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I. Introduction 

Let M
~

 be a (2n +1) dimensional manifold it is said to be δ – almost contact metric manifold if it admits a (1, 1) 

tensor field J, a structure tensor field U, a 1-form u and a Riemannian metric g such that M
~

satisfy the following 

conditions :- 

  UuIJ 2  , 1)U(u  , 0)U(J  , 0Jou                                                      (1.1) 

  u(Y)u(X)δY),(Xg)JY,(JXg                                                                          (1.2) 

 U),Xg(δu(X)             δ-U),Ug(                                                                    (1.3) 

  JY),(Xg)Y,(JXg                                                                                               (1.4) 

for all M
~

TY,X    where δ is such that 1δ2     

The above structure ( J ,U,u,g , δ ) on M
~

 is called the δ –Lorentzian Structure on M
~

.   

A δ –Lorentzian manifold with structure ( J ,U ,u , g , δ )  is said to be δ –Lorentzian trans-sasakian manifold 

M
~

 of type )β,α(  if it satisfies the condition  

JX}u(Y)δ-Y)U,(JXg{βX}u(Y)δ-)UY,(X{gαJ)Y
~

( X                             (1.5) 

for any vector fields X and Y on M
~

 where
~

is the operator of covariant differentiation with respect to g. 

Therefore we have   

u(X)U)X(βαJXδ(U
~

X  )                                                                      (1.6) 

and u(Y)}u(X)δY),(Xg{β)Y,(JXgαu)Y
~

( X                                          (1.7) 

Let M be an m- dimensional submanifold of M
~

with the vector field U of M
~

 be tangent to M and {U} be the 

1-dimensional distribution spanned by U on M and  }U{ 
 be the complementary orthogonal distribution to 

{U} in TM .  

For any TMX  , we have 0JU),(Xg)U,(JXg    

Then Put CXBXJX                                                                                     (1.8) 
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Where }{UBX   i.e.  TMBX   and  
 TMCX   

Therefore B is an endomorphism of the tangent bundle TM and C is a normal Bundle valued 1-form on M 

                     TMTM:B     

                     
 TMTM:C    

For each Mx , we define the following subspaces 

   0}  )C(X;}U{{XD xxx  
 (1.9) 

  0}  )B(X;}U{{XD xxx  
 (1.10) 

 D = Ker C 

  BKer D 
 

here 
xD and  



xD  are two orthogonal subspaces of the tangent space TxM . 

Therefore we have 

 0)CY,(BXg)JY,(JXg)Y,(Xg xxxxxx    

 for any 
xx DX    and  

 xx DY  

 

II.  Almost semi-invariant submanifold of a δ -Lorentzian Trans-Sasakian manifold 

Definition: A submanifold M of a δ –Lorentzian trans-sasakian manifold M
~

 is called an almost semi-invariant 

submanifold if its tangent bundle admits the orthogonal distributions 

                               }U{D
~

DD  TM  
        

Where 

(i)  The distribution D is maximal invariant distribution of J on M that is , 

  
xx D)DJ(   for each  xM 

    i.e. MTDx:D xx    

(ii) The Distribution 
D  is maximal anti-invariant distribution of J on M , that is,                               

      
  MT)DJ( xx   for each xM 

     where 
MTx  is the normal space to M at x. MTDx:D xx  

 

(iii) D
~

 is neither invariant nor an anti invariant distribution on M 

      i.e. 0BXx   and 0CXx   for any xM and XxDx 

      D
~

 is the complementary orthogonal distribution to }U{DD  
 in TM. 

(iv)  {U} is the 1–dimensional distribution spanned by the structure vector fields U. 

The particular cases of almost semi-invariant submanifold are- 

  a) Semi-invariant submanifold when dim D
~

= 0 

  b) Invariant submanifold when dim D
~

= 0 , dim
D  = 0 

  c) Anti-invariant submanifold when dim D = 0, dim D
~

  = 0 

Let M be an almost semi-invariant submanifold of the δ –Lorentzian trans-sasakian   manifold M
~

. We denote 

by g both Riemannian metric on M
~

and M. 

