 ≥ 4 and   n ≥ 4

} 

Hence the theorem.∎ 

Theorem 3.2. The tensor product Pm  Cn admits AV DTC and 

χavt ( Pm  Cn) ={

4,    𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 ≥ 3

5,     𝑓𝑜𝑟 𝑚 = 3 𝑎𝑛𝑑  𝑛 ≥ 3
6,       𝑓𝑜𝑟 𝑚 ≥ 4 and   n ≥ 4

} 

Proof.  Let the vertex sets of Pm and Cn are  {𝑣1, 𝑣2, … , 𝑣𝑚}  and {𝑤1, 𝑤2, … , 𝑤𝑛}  respectively. The vertex and 

edge set of the graph Pm  Cn is given by V(Pm   Cn) ={ui,j | i = 1,2, … ,m , j = 1,2, … , n} 

E(PmCn)  = 





















































njuuuu

njuuuu

njiji

m

i

njiji

m

i

jiji

m

i

jiji

m

i

)),(()(

)1.(,2,1)),(()(

1,,1

1

1

1,1,

1

1

1,,1

1

1

1,1,

1

1



 
,    

Clearly,  (Pm  Cn)  has mn vertices and 2(m - 1)(n) edges. First, we prove for m = 2 and n ≥ 3. The graph 

G = (P2  Cn) has 2n vertices and 2n edges.  ∴    G = P2  Cn={
𝐶2𝑛    𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑 2)    
2𝐶𝑛,    𝑖𝑓 𝑛 ≡ 0 (mod 2)

}. The vertices and 

edges are colored by defining 𝑓: 𝑉 (Pm  Cn)  ∪  E( Pm  Cn){1,2, … , k}. 

                       𝑓(𝑢𝑖 ,𝑗 ) = 𝑖 ;  for i = 1, 2 and j = 1,2,3,…,n. 

For i = 1 and 1 ≤ j ≤ (n - 1),      𝑓(𝑢𝑖 ,𝑗 𝑢𝑖+1 ,𝑗+1) = 𝑖 + 2;  𝑓(𝑢𝑖+1,𝑗 𝑢𝑖 ,𝑗+1) = 𝑖 + 3 . 

For i = 1, j = n,                         𝑓(𝑢𝑖+1,𝑗−𝑛+1 𝑢𝑖 ,𝑗) = 𝑖 + 2; 𝑓(𝑢𝑖,𝑗−𝑛+1 𝑢𝑖+1 ,𝑗) = 𝑖 + 3.  

The color classes are 𝐶(𝑢1,𝑗 ) = {3,4,1}, 𝐶(𝑢2,𝑗 ) = {3,4,2},   for j = 1,2,…,n . 

  Then     χavt ( P2  Cn) = 4 , n≥ 3. 

Next, we discuss the case m = 3 and n ≥ 3. ∴ The graph P3Cn has 3n vertices and 4n edges. 
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                          𝑓(𝑢𝑖 ,𝑗 ) = 𝑖 ;   for   i = 1,2,3 and j = 1,2,3,…,n 

For i = 1, 2 and 1 ≤ j ≤ (n - 1), 

𝑓(𝑢𝑖,𝑗 𝑢𝑖+1 ,𝑗+1) = 𝑖 + 2;   and   𝑓(𝑢𝑖+1,𝑗 𝑢𝑖 ,𝑗+1) ≡ {
5,             𝑖𝑓 (𝑖 + 5𝑗 − 1) ≡ 0(𝑚𝑜𝑑 5)    

(𝑖 + 5𝑗 − 1)(𝑚𝑜𝑑 5)           ,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒   
} 

 

For i = 1, 2 and j = n,   𝑓(𝑢𝑖 ,𝑗𝑢𝑖+1,𝑗−𝑛+1 ) = 𝑖 + 2  and  𝑓( 𝑢𝑖+1 ,𝑗𝑢𝑖,𝑗−𝑛+1 )={
5,    𝑖𝑓 𝑖 = 1    
1,    𝑖𝑓 𝑖 = 2

} 

 

For 1 ≤  j  ≤ n, the color classes are 𝐶(𝑢1,𝑗 ) = {3,5,1}, 𝐶(𝑢2,𝑗 ) = {1,3,4,5,2};  𝐶(𝑢3,𝑗 ) = {1,4,3}. 

                 χavt ( P3  Cn) = 5;   n ≥ 3. 

