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Abstract: A dominating set D’ of G is said to be an inverse two-out degree equitable dominating set if for
any two vertices u,v € D' such that |od,s(uw) — odp(v)| < 2 whereodp(u) = [N(v) NV —D’|. The
minimum cardinality of a minimal inverse two-out degree equitable dominating set is called the inverse two-
out degree equitable domination number and it is denoted by y’',,.(G). The purpose of this paper is to
introduce the concept of inverse split (non-split) two—out degree equitable domination numbers of the line
graphs of S,,, P,, Cy, Gy, Hy, Wy, and K, , respectively.

Keywords: Two-out degree equitable domination number, Inverse two-out degree equitable number, Inverse
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I. Introduction
Let G= (V,E) be a simple, finite, connected and undirected graph. A dominating set D of a graph G=(V,E) is a
split (non-split) dominating set if <V — D > is disconnected (connected). The split (non-split) domination
number of G is the minimum cardinality of a minimal split (non-split) dominating set in G. Let D be the minimum
dominating set in G. If a non-empty subset D' of V — D is a dominating set in G, then D' is called an inverse
dominating set with respect to D. Furthermore, if <V — D’ > is disconnected (connected) then D’ is called an
inverse split (non-split) dominating set. The inverse split (non-split) domination number of G is the minimum
cardinality of a minimal inverse split (non-split) dominating set in G.
V.R Kulliet all introduced the concept of split domination non-split domination and inverse domination in graphs.
Let G= (V, E) be asimple, finite, undirected and connected graph. Any undefined term in this paper may be found
in Haynes T.W. et al (1998).A non-empty sub set D <V of a graph G is a dominating set of G if every vertex
in V — D is adjacent to some vertex in D. The domination number y(G) is the minimum cardinality taken over all
the minimal dominating set of G. Let D be the minimum dominating sets of G. If ¥V — D contains a dominating
set D' then D' is called the inverse dominating set of G with respect to D. The inverse dominating number y’(G)
is the minimum cardinality taken over all the minimal inverse dominating sets of G. A dominating set D <V of
a graph G is a split (non-split) dominating set if the induced sub graph <V — D > is disconnected (connected).
The split (non-split) domination number y,(G) (¥,s(G)) is the minimum cardinality of a minimal split (non-split)
dominating set of G.
K. Ameenal Bibi and R. Selvakumar (2008) introduced the concept of inverse split and non- split domination
numbers in graphs. Let D’be the minimum inverse dominating set of G with respect to D. Then D’is called an
inverse split (non-split) dominating set of G if the induced subgraph < V — D’ > is disconnected(connected).The
inverse split (non-split) domination number is denoted by y’ (G) (v',(G) ) and it is the minimum cardinality
taken over all the minimal inverse split (non-split) dominating sets of G.
Let G=(V,E) be a simple graph. Let n and m denote the order and size of the graph G respectively. For any vertex
v € V, the open neighbourhood of v is the set N(v) = {u € V,uv € E}. Anitha .A, Arumugam . S and Chellai.M
introduced the out degree as the outdegree of v with respect to D is denoted by od,(u) = | N(v) nV — D|. Ali
Sahal and V.Mathad introduced the concept of two-out degree equitable domination in graphs. A dominating set
D of G is said to two-out degree equitable dominating set if for any two vertices u, v € D such that |od,(u) —
odp(v)| < 2.The minimum cardinality of a minimal two-out degree equitable dominating set is called two-out
degree equitable domination number and is denoted by y,,.(G).
The line graph L(G) of a graph G= (V,E) is the graph with vertex set E(G) in which two vertices are adjacent if
and only if the corresponding edges in G are adjacent [14]. In this paper, we initiated the concept of inverse split
and inverse non-split two-out degree equitable domination numbers in the line graphs of the graphs
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namelyS,, B, Cy, Gy, Hy, WyandK, ,,. Here [x] is the greatest integer not greater than x and |x| is the least integer
not less than x.

1.1 Gear Graph [12]

The gear graph is a wheel graph with vertices added between pair of vertices of the outer cycle. The gear graph
G, has 2n + 1 vertices and 3n edges. Let V(G,) ={v;1<i<n}u{upl<i<nlu{v}and E(G,) ={e =
viu,1<i<n}ufe, =vv,1<i<n}Uf{e =uv,,1<i<n,subscripts modulo n} where v is an
externalvertex adjacent to every other vertexv; for 1 <i < n.

1.2 Helm Graph [12]

The helm graphH,, is the graph obtained from a n-wheel graph by adjoining a pendent edge at each vertex of the
cycle. The helm graph H, has 2n + 1 vertices and 3n edges and V(G,) = {v}U {1 <i<n}uU{u;l1<i<
nyandE(G,) = {e; = vy, 1<i<n—-1U{e=vv1<i<n-1}U{e =vu,1<i<n-1}wherev
is an externalvertex adjacent to every other vertexvifor 1 <i < n.