The Projection morphism of TM to the distribution D, 
D and D

~
are denoted respectively by P, Q, and L then, 

for each TMX    , we have 

  U)X(uLX  QX PXX              (2.1) 

where   U),(Xgδu(X)   

Now we take D
~

X   and note that BXx  0 and CXx  0 

Thus C defines a vector subbundle  

                
 TMD

~
Cx:D

~
C x

 ,   of 
TM   

Also we have 
xx D

~
D
~

B  and }0{D
~

CD
~

xx                                                            (2.2)  

for each x M 
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Hence B is an automorphism of D
~

. 

For any 
 TMN , we put 

   FNRNJN      (2.3)  

Where RN is the tangential part of JN and FN is the normal part of JN 

  i.e. R :  
TM   TM 

   F :  
TM   

TM  

We also have 0)D
~

C,(JDg 
            (2.4) 

So that ,  g (JX, CY) = g(JX, JY) = g (X, Y) = 0      (2.5) 

for all 
 D X  & D

~
Y   

Therefore vector subbundle J
D  is orthogonal to D

~
C . 

Next, we denote by v the orthogonal complementary vector bundle to D
~

CJD 
 in 

TM . Therefore we 

have the orthogonal decomposition of 
TM  as 

    vD
~

CJD  TM  
 (2.6) 

Theorem(2.1): The morphism R and F satisfy 

  D
~

D  )TMR(  
 (2.7) 

             
  D  )JDR(  (2.8) 

  D
~

  )D
~

CR(    (2.9) 

  D
~

C  )D
~

CF(   (2.10) 

Proof:  Let 
 TMN  then 

 g (RN, X)  = g (JN – FN, X) 

        = g (JN, X ) – g (FN, X) 

        = g(JN, X) 

        = g (N, JX) 

        = 0              where DX   

 g (RN, X) = 0    DX   

       g (RN, U) =  g(JN – FN, U) 

            )U,(FNg)U,g(JN    

            )U,g(JN  

            )JU,g(N   

                                = 0  

  D
~

D RN  
 

Hence (2.7) exist 

Next, for each 
 DX  so that 

 DJJX   

Therefore using (1.1) and (2.3) we have 

  X = J2X = J (JX) 

    = R(JX) + F(JX) 

                                 = R(JX) 

 Therefore 
 D)DJR(    

  Hence (2.8) exist. 

By direct computation we have 

  Rv = {0} and  D
~

)D
~

CR(          (2.11) 

Now, By using (2.8) and first equality from (2.11), we obtain 

        )D
~

R(CD)TMR(  
     (2.12) 

from (2.12) and (2.7) taking account of the second relation from (2.11) we get (2.9). 

Now,(2.10) follows by using (2.9) and taking account that D
~

is not anti-invariant by J. 



Mayank et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, 23(1), June-August, 2018, 

pp. 232-241 

AIJRSTEM 18-341; © 2018, AIJRSTEM All Rights Reserved                                                                                                              Page 235 

Theorem(2.2): Let M be an almost semi-invariant submanifold of the δ –Lorentzian trans-sasakian 

manifold M
~

. Then the endomorphism B : TM  TM satisfies 0BB3   if and only if M is a semi-invariant 

submanifold.                      (2.13) 

Proof: Firstly notice that (B3 – B) X = 0 for any }U{DD X  
  

Now, since B is an automorphism of D
~

 

    xx D
~

D
~

B       

We see that 

  }0{D
~

B)(B3   if and only if 

             }0{D
~

I)(B2   (2.14) 

Applying J to (1.8) and using (1.8), (2.3) and  (1.1)  

We get                  X =  XJ 2
           for  DX   

   = )(JXJ    

   = J (BX + CX) 

   = JBX + JCX 

   = B (BX) + C(BX) + R(CX) + F(CX) 

   = B2X + C(BX) + R(CX) + F(CX) 

equating tangential part in the above equation 

  X = B2X + R(CX) 

  (B2 – I)X = - RCX 

  (B2 – I)X = {0}          D
~

X   

If and only if  R(CX) = {0}    D
~

X    

                   }0{)D
~

R(C    

Finally from (2.9)   D
~

= {0} 

Hence the submanifold is semi-invariant submainfold.  

