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I. Introduction 

  Let G be a simple, finite, connected and undirected graph with vertex set V(G)={v1,v2,…….vn} and edges E(G) 

= {e1,e2,……em}. Let A(G) and D(G) be the adjacency matrix and the diagonal matrix with the  vertex degrees of 

the graph G on the diagonal respectively. The matrices L(G) = D(G) − A(G) and L+(G) = D(G) + A(G) are the 

signlesslaplacian matrices of the graph G. For more results on the spectral properties of signlesslaplacian matrix, 

one may refer to [1],[2],[3],[4],[5],[6],[7]. Let {µ1,µ2,........µn} be the signlesseigen values of the graph G. 

The signlesslaplacian energy [8] of the graph G is defined as LE+(G)=

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      A colouring of a graph G is an assignment of  colours to its vertices such that no two adjacent  vertices share 

the same colour. The minimum number of colours needed for the colouring of a graph G is called the chromatic 

number of G and is denoted by χ(G). Let G be a coloured graph. The entries of the colour adjacency matrix AC(G) 

are as follows: If C(vi) is the colour of vertex vi , then 

 

aij  =   {

1, if vi and vj are adjacent with C(vi) ≠ C(vj) 

−1, if vi and vj are non adjacent with C(vi) = C(vj)

  0 ,    otherwise  

 

The  eigen values {λ1,λ2,.........λn} of  AC(G) are called the coloureigen values of  G. The colour energy of a graph 

denoted by EC(G) is defined as the sum of the absolute values of the coloursignlesseigen values of G, i.e., EC(G)=




n

i
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1
 .  In 2013 ,ch.Adiga , E.Sampathkumar , M.A.Sriraj and A.S.shrikanth [17],[18] have studied the energy 

of the coloured graph G. 

 

II Preliminaries 

A. Proper colouring of a graph 

        A proper colouring of a graph is an assignment of colours to the vertices of the graph so that no two adjacent 

vertices have the same colour. 

 

B.Complete graph 

         A complete graph is a graph in which each pair of graph vertices is connected by an edge. The assignment 

of colours to the vertices of the complete graph are different to each other.  A complete graph kn of n vertices 

requires n colours. So the chromatic number of the complete graph kn is n. 

Abstract: Let G be a simple, finite, connected and undirected graph of order n and size m. Let λ1, λ2,...,λn be the 

eigenvalues of the colour adjacency matrix of G, and let µ1, µ2,...,µn be the eigenvalues of the colour Laplacian 

matrix. Then, the coloursignlesslaplacian energy of G is defined as LEC
+(G) =




n

i
i n

m

1

2
 , where 

2𝑚

𝑛
  is the 

average degree of the graph G. In this paper, we found the relation between colourlaplacian energy and 

coloursignlesslaplacian energy of complete graph and also attained their bounds. 
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C. Laplacian matrix 

Let G be a graph with order n and size m. The Laplacian matrix of the graph G is denoted by L = (Lij) is a square 

matrix defined by 

Lij=      {

−1, if vi and vj are adjacent  

0, if vi and vj are non adjacent 

𝑑𝑖, 𝑖𝑓 𝑣𝑖 = 𝑣𝑗

 

Where di is the degree of the vertex vi. 

D.Laplacian energy 

       Let G be a connected graph of order n with Laplacian eigenvalues 

 μ1 ≥ μ2 ≥ ··· ≥ μn-1≥ μn = 0. The Laplacian is symmetric positive semidefinite. The Laplacian energy of the graph 

G is defined as  LE(G) =

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E.Signlesslaplacian matrix 

               For a given graph ,the matrix Q = D + A is called the signlesslaplacian matrix, where A is the adjacency 

matrix  and  D is the diagonal matrix of  vertex degrees di.   

 

F.Colourlaplacian energy 

                        The colourlaplacian matrix of G is defined as LC(G) = D(G) - AC(G). The eigen values 

{µ1,µ2,........µn} of LC(G) are called colourlaplacianeigen values of the graph G. 

The colourlaplacian energy of G denoted by  LEC(G) =

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G.Coloursignlesslaplacian energy

                       Let G be a coloured graph on n vertices and m edges. We defined the coloursignlesslaplacian matrix 

of G as LC
+(G) = D(G) + AC(G).  The eigen values {µ1

+,µ2
+,........µn

+} of  LC
+(G) are called 

coloursignlesslaplacianeigen values of the graph G.  

Let G be a coloured graph of order n and size m. Then the coloursignlesslaplacian energy of G, denoted by  

LEC
+(G) = 


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H. Spectrum of G 

The set of graph eigen values of the adjacency matrix is called the spectrum of the graph. 