1.3 Wheel Graph [12]

The wheel graph W, on n + 1 vertices is defined as W, = C, + K; where C, is n-cycle. Let V(W) =
vp1<i<niu{v} and EW,) ={e; = v;v;41,1 < i < n,subscripts modulon}U{e;’=vv;,1<i<n
where v is an external vertex adjacent to every other vertex.

1.4 SunletGraph[15]

The Sunlet graph on 2n vertices is defined as V(S,) = {v, v, ... v,} U {uy, u, ...u,,} where v;’s are the vertices
of cycles taken in cyclic order and u;'s are pendent edges.

1.5 Line Graph [14]

A Line graph L(G) of a graph G is a graph on the set of edges of G such that in L(G) there is an edge uv if and
only if the vertices u and v are adjacent in G.

Il .Main Resultsony’_, .(G):
Inverse Split Two-Out Degree Equitable Domination Number of the Line graphs of Some Special
Graphs

In this section, we obtained the inverse split two-out degree equitable domination number of the line
graphs of Sunlet, Path and Cycle graphs.
Definition 2.1
Whenever D is a dominating set ofG,V — D is also a dominating set of G. Let D'V — D is dominating set of
G. Then D' is called an Inverse dominating set of G. The inverse dominating set D’ of a graph G is called an
inverse split two-out degree equitable dominating set if the induced sub graph < ¥V — D' > is disconnected and if
for any two vertices u,v € D’ such that |od,(w) — odpr(v)| < 2 whereodp(u) = [IN(v) NV —D'|. The
minimum cardinality of a minimal inverse split two-out degree equitable dominating set is called an inverse split
two-out degree equitable domination number of G and is denoted by y', _(G).

Theorem 2.2
For the Line graph of Sunlet graph S, , the inverse split two-out degree equitable domination number

17V s20e [L(Sp)] = [g—l forn > 4.

Proof
By the definition of line graph, V(L(S,)) = E(S,) = {uj: (1 < i <n)}U {v:{ex1 <i <n—1} U {v, }where
v;" and u;" represents the edge e; and e; (1 < i < n) respectively.
vy forl<i< g if L(S,) is even
Let D' = v, for1<i< nT_l if L(S,) is odd [ be an inverse dominating set of L(S,,)and
vy U{y i1 <i<n}forl<i S% if L(S,) is even
V-D = v2i_1u{ui=1SiSn}for1SiSnT+1 if L(S,) is odd
Now, v,; € D then od(vy;) = [N(vy) NV — D'|
If L(S,) iseven, fori=1
0dp(v;) = |[N(wp) NV —D'|
= | (v}, v, uh, u4) 0 (0], 3" 0y ) O (U, s u)}

= | (v}, vi, up ud) |
=4
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Fori=2,0dy(v,) = |[N(w)nV =D'|
= | (W}, vg, uh ub) 0 (W, vh, Vs o Vpy") O (U, U, )} |
(w5, ve, uh, ub) |

4
Fori= g,odD,(vn) = [N@w)nV-D|
= | @}, vhop ul up) 0 (@], 5" o0y ) O (Ul 1, )} |
| @, v up ) |
4
If L(S,) isodd, fori=1
odp(v;) = |N(w) nV —D'| .

= | (v, V3, Uy, U3) N{(Vy, V3, Vs, .. 1, ) O (Uyg, Uy, ...un)}|

| (v, vi,uhub) |
4

. n-1
Fori = T'OdD’(vn—l) = |N(vn_1) Ny -D |
= | h_p vl ul) O (VL VY o0, Va0 O (U U e un)}

= | (vl_p vl Uy ul) |

Then | ody, (u) — ody(v) | < 2 for any u,v € D'.SoD’ is the inverse two-out degree equitable dominating set
and < V — D’ > disconnected. Therefore D' is the inverse split two-out degree equitable dominating set. Hence,

y’SZ()e [L(Sn)] = lrg—l forn > 4.

Observation 2.3

For the Line graph of Sy, ¥s20e [L(Sn)] = ¥'s20e [L(Sp)].

Theorem 2.4

For the Line graph of B,, the inverse split two-out degree equitable domination number is

n-2
VISZOe [L(Pn)] ZIVT—l -1 forn >5.

Proof

The line graph of P, has n — 1 vertices and n — 2 edges, since the degree of any vertex in L(B,) is 2 except the
initial and terminal vertices.

Here, D' is the inverse two-out degree equitable dominating set. It is found that the induced sub graph <V —
D' > is disconnected. Therefore D'is the minimum inverse split two-out degree equitable dominating set.

n
Hence,y 200 [L(B)] = [T—‘ -1 forn > 5.