Next, we prove for the general graph Pm  Cn for m ≥ 4 and n ≥ 4 . 

|𝑉 (Pm  Cn) |= mn  and  |𝐸 (Pm  Cn) | = 2(m - 1)n. 

For 1 ≤ i≤  m and 1 ≤ j ≤ n, 

                              𝑓(𝑢𝑖,𝑗 )={
1,    𝑓𝑜𝑟 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
2,    𝑓𝑜𝑟 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

} 

For 1 ≤  i  ≤ (m - 1) and 1 ≤  j ≤ (n - 1), 

𝑓(𝑢𝑖,𝑗 𝑢𝑖+1 ,𝑗+1)={
3,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
4,    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

}   and 𝑓(𝑢𝑖+1,𝑗 𝑢𝑖 ,𝑗+1)={
5,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
6,    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

} 

For 1 ≤ i ≤  (m - 1) and j = n, 

 

𝑓(𝑢𝑖+1,𝑗 𝑢𝑖 ,𝑗−𝑛+1)={
5,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
6,    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

} and 𝑓(𝑢𝑖+1,𝑗−𝑛+1 𝑢𝑖 ,𝑗)={
3,    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
4,    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

} 

The color classes are  𝐶(𝑢1,𝑗 ) = {3,5,1} for j = 1,2,…,n. 

For 2 ≤ i ≤ (m - 1) and 1 ≤ j ≤ n,    

𝐶(𝑢𝑖 ,𝑗 )={
{3,4,5,6,2},    𝑖𝑓 𝑖 ≡ 0 (𝑚𝑜𝑑 2)    

{3,4,5,6,1},    𝑖𝑓 𝑖 ≡ 1 (𝑚𝑜𝑑 2)    
}and 𝐶(𝑢𝑚,𝑗 )={

{4,6,1},    𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑    
{3,5,2},    𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛    

} 

Here, the color classes of any two adjacent vertices are different. 

Thus  

χavt ( Pm  Cn)  ={

4,     𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑛 ≥ 3

 5,      𝑓𝑜𝑟 𝑚 = 3 𝑎𝑛𝑑  𝑛 ≥ 3
  6,      𝑓𝑜𝑟 𝑚 ≥ 4 and   n ≥ 4

} .      Hence the theorem.    

IV. AVDTC of G1 2
 G2 

In this section, we discuss a detailed procedure for 2 - tensor product of some graphs and their AV DTC.  

The 2-tensor product of two graphs G1(V1;E1)  and  G2(V2;E2) is denoted by 
221 GG  . 

Let  
mPG 1   

and  
nPG 2
  

be the two path graphs with m and n   vertices respectively. The graph nm PP 2   is a null graph (isolated 

vertices) if  2)( 1  G  or  2)( 2  G . Consider the vertex set  },,{)( 21 mm vvvPV  and  

},,{)( 21 nn wwwPV  respectively. Since nPP 22  is a null graph, we consider .3, nm  

Theorem 4.1. The graph Pm 2  Pn admits AVDTC  and  

χavt ( Pm 2 Pn)  =

{
 
 

 
 
3,     𝑓𝑜𝑟 𝑚 = 3,4  𝑎𝑛𝑑 𝑛 = 3,4,5,6
 4,      𝑓𝑜𝑟 𝑚 = 3,4  𝑎𝑛𝑑  𝑛 ≥ 7
  5,      𝑓𝑜𝑟 𝑚 = 5,6  and   n ≥ 5
6,     𝑓𝑜𝑟 𝑚 ≥ 7  and   n ≥ 7

}
 
 

 
 

 .     

Proof: Let the vertex sets of Pm and Pn are {v1,v2,…,vm} and {w1,w2,…,wn} respectively. The vertex and edge set 

of Pm 2  Pn is given by   },,3,2,1,3,2,1|{)( ,2 njandmiuPPV jinm    






































 )2(,3,2,1,)(
2

1

2,2

2

1

2,2,2 njuuuuPPE
m

i

jii

m

i

jijinm   

Then graph Pm 2  Pn has mn vertices and 2(n-2)(m-2) edges. First, we prove for m=3,4 and n=3,4.   
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If  n ≡ 1 (mod 2),  the graph P3 2  Pn has two path graphs each of length 
2

1n and 









2

n

 

with Dn vertices. These 

Dn vertices are are (u2,j), j=1,2,3,…,n.  If n ≡ 0 (mod 2), the graph P3 2  Pn has four path graphs each of length 

2

n
 with Dn vertices. The graph P4 2  Pn has four path each of length 

2

1n  and 
2

1n , for n≡1 (mod 2) and it has 

eight path graphs each of length 
2

n
, for n≡0 (mod 2). The vertices and edges are colored by defining 

  f: V (Pm 2  Pn)   E (Pm 2  Pn) → {1,2,…,k}. We discuss the case for m=3,4 , n=3,4 and m ≥ n.  