 

I.Colour spectrum of G 

The sum of the absolute values of the distinct coloureigen values of AC(G) areIf  μ1 >  μ2> ··· μn-1>μr,  r ≤ n  with 

their multiplicities are m1,m2,.......mr is defined as color spectrum of G is written by 

Specc(G)={
𝜇1, 𝜇2, … … . 𝜇𝑟

𝑚1, 𝑚2, … … . 𝑚𝑟
}. 

 

J.Colourlaplacian spectrum of G 

If  μ1 >  μ2> ··· μn-1>μr,  r ≤ n are the distinct colourlaplacianeigen values of coloured graph with their multiplicities 

are m1,m2,.......mr is defined as colourlaplacian spectrum of a graph G is written as  

LSpecc(G)={
𝜇1, 𝜇2, … … . 𝜇𝑟

𝑚1, 𝑚2, … … . 𝑚𝑟
} color spectrum of G. 

 

 

III Results 

A. Lemma: If {λ1, λ2……} is the  colour spectrum of a k-regular graph G, then { k – λn , k – λn-1, … k – λ1} 

is the colourlaplacian  spectrum  of G. 

 

B. Lemma:If  the  graph  G is regular, then  LEC (G) = EC (G) . 

 

C. Lemma: For n ≥ 2, the colour Laplacian Energy  of  complete graph is 2(n-1).  

 

D.  Lemma:If {λ1, λ2, . . . ,λn} is the colour spectrum of a k- regular graph G, then {k +λ1, k +λ2, . . . , k +λn} 

is the coloursignless Laplacian spectrum of G. 
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IV  Relation between colourlaplacian energy and coloursignlesslaplacian energy of a complete graph.  

 Each  vertex colour of a complete graph are different because they are adjacent with each other, so the chromatic 

number of complete graph is n. Consider complete graph K5 which is given below:   

 

 
Fig(i)  G=K5 

 

The colourlaplacian matrix of k5 is as follows: 

 

                                4    -1   -1   -1    -1 

                               -1     4   -1   -1   -1 

LC(k5) =       -1    -1     4   -1   -1 

                               -1    -1    -1    4   -1 

                               -1    -1     -1   -1    4 

 

 

 

The characteristic equation is 𝜇(µ − 5)5 = 0. 
The eigen values of k5 are 0, 5, 5, 5, 5,5.  

The coloursignlesslaplacian matrix for complete graph K5 is 

 

 

 

                                    4     1    1    1    1 

                                    1    4     1    1    1  

          LC
+(k5)  =          1    1     4    1    1 

                                    1    1     1    4    1 

                                    1    1     1    1    4 

 

 

 

The Characteristic equation is (µ-3)4(µ-8)=0 

The eigen values are  µ+ = 3(4 times),  µ+  = 8 

consider the following graph K6 :   

 

 
                                                     Fig(ii) G=k6 
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The colourlaplacian matrix of k6 as follows : 

 

                                  5    -1   -1   -1   -1   -1 

                                 -1    5    -1   -1   -1   -1 

LC(k6)  =              -1   -1    5    -1   -1   -1 
 

                                 -1   -1   -1    5    -1   -1  

                                 -1   -1   -1   -1     5   -1 

                                 -1   -1   -1   -1    -1    5 

 

The characteristic equation is 𝜇(𝜇 − 6)5=0 

The eigen values are 0, 6, 6, 6, 6, 6 

The coloursignlesslaplacian matrix of k6 is as follows : 

 

                               5    1    1    1    1    1 

                               1    5    1    1    1    1 

  LC
+(k6)      =         1    1    5    1    1    1 

                               1    1    1    5    1    1 

                               1    1    1    1    5    1 

                               1    1    1    1    1    5 

 

 

 

The Characteristic equation is  (µ - 4)5 (µ -10) = 0 

The eigen values are µ = 4 (5 times), µ=10 

Continuing the above process, the colourlaplacian matrix of complete  graphkn is 

 

n-1    -1    -1   ..............  -1 

-1     n-1   -1   ..............  -1   

                             -1      -1    n-1  .............  -1 

LC(kn)    =             ..................................... 

                              .......................................    

                             -1    -1      -1   .............   n-1 

 

 

The characteristic equation is  is𝜇(𝜇 − 𝑛)𝑛−1= 0. 

The eigen values are  0, n (n-1) times 

The signlesscolourlaplacian matrix of complete graph kn is as follows : 

 

 

n-1    1     1   ..............   1 

1     n-1   1   ..............   1   

                             1      1     n-1  .............  1 

LC
+(k6)    =            ..................................... 

                              .......................................    

                             1      1      1   .............   n-1 

 

 

The characteristic equation is (µ - (n-1))n-1 (µ - 2(n-1)) = 0 

The eigen values are  [n-1](n-1) times, 2(n-1)   

Hence the average degree of complete graph is  n-1. 

