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Abstract: Let G be a simple, finite, connected and undirected graph of order n and size m. Let 14, A2,...,4n be the
eigenvalues of the colour adjacency matrix of G, and let ps, Ua,...,Hn be the eigenvalues of the colour Laplacian

matrix. Then, the coloursignlesslaplacian energy of G is defined as LEc*(G) = Z _2m

i1 H, n

average degree of the graph G. In this paper, we found the relation between colourlaplacian energy and
coloursignlesslaplacian energy of complete graph and also attained their bounds.

n

2m .
,whereT is the
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I. Introduction
Let G be a simple, finite, connected and undirected graph with vertex set V(G)={v1,va,....... vn} and edges E(G)
= {eseo,...... em}p. Let A(G) and D(G) be the adjacency matrix and the diagonal matrix with the vertex degrees of
the graph G on the diagonal respectively. The matrices L(G) = D(G) — A(G) and L*(G) = D(G) + A(G) are the
signlesslaplacian matrices of the graph G. For more results on the spectral properties of signlesslaplacian matrix,
one may refer to [1],[2],[3].[4].[51.[6].[7]. Let {1,M2,........ Mn} be the signlesseigen values of the graph G.

: 2m
The signlesslaplacian energy [8] of the graph G is defined as LE*(G)= Z M
= |
A colouring of a graph G is an assignment of colours to its vertices such that no two adjacent vertices share
the same colour. The minimum number of colours needed for the colouring of a graph G is called the chromatic
number of G and is denoted by %(G). Let G be a coloured graph. The entries of the colour adjacency matrix Ac(G)
are as follows: If C(vi) is the colour of vertex v; , then

1,if v; and vj are adjacent with C(v;) # C(v;)
aj = §—1,ifv; and v; are non adjacent with C(v;) = C(v;)
0, otherwise

The eigen values {A1,Ao,......... An} of Ac(G) are called the coloureigen values of G. The colour energy of a graph
denoted by Ec(G) is defined as the sum of the absolute values of the coloursignlesseigen values of G, i.e., Ec(G)=

n

Z Vu‘ In 2013 ,ch.Adiga , E.Sampathkumar , M.A.Sriraj and A.S.shrikanth [17],[18] have studied the energy
i=1

of the coloured graph G.

Il Preliminaries
A. Proper colouring of a graph
A proper colouring of a graph is an assignment of colours to the vertices of the graph so that no two adjacent
vertices have the same colour.

B.Complete graph

A complete graph is a graph in which each pair of graph vertices is connected by an edge. The assignment
of colours to the vertices of the complete graph are different to each other. A complete graph kn of n vertices
requires n colours. So