Theorem (2.3): Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-sasakian  

manifold M
~

.Then M is a semi-invariant submanifold if and only if we have 0FF3                                                                                        

(2.15)  

Proof: We see that equation (2.15) exist for )v(JDN  
   

if we take )(JDN   ,that is , 
 DN1  

                                             
 DJΓNNJ 1   

                                             FNRNJNNJ 1

2             ( using equation (2.3) ) 

                                              FNRNN1                       (using equation (1.1) )        

equating tangential and normal part  

                       RNN1      ,    0FN      

Therefore for  )(JDN  we have  FN = 0 

if vN    that is )(JDN   and   )D
~

(CN    

we have  FNNJ         (using equation (2.3)) 

By equation (2.10) F is an automorphism on D
~

C .Hence {0})D
~

(CF)(F3    if and only if we have  

{0})D
~

(CI)(F2          

By equation (1.8) and (2.3) for D
~

X      

FCXRCXJCX    

J(FCX)J(RCX)CXJ2      

CXFR(FCX)C(RCX)B(RCX)CX 2  
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Therefore equation {0})D
~

(CI)(F2  is equivalent to {0})D
~

(CCR   which implies that  {0})D
~

(CR   

By (2.9) {0}D
~
     

Hence submanifold is a semi-invariant  submanifold         

Theorem(2.4) : Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-sasakian manifold 

M
~

. Then we have 

 UX)(uXX)RC(B2       ;   (CB + FC) X = 0 (2.16) 

  (BR + RF) N = 0                      ;   (F2 – I + CR) N = 0 (2.17) 

 (F3 – F + CRF)N = 0   (2.18) 

 (B3 – B + RCB) X = 0   (2.19) 

 for any TMX   and  
 TMN  

Proof: Using (1.1), (1.8) and (2.3) for  TMX   

      XJUX)(uX 2   

                  = J (JX)  

                  = J (BX + CX)  

                            = JBX + JCX 

                            = B(BX) + C(BX) + R(CX) + F(CX)  

                            = B2X + C(BX) + R(CX) + F(CX) 

Equating tangential and normal part 

               UX)(uXX)RC(B2    

                (CB + FC) X = 0    

Hence (2.16 ) exist. 

Now, for 
 TMN   using (1.1), (1.8) & (2.3) 

 NJUN)(uN 2                  

   
 TM  N         0)N(u    

                    N = J2 N 

                       = J(JN) 

          N = J (RN + FN) 

    = JRN + JFN 

    = B(RN) + C(RN) + R(FN) + F(FN) 

    = B(RN) + C (RN) + R (FN) + F2N 

 Equating tangential and Normal part 

       (BR + RF) N = 0 

       (CR + F2) N = N 

             (CR + F2 – I) N = 0 

       (F2 – I + CR) N = 0 

 Hence (2.17) exist.  

For (2.18) use (2.17) and we can prove it easily 

For (2.19) use (2.16) and we can also prove it easily. 

The operator of covariant differentiation with respect to the induced connections on M
~

 (resp. M ) will be 

denoted by 
~

(resp. ) .The linear connection induced by 
~

 on the normal bundle
TM    is denoted by 

 .Then Gauss and Weingarten equation are                             

                                         Y)(X,hYY
~

XX                                                       (2.20)         

                                  NXAN
~

XNX

                                                              (2.21) 

for all TMYX,     and 
 TMN  ,where h is the second fundamental form of  M and NA  is the 

fundamental tensor of  Weingarten with respect to the normal section N So that XA- N  and NX

 are the 

tangential part and normal part of N
~

X respectively. 