Observation 2.5

For the Line graph of By, ¥s20e[L(P)] > ¥ s20e [L(P)]-

Theorem 2.6

For the Line graph of the Cycle C,, the inverse split two-out degree equitable domination number is

n
y’SZOC [L(Cn)] = |7§—| forn > 3.
Proof

The line graph of C,, has n vertices and n edges. Each vertex is of degree 2. Here, the induced sub graph
<V — D' > isdisconnected. Therefore D’is the minimum inverse split two-out degree equitable dominating set.

n
Hence,y' 5206 [L(Cr)] = lrg—l forn = 3.

Observation 2.7
For the Line graph of Cy, ¥s20e[L(CR)] = ¥/, [L(CR)].

- ____________________________________________________________
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I1l. Main Resultson y’, _, . (G):
Inverse Non-Split Two-Out Degree Equitable Domination Numbers of the Line graphs of Some
Special Graphs
In this section, we obtained the inverse non-split two-out degree equitable domination number of the line

graphs of Gear graph, Helm graph, Wheel graph and Star graph.
Definition 3.1
Whenever Dis a dominating set of G,V — D is also a dominating set of G. Let D'V — D is dominating set of
G. Then D' is called an Inverse dominating set of G. The inverse dominating set D’ of a graph G is called an
inverse non-split two-out degree equitable dominating set if the induced sub graph < V — D’ > is connected and
if for any two verticesu, v € D’ such that |ody/(u) — odpy (V)| < 2 whereodpr(uw) = [N(v) NV —D'|.The
minimum cardinality of a minimal inverse non-split two-out degree equitable dominating set is called an inverse
non-split two-out degree equitable domination number of G and is denoted by y', , _(G).
Theorem 3.2
For the Line graph of Gear graph G,, the inverse non-split two -out degree equitable domination number is :
V,nSZOe [L(Gy)] =n.
Proof
Let L(G,,) be the line graph of G,, of order 3n. By the definition of line graph, V(L(Gn)) = E(G,,) in which the
set of vertices of L(G,,),{e;: 1 < i < n}induces a clique of order n.
Let {(ey, €5, ...€n) U (&1, €3, ...€5) U (&1, e,", ...e,"'} be the vertices in L(G,,).
Let D' = {e;: 1 < i < n} be the inverse dominating set of L(G,) andV — D' = {(e;/ U ¢;"): 1 < i < n}
Now, e; € D' then odp,(e;) = |N(ei) NV -D |
fori=1,e, €D then odp,(e;) = |N(e1) nv-— D’|

= |(en" " &) n{(e/ Vef): 1< i <}

= | (en"! elni el) |

=3
If e; € D' then odp,(e;) = |N(ei) NV -—-D' | for2<i<n
| Ceiaei, e N {(e/ Uef):1 < i <m}|

| (ei—lni ei"! ell) |

Then |0le(ei) - odD,(ej)| < 2, for any e;, e; € D'. Therefore D’ is an inverse two-out degree equitable
dominating set. S0, ¥',,.[L(G,)] = nand <V — D’ > is connected.
Then D’ is the minimum inverse non-split two-out degree equitable dominating set. Hence, ¥’ 200 [L(G,)] =
n.
3.3 Observation on L(G,,):
(D¥ns20e[L(GR)] = V'ns20e[L(GR)] = 1
(iD)¥ns20e [L(GR)] + ¥ ns20e [L(GR)] = 2n
({1 ¥Vns20e [L(GRD] * ¥V ns20e [L(GR)] = n?
(iv)¥ns20e[L(G(V — D))] = 2n
(V)Y ns20e[L(G(V — D"))] = 2n
(V) Vns20e[L(Gr(V = D))] + ¥'ns20e [L(Go(V — D"))] = 4n
(Vii)ynﬂoe [L(Gn(V - D))] ' ylnSZOe [L(Gn(V - DI))] = 4n?
Theorem 3.4
For the Line graph of Helm graph H,,, the inverse non- split two -out degree equitable domination number is :
¥ ns20e[L(H )] =1
Proof
Let L(H,,) be the line graph of H,, of order 3n. Let {e; U e; U e;": 1 < i < n} be the vertex set of L(H,,).
LetD' = {e;":1 < i < n} be an inverse dominating setof L(H,)and V — D' = {(¢;’ Ue;): 1 <i <n}
Now, ¢;" € D' then odp,(e;") = |N(ei") nv-D'
fori=1,e" € D' then odp,(e;") = |N(el") ny— D’|
= |(enene) (e’ Ve): 1 <i<ni
= | (en' €1, ell) |
=3
If ;" € D' then odp,(e;") = |N(el-") NV -—-D' | for2<i<n
| Ceioreie) N {(e' Ue): 1 < i <n}
| (ei—ll e ell) |
3
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Then | odp(e;") — odp,(e") | < 2, for any e;", e;" € D'. Therefore D’ is an inverse two-out degree equitable
dominating set. So, y',,.[L(H,,)] = n and the induced sub graph< V — D’ > is connected.