For 1≤ j ≤ n,           







 


otherwise

ifor
uf ji

,2

2,1,1
)( ,

   
For 1≤ i ≤ m-2 and 1≤ j ≤ n-2,   3)()( 2,,22,2,   jijijiji uufuuf . 

Next,  For the case n=5,6.  We have  for 1 ≤ i ≤ m  and 1 ≤ j ≤ n,  

























6,5,3

4,3,2

2,1,1

)( ,

jfor

jfor

jfor

uf ji

. 

For 1 ≤ i ≤ (m-2)  and  1 ≤ j ≤ (n-2),     







 

 
otherwise

jfor
uufuuf jijijiji

,1

2,1,3
)()( 2,,22,2,

. 

Now, for n ≥ 7, we have for 1 ≤ i ≤ m and 1 ≤ j ≤ n, 














4,3,2

2,1,1
)( ,

ifor

ifor
uf ji

 and  

For 1 ≤ i ≤ (m-2) and 1≤ j ≤ (n-2), 3)( 2,2,  jiji uuf , and 4)( 2,,2  jiji uuf .  

Next,we discuss the case for m=5,6 and n ≥ 5.  For 1 ≤ i ≤ m  and 1 ≤ j ≤ n, 























otherwise

ifor

ifor

uf ji

,3

4,3,2

2,1,1

)( ,
and  

For 1≤ i ≤ (m-2)  and  1≤ j ≤ (n-2), we have 







 


otherwise

ifor
uuf jiji

,4

2,1,3
)( 2,2,

and 







 


otherwise

ifor
uuf jiji

,1

2,1,5
)( 2,,2

.  

Now, we discuss the color classes of P3 2  Pn ,   for n ≥ 3.  

The color classes of P3 2  P3, for j=1,3,     C(u1,j)={1,3}, C(u3,j)={2,3}, C(u1,2)={1}, C(u3,2)={2} 

         and     C(u2,j)={1},      for j=1,2,3. 

The color classes of the graph P3 2  P4, for j=1,2,3,4, we have 
























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)( ,

ifor

ifor

ifor

uC ji

 

The color classes of the graph P3 2  P5, for i=1,3, we have  
























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)( ,

jfor

jfor
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uC ji

  and  

























5},3{

4,3},2{

2,1},1{

)( ,2

jfor

jfor

jfor

uC j
 

The color classes of the graph P3 2  P6, for i=1,3, we have      

                   














4,3},3,2,1{
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)( ,

jfor
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uC ji

  and






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




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4,3},2{
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)( ,2
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uC j

 

The color classes of the graph P3 2  Pn,   n  ≥ 7 are C(u2,j)={1}, 

























nnjfor

njfor
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)( ,1
and 
























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)( ,3

. 

Next, for m=4 and n=4. For 1 ≤ j ≤ n, the color classes of the graph P4 2  P4 are 
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
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


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






4,3},3,2{

2,1},1,3{
)( ,

ifor

ifor
uC ji

. 

The color classes of the graph P4 2 P5, for i=1,2,3,4,      





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


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. 

The color classes of the graph P4 2  P6 for i=1,2,3,4, 


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. 

Now, we discuss the color classes of P4 2  Pn, for n ≥ 7.     For i=1,2, 


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and for i=3,4,    


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
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The color classes of the graph Pm 2  Pn, for m=5 and  n ≥ 5, we have  
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The color classes of Pm 2  Pn, for m = 6 and  n ≥ 5, we have  

For i=1,2,     
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
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2,1},3,1{

)( ,

;         For i=3,4,   

























nnjfor

njfor

jfor

uC ji

,1},3,2,1{

2,...4,3},5,4,3,2,1{

2,1},5,4,2{

)( ,

 

For i=5,6,  

























nnjfor

njfor

jfor

uC ji

,1},4,3{

2,...4,3},4,3,1{

2,1},3,1{

)( ,

. 

Now, for the general graph Pm 2  Pn,       m ≥ 7,    n ≥ 7 

For 1 ≤ i ≤ m and 1 ≤ j ≤ n,   














)4(mod3,0,2

)4(mod2,1,1
)( ,

ifor

ifor
uf ji

. 