The Colour Laplacian Energy of complete graph is 

LC(kn)  =|0 − (𝑛 − 1)| + |𝑛 − (𝑛 − 1)|(𝑛 − 1) 

=  n-1 + n-1 

=  2n - 2 

                = 2(n - 1).  

LC
+(kn) = |(𝑛 − 2) − (𝑛 − 1)|(𝑛 − 1) + |2𝑛 − 2 − (𝑛 − 1)| 

=  n-1+ n-1 
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=  2n – 2 

=  2(n – 1). 

Thus, the colour Laplacian Energy and signless color Laplacian Energy of the complete graph kn are the  same 

and it is equal to 2(n-1). 

 

V. Bounds for colour energy of graphs: 
In this section, we presented some new bounds for the colour energy of a graph interms of Zagreb index Zg(G), 

laplacian energy LE(G) and the signlesslaplacian energy LE+(G). 

 

 

Bounds for colour energy interms of zagreb index: 

               For a graph G of order n and size m having di as the degree of the ith vertex  

 We know that  ∑ 𝑑𝑖 = 2𝑚𝑖=1
𝑛      (1) 

then Zagreb index is  

𝑍𝑔(𝐺) = ∑ 𝑑𝑖
2𝑖=1

𝑛       (2) 

 

Bounds for colour energy interms of laplacian energy and signlesslaplacian energy: 

            In this section, we presented some bounds for colour energy interms of laplacian energy and the 

signlesslaplacian energy. The following results proved by Abreuetal.(see [1]). 

 

                       LE+(G)≤ 𝐸(𝐺) + √𝑛𝑍𝑔(𝐺) − 4𝑚2        (3) 

|𝐿𝐸+(𝐺) − 𝐿𝐸(𝐺)| ≤ 2𝐸(𝐺)     (4) 

 

5.1 Theorem 

              Let G be a graph with n order and size m. Let 𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑛 be the absolute colour laplacian 

eigen values of G. If 𝜎1 is repeated (n-1) times then 

𝜎1 ≤
1

𝑛−1
(√2 (

𝑛−1

2
) + ∑ (𝑑𝑖(𝐺))22(𝑛 − 1)𝑛

𝑖=1 − ∑ 𝜎𝑖
2(𝑛−1)
𝑖=2 )n≠ 1 

 

 

Proof: 

            Here we compare the absolute colourlaplacianeigen values of G with the absolute eigen values of the graph 

H=(⋃ (𝑛 − 1)
(𝑛,

𝑛−1

2
)𝑛−1 ). 

           Select n and 
𝑛−1

2
 such that n=(n-1)[n+(

𝑛−1

2
)]. The number of vertices of H is n and the number of edges 

is (n-1)(n)(
𝑛−1

𝑛
). Its absolute values of eigen values spectrum is  

(
√

𝑛(𝑛−1)

2
0

2(𝑛 − 1) (𝑛 − (𝑛 − 1))

)  

By Cauchy’s Schwarz inequality , 

𝜎1√
𝑛(𝑛−1)

2
+ ⋯ + 𝜎𝑛−1√

𝑛(𝑛−1)

2
+ 𝜎𝑛√

𝑛(𝑛−1)

2
+ ⋯ + 𝜎2(𝑛−1)√

𝑛(𝑛−1)

2
+ 𝜎2𝑛−1(0) … +𝜎𝑛(0) ≤

                                                                                         √2𝑚 + ∑ (𝑑𝑖(𝐺))2)2(𝑛 − 1)(𝑛)(
𝑛−1

2
)𝑛

𝑖=1   

But 𝜎1 = 𝜎2 = ⋯ = 𝜎𝑛−1 

∴ 𝜎1(𝑛 − 1)√
𝑛(𝑛−1)

2
+ √

𝑛(𝑛−1)

2
∑ 𝜎𝑖 ≤

2(𝑛−1)
𝑖=𝑛 √2𝑚 + ∑ (𝑑𝑖(𝐺))2)2(𝑛 − 1)(𝑛)(

𝑛−1

2
)𝑛

𝑖=1   

𝜎1(𝑛 − 1) + ∑ 𝜎𝑖
2(𝑛−1)
𝑖=𝑛 ≤  √2𝑚 + ∑ (𝑑𝑖(𝐺))2)2(𝑛 − 1)𝑛

𝑖=1   

𝜎1 ≤
1

𝑛−1
√2𝑚 + ∑ (𝑑𝑖(𝐺))2)2(𝑛 − 1)𝑛

𝑖=1 − ∑ 𝜎𝑖
2(𝑛−1)
𝑖=𝑛−1   
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