Then D’ isa minimum inverse non-split two-out degree equitable dominating set. Hence, ¥ 20 [L(H,,)] = n.
3.5 Observation on L(H,):

(i)YnSZOe [L(Hn)] = ylnSZOe [L(Hn)] =n

(ii)YnSZOe [L(Hn)] + ylnSZOe [L(Hn)] =2n

(iii)ynSZOe [L(Hn)] ' ylnSZOe [L(Hn)] =n?

(iv)VnSZOe [L(Hn(V - D))] =2n

(U)y’nSZOe [L(Hn(V - D’))] =2n

(vi)ynSZOe [L(Hn(V - D))] + y’nSZOe [L(Hn(V - D’))] =4n

Vi)V ns20e [L(Hn(V - D))] : y’nSZOe [L(Hn(V - D’))] = 4n?

Theorem 3.6

For the Line graph of Wheel graph W;,, the inverse non- split two -out degree equitable domination number is :

Y nszoelL(Wn)] = lrg—l if niseven

does not exist if nisodd forn>5
Proof
Case (i) if n is even
Let L(W,) be the line graph of W, of order 2n.By the definition of the line graph, V(L(Wn)) ={e; =v;vj;1,1 <
i < n, subscripts modulon} U {e; = vv;,1 <i <n}.
Also, V(L(W,)) = 2n
Let D' = {e;: 1 < i < 2} be an inverse dominating set of L(W,) and V — D' = {(eZi—l: 1<i< g) U(ef:1<
i <n)}
Now, e,; € D' then odjyr(e,;) = [N(ey) NV — D'
fori=1,e, € D'then od,(e;) = |N(e;) NV —D'|
= |{er, es,e5, €33 N {(e1, €3, ...en_1) U (&1, €3, ... €5}
= |{e1, e3, €5, €3}l
=4,
If i =2,e, € D'then odpr(e,) = |N(e,) NV — D'|
= I{es, €5, e e} N {(er, €3, . en-1) U (e}, €, ..y}
= |{es, es, es, e}

Ifi=7,e, €D'then odyi(ey) = [N(en) NV —D'|

= |{ew en-v en e{} N {(er, €5, . q-1) U (€], €5, ey}
= |{€1, €n-1, er’l' e{}l
=4,

Then |odDr(e2i) —odD,(ezj)| <2, for any ey, e,; €ED'. SoD’ is an inverse two-out degree equitable
dominating set. It is found that the induced sub graph< V — D’ > is connected. Then D’ is the minimum inverse

n
non-split two-out degree equitable dominating set. Hence, y', , . [L(W,)] = [E—l if n is even.

Case (i) if nis odd, withn > 5
Let D' be an inverse dominating set of L(W,), if for any two vertices u,v € D' such that |odp,(w) —

odp, ()| <2,
Here, odp(u) = [IN(u) NV — D’|
=4
odp(v) = [Nw) NV —D’|
=n+1

(i.e)| odp, () — odp,(v) | # 2. This shows that L(W,) is a graph withn > 5 (if nis odd) is does not satisfy
the two-out degree equitable domination condition.
Observation 3.7

. n
For the Line graph of Wy, Ynsz0e [L(W3)] = y,nSZOe [LW)] = lrg—l
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Theorem3.8
For the line graph of Star graph K; ,,, the inverse non- split two -out degree equitable domination number is :

y'nSZOe[L(Kl’n)] =2 forn>4.
Proof
The line graph of K, is of order n and L(Kl_n) is a complete graph. Let D' = {v;, v,} be an inverse

dominating set of L(K,,,) and V — D’ = {v;, v, Vs, Vg ... U}
Now, v5 € D' then odp,/(vs) = |[N(v3) NV — D'|

= [{vy, V2, Vs ... U} N {Vy, V5, Vg, Vg ... U}

= |{U1v U2, Vs ... Un}l

=n-2
Similarly, od,r(v,) = n — 2. Then |odpr (v3) — odpr(v,)| < 2 for any v4, v, € D'. SoD’ is an inverse two-out
degree equitable dominating set and the induced sub graph < V — D’ > is connected. Then D' is the minimum
inverse non-split two-out degree equitable dominating set. Hence, ', _[L(Ky,)] =2 forn> 4.
Observation 3.9

For the Line graph of K ,, ¥ns20e[L(Kin)| = V' ep0e [L(Kin)]

IVV. Conclusion
In this paper, we introduced the concept of inverse split (non-split) two-out degree equitable domination number
of the line graphs of some standard graphs. Also their relationships with other domination parameters are
discussed. We further extended this study on the Line graphs of some more special classes of graphs.
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