For 1 ≤ i ≤ (m-2)  and 1 ≤ j ≤ (n-2), 

 














)4(mod3,0,4

)4(mod2,1,3
)( 2,2,

ifor

ifor
uuf jiji

and 














)4(mod3,0,6

)4(mod2,1,5
)( 2,,2

ifor

ifor
uuf jiji

 

Now, we discuss the color classes for i=1,2 of the graph Pm 2 Pn, for m≥7, n≥7. 

























nnjfor

njfor

jfor

uC ji

,1},5,1{

2,...4,3},5,3,1{

2,1},3,1{

)( ,
. 
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For  3 ≤ i ≤ m-2,        















































































)4mod(3,0

,1},6,3,2{

23},6,5,4,3,2{

2,1},5,4,2{

)4mod(2,1

,1},5,4,1{

23},6,5,4,3,1{

2,1},6,3,1{

)( ,

iif

nnjfor

njfor

jfor

iif

nnjfor

njfor

jfor

uC ji

 

If m≡2(mod  4), then 

























nnjfor

njfor

jfor

uCuC jmjm

,1},4,1{

23},6,4,1{

2,1},6,1{

)()( ,,1

 

If m≡0(mod 4), then 

























nnjfor

njfor

jfor

uCuC jmjm

,1},3,2{

23},5,3,2{

2,1},5,2{

)()( ,,1

 

If  m≡1(mod 4), then 

 

























nnjfor

njfor

jfor

uC jm

,1},4,1{

23},6,4,1{

2,1},6,1{

)( ,

and 

























nnjfor

njfor

jfor

uC jm

,1},3,2{

23},5,3,2{

2,1},5,2{

)( ,1

 

If  m ≡ 3(mod 4), then 

























nnjfor

njfor

jfor

uC jm

,1},4,1{

23},6,4,1{

2,1},6,1{

)( ,1

and 

























nnjfor

njfor

jfor

uC jm

,1},3,2{

23},5,3,2{

2,1},5,2{

)( ,

 

Clearly, the color classes of any two adjacent vertices are different. Continuing the process, we have 

χavt ( Pm2 Pn)  =

{
 
 

 
 
3,     𝑓𝑜𝑟 𝑚 = 3,4  𝑎𝑛𝑑 𝑛 = 3,4,5,6
 4,      𝑓𝑜𝑟 𝑚 = 3,4  𝑎𝑛𝑑  𝑛 ≥ 7
  5,      𝑓𝑜𝑟 𝑚 = 5,6  and   n ≥ 5
6,     𝑓𝑜𝑟 𝑚 ≥ 7  and   n ≥ 7

}
 
 

 
 

 .    Hence the theorem. 

Theorem 4.2.  The graph Pm 
2  Cn admits AVDTC  and  



































776

56,55

44,34

44,33

=)( 2

nandmfor

nandmfor

nandmfor

nandmfor

CP nmavt
 

Proof: The graph Pm 
2  Cn has the vertex },,3,2,1,3,2,1|{)( ,2 njandmiuCPV jinm      

     and the edge set 























































































nnjforuuuu

njforuuuu

CPE
m

i

jinji

m

i

jinji

m

i

jiji

m

i

jiji

nm

,1

)2(,...,2,1

)(
2

1

,2,2

2

1

,22,

2

1

2,,2

2

1

2,2,

2




 

∴ Pm 
2  Cn has mn vertices and 2n(m-2) edges. The vertices and edges are colored by defining   

f: V (Pm 2  Cn)   E (Pm 2  Cn) → {1,2,…,k}. First, for m=3,4 and n≥4. 

For 1 ≤ i ≤ m and 1 ≤ j ≤ n,        







 


otherwise

ifor
uf ji

,2

2,1,1
)( ,

. 

For n=4, for 1 ≤ i ≤ (m-2) and 1≤ j ≤ (n-2), 3)()( 2,,22,2,   jijijiji uufuuf . 

Next, for m = 3,4 and n > 4, The graph Pm 
2  Cn has Dn vertices with four cycles each of length 

2

n , when 

n≡0(mod 4) or a cycle of length 2n, when n ≡1,3(mod 4) or two cycles each of length n, when n ≡ 2 (mod 4). The 

graph Pm 
2  Cn has 4n vertices and 4n edges and it has all bipartite components with two cycles each of length 

2n  for n ≡1,3 (mod 4), eight cycles each of length 
2

n

    

for n ≡ 0 (mod 4) and four cycles each of length n    for n 

≡ 2   (mod4). 