These tensor fields are related by        

                                            Y),XA(g)N,Y)h(X,(g N                                          (2.22)     
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for all  TMYX,    and  
 TMN   

Lemma (3.1): Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-sasakian  manifold 

M
~

.Then we have  

                                           XAYA JYJX     for all  
 DYX,                              (2.23)      

Proof: From equation (1.1) ,(1.5), (2.20) and (2.22) for 
 DYX,  & TMZ    

)JX,Z)h(Y,(g)Z,YA(g JX      

                     )JX,YY
~

(g ZZ        

                     )JX,Y(g- )JX,Y
~

(g zZ     

                      )JX,Y
~

(g Z                              
 DΓY,X   

                      )X,Y
~

J(g Z    

                     )X,JZ}u(Y)δ-Y)U,(JZg{βZ}u(Y)δ-)UY,(Z{gαJY
~

(g Z    

                     
)X,JZg(u(Y)δβX),Ug(Y),(JZgβ

X),Zg( u(Y)δα)X,Ug()Y,(Zgα)X,JY
~

(g Z




   

                      )X,JY
~

(g Z    

                      )X
~

,JY(g Z    

                      )JY,X
~

(g Z    

                     )JY,Z),h(X(g   

)Z,XA(g- JY             for  
 DYX,   ,  TMZ                             XAYA JYJX   

Lemma(3.2): Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-Sasakian 

manifold M
~

.Then we have 

 XβδJXαδUX      ,   0) U,X(h    for any  DX                                   (2.24)     

XβδUX                   ,   JXαδ) U,X(h      for any  
 DX                    (2.25)    

XβδBXαδUX       ,   CXαδ) U,X(h    for any   D
~

X                    (2.26)  

0UU                            ,   0) U,U(h                                                                     (2.27)   

Proof : By using   (1.8) , (2.1) ,(2.20) in (1.6)  

           we obtain for  TMX    

 u(X)U)X(βαJXδ(U
~

X   

 u(X)U)X(βαJXδ U),X(h UX      

                                u(X)UβδXβδ)Uu(X)LXQXPXJ(αδ     

                                 u(X)UβδXβδ)JLXJQXPX(Jαδ    

                                 u(X)UβδXβδ)CLXBLXJQXPX(Jαδ       

                                 u(X)UβδXβδCLXαδBLXδαJQXαδPXJαδ      

                                 
u(X)UβδU)u(X)LXQXPX(βδ

CLXαδBLXδαJQXαδPXJαδ




      

                                  
u(X)Uβδ2LXδβQXβδPXβδ

CLXαδBLXδαJQXαδPXJαδ




                                (2.28) 

Equation (2.24)  -  (2.27) are follows from (2.28) Now we denote  

XA-XABLYJPYY) ,X( 'u CLYJQYXX                                                         (2.29) 

For any  TMYX,  .    
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Lemma (3.3): Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-Sasakian  manifold 

M
~

.Then we have 

u(Y)JPXβδPXu(Y)αδY)P(J)Y)X,('(uP X                                                     (2.30)   

QXu(Y)αδ)Y),Xh(QR()Y)X,('(uQ                                                                     (2.31)                  

u(Y)BLXβδLXu(Y)αδY))(X,hR(LY)(LB)Y)X,('(uL X                   (2.32) 

Y)U,(JXgβ)u(X)u(Y)αδY),Xg(α()Y)X,('(uu                                             (2.33)             

u(Y)CLXβδJQXu(Y)βδ

Y)X,h((FYCLYQJCLYJQYBLY),X(hJPY)(X,h XXXX



 

 

                                                                                                                                (2.34) Proof :- By using the 

decomposition  (1.8) , (2.1), (2.3) and (2.20) ,(2.21) ,(1.2) ,(1.4) in equation (1.5) ,we obtain 

XA-XABLYJPY CLYJQYXX  CLYJQYBLY),X(hJPY)(X,h XX

     

Y)X,(hFY)X,h(RY)(CLY)(BLY)(JQY)P(J XXXX   

}Uu(X)u(Y)δLXu(Y)δQXu(Y)δPXu(Y)δ Y)U,Xg(α{     

}CLXu(Y)δBLXu(Y)δJQXu(Y)δJPXu(Y)δY)U,(JXg{β   

Then equation (2.30) – (2.34) are obtained by taking the components on each of the vector bundle D , 

{U},D
~

,D
  and 

TM  respectively. 