For 1 ≤ i ≤ (m-2) and 1 ≤ j ≤ (n-2), 4)(;3)( 2,,22,2,   jijijiji uufuuf and 
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For j = (n-1),n,
        

4)(;3)( ,22,,2,2   jinjijinji uufuuf
 

The color set for  1 ≤ j ≤ n of the graph  
P3 2  Cn

 for n > 4, ,  
   

 
























2},1{

3},4,3,2{

1},4,3,1{

)( ,

ifor

ifor

ifor

uC ji . 

The color set for 1 ≤ j ≤ n of the graph 
P4 2  Cn

,  for  n > 4 
,    














4,3},4,3,2{

2,1},4,3,1{
)( ,

ifor

ifor
uC ji

.
 

Now, we discuss the case for m=5,6 and  n≥5. For  1 ≤ i ≤ m  and   1 ≤ j ≤  n,      























otherwise

ifor

ifor

uf ji

,3

4,3,2

2,1,1

)( ,

 

For 1 ≤ i ≤ (m-2)  and  1 ≤ j ≤ (n-2),     

 





 


otherwise

ifor
uuf jiji

,4

2,1,3
)( 2,2,

 

and 







 


otherwise

ifor
uuf jiji

,1

2,1,5
)( 2,,2

.

 

For j=(n-1),n, we have       







 


otherwise

ifor
uuf jinji

,1

2,1,5
)( ,22,

and 







 


otherwise

ifor
uuf jinji

,4

2,1,3
)( ,2,2

 

The color classes of P5 2  Cn,  for n ≥ 5, we have 1 ≤ j ≤ n,     



































4},4,3,2{

3},5,4,3,2,1{

5,2},3,4,1{

1},5,3,1{

)( ,

ifor

ifor

ifor

ifor

uC ji

 

The color classes of P6 2  Cn, for n ≥ 5, we have for 1 ≤ j ≤ n,   

























6,5},3,4,1{

4,3},5,4,3,2,1{

2,1},5,3,1{

)( ,

ifor

ifor

ifor

uC ji

 

Now, we prove the general graph for  m ≥ 7 and n ≥ 7. 

For 1 ≤ i ≤ m and 1 ≤ j ≤ n, 














)4(mod3,0,2

)4(mod2,1,1
)( ,

ifor

ifor
uf ji

. 

For 1≤i≤(m-2) and 1≤j≤(n-2),   














)4(mod3,0,6

)4(mod2,1,5
)( 2,2,

ifor

ifor
uuf jiji

and














)4(mod3,0,6

)4(mod2,1,5
)( 2,,2

ifor

ifor
uuf jiji

 

For j=(n-1),n,     














)4(mod3,0,6

)4(mod2,1,5
)( ,22,

ifor

ifor
uuf jinji

and 














)4(mod3,0,4

)4(mod2,1,3
)( ,2,2

ifor

ifor
uuf jinji

. 

The color classes are },5,3,1{)( , jiuC   for 2,1i  and nj ,2,1 .
 

For  3 ≤ i ≤ m-2,    














)4mod(3,0},6,5,4,3,2{

)4mod(2,1},6,5,4,3,1{
)( ,

iif

iif
uC ji

. 

If   m ≡ 1 mod (4)  and  1 ≤ j ≤ n,    














miif

miif
uC ji

},6,4,1{

1},5,3,2{
)( ,

 

If  m ≡ 2 mod (4) and  1 ≤ j ≤ n,  }.6,4,1{)()( ,,1  jmjm uCuC  

If  m ≡ 0 mod (4)  and  1 ≤ j ≤ n, }.5,3,2{)()( ,,1  jmjm uCuC  

If  m ≡ 3 mod (4) and  1 ≤ j ≤ n,    














1},6,4,1{

},5,3,2{
)( ,

miif

miif
uC ji

. 

The color classes are different  for any two adjacent vertices. 

 



































776

56,55

44,34

44,33

=)( 2

nandmfor

nandmfor

nandmfor

nandmfor

CP nmavt




.  Hence the theorem. 

Conclusion: We found the adjacent vertex distinguishing total chromatic number of tensor product and 2-tensor 

product of path by path and path by cycle. Also, we are working in the direction of finding theadjacent vertex 

distinguishing total chromatic number of 2-tensor product of path P3 with some special graphs like wheel, star, 

sun let, pan graph and complete bipartite graph. 
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