Lemma (3.4): Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-Sasakian  manifold 

M
~

.Then we have 

  DΓ'UU              for any   DΓ'U                                                                (2.35) 

  
 DΓ'VU           for any   

 DΓ'V                                                             (2.36)            

   D
~

Γ'WU             for any   D
~

Γ'W                                                               (2.37)   

Proof: From (2.29) put   D'UY,UX    

UA-UA'BLU'JPU)' U,U( 'u 'CLU'JQUUU   

'JPU)' U,U( 'u U   

therefore from equation (2.31) ,by putting D'UY,UX    we get  

QU)'u(Uαδ)'U,Uh(QR))'UU,('(uQ   

)'U,Uh(QR)'JPU(Q U    

                     0                                                 ( using equation 2.24 ) 

0)'JU(Q U    

from (2.34) and using (2.24) and above equation  

)CLU'u(UβδJQU)'u(Uβδ

)'UU,h(F' UCL'UQJ'CLU'JQU)'BLU,U(h)'JPU(U,h UUUU



 

 

0)'U(CL U   

from equation (2.27) 

0)U,'(Ug)U,'U(g UU    

Since C is an isomorphism of D
~

to D
~

C  and J is an isomorphism of  D .Therefore from the above three results 

we have  

      DΓ'UU            for any  DΓ'U    

Similarly we can show other two results (2.36) and (2.37) . 

From Lemmas (3.2) and (3.4)   we obtain  

Lemma(3.5):  Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-Sasakian  manifold 

M
~

 .Therefore 

  DΓ]U,X[                  for every  DΓX                                                           (2.38) 
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 DΓ]U,Y[               for every   

 DΓY                                                        (2.39) 

  D
~

Γ]U,Z[                   for every   D
~

ΓZ                                                          (2.40) 

 

III. Integrability of some distributions on an almost semi-invariant submanifold of δ -Lorntzian 

Trans-Sasakian Manifold 

 Theorem (3.1): Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-Sasakian  manifold  

M
~

then the distribution D is integrable if and only if           )JXY,(h )JYX,(h         for any  

DΓY,X                                      (3.1) 

 Proof: Using equation (2.24)  

 )U,XY(g)U,Y][X,(g YX    

                      U),X(g)U,Y(g YX    

                      )U,X(g)U,Y (g YX      

                      δβY)αJYδ,X(g)δβXαJXδ,Y (g      

                      Y),Xg(δβ)JYX,g( αδX) ,Y(gβδ)JX,Y (gδα            

                      Y),Xg(δβ)YJX,g( αδY) ,X(gβδ)JX,Y (gδα      

                      )JXY,g( αδ)JX,Y (gδα     

                      0     for any DΓY,X   

Now from  (2.34) 

Y), (XFh)YCL()Y(JQ)JYX,(h XX    for any  DΓY,X   

 Similarly 

 X), (YFh)XCL()X(JQ)JXY,(h YY     for any  DΓY,X   

Hence 

}X)Y,(h-Y), (X{hF)X-YCL()X-Y(JQ)JX,Y(h-)JYX,(h YXYX                                                                                                 

)]Y,X[CL(] Y , X[JQ          for  any  DΓY,X                                          (3.2) 

hence by (3.1)  D is integrable. 

Corollary (3.1): The distribution } U{D  is integrable if and only if  )JXY,(h )JYX,(h  is satisfied. 

Proof: In view of theorem (3.1) and equation (2.38) ,we can prove the above result. 

Theorem (3.2): The Distribution 
D  is not integrable. 

Proof : By using (2.25) for any  
 DΓY,X      

 )U,XY(g)U,Y][X,(g YX      

                       U),X(g)U,Y(g YX      

                       )U,X(g)U,Y (g YX    

                       δβY),X(g)δβX,Y (g    

                       Y),Xg(δβX) ,Y(gβδ      

                       Y),Xg(δβY) ,X(gβδ    

                       0    

Now from (2.29) for all 
 DΓY,X    

 YAY) ,X( 'u JX      

Apply J to (2.30) and (1.1)  

Y)(PJX)AJP( X

2

JY     

                     U)Y)( P(uY)(P XX   

                     Y)(P X   

 Y)(P X X)AJP( JY   

 Similarly   X)(P Y Y)AJP( JX  
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)YAXA(JPX)Y(P JXJYYX       

)YAXA(JP]Y,X[P JXJY    

  for any 
 DΓY,X   

But from Lemma (3.1)  

)YA(JP2]Y,X[P JX   

Therefore  
D  is not integrable. 

 Corollary (3.2): The distribution } U{D 
is not integrable. 

Proof: In view of theorem (3.2) and equation (2.39) we can prove the above result. 

Theorem (3.3): Let M be an almost semi-invariant submanifold of the δ -Lorentzian Trans-Sasakian  manifold 

M
~

 with 0D
~

 dim  .Then we have 2D
~

 dim   but the distribution D
~

is integrable. 

 Proof: Let there exist TMΓX   such that D
~

ΓX   then 0) JX,X ( g) BX, X(g   which together 

with (2.2) implies  2D
~

 dim   

Now take  D
~

ΓY,X  and by using (2.26)  

)U,XY(g)U,Y][X,(g YX   

                      U),X(g)U,Y(g YX        

                      )U,X(g)U,Y (g YX      

                      δβY)BYαδ,X(g)δβXBXαδ,Y (g    

                      Y),Xg(δβ)BYX,g( αδX) ,Y(gβδ)BX,Y (gδα        

                       )YBX,g( αδ)BX,Y (gδα    

                       0   

Therefore the distribution  D
~

 is integrable. 

Corollary(3.3) : The distribution  } U{D
~
  is integrable. 

Proof : By theorem (3.3) and equation (2.40) we can prove the above result . 

Theorem(3.4) : Let M be an almost semi-invariant submanifold of the δ  -Lorentzian Trans-Sasakian  manifold 

M
~

 then the distribution } U{D
~

D 
 is integrable if and only if   

 ){U}D
~

(DΓXA-YABLXBLY CYCXXX  
 

for any }) U{D
~

(DΓYX,  
  

Proof : Take }) U{D
~

(DΓX  
 in Equation (2.29) ,that is,  

XA-XABLYY) ,X( 'u CLYJQYX     

Now applying J to (2.30) we get 

)Y(P)XA-XABLY(JP XCLYJQYX   

 for any }) U{D
~

(DΓYX,  
 

Similarly  

)X(P)YA-YABLX(JP YCLXJQXY   

Therefore 

X)AXA-YAYABLXBLY(JP)X - Y(P CLYJQYCLXJQXYXYX   

Since  Y = QY + LY + u(Y) U  

So applying  J, we get  CY = JQY + CLY  

X)AXA-YAYABLXBLY(JP)]YX,[(P CLYJQYCLXJQXYX   

                 X)AYABLXBLY(JP CYCXYX    

For any }) U{D
~

(DΓYX,  
  

Hence proof follows from the above equation. 
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Theorem(3.5): Let M be an almost semi-invariant submanifold of the δ  -Lorentzian Trans-Sasakian  

manifold M
~

  then the distribution } U{DD  
  is integrable if and only if 

      ){U}D(DΓXA-YAJPXJPY JQYJQXYX  
      

For any  }) U{D(DΓYX,  
 

Proof: from equation (2.32) we get for  }) U{D(DΓYX,  
  

Y),(XLRh)Y(BL }XAJPYL{ XJQYX    

}Y),(XRhXAJPYL{Y)(BL JQYXX   

Similarly 

}X),(YRhYAJPXL{X)(BL JQXYY 

}Y),(XRh-X),YRh(XAYAJPXJPYL{X)-Y(BL JQYJQXYXYX   

}XAYAJPXJPYL{])Y,X[(BL JQYJQXYX   

For any }) U{D(DΓYX,  
 

from the above equation theorem is proved as B is an automorphism of D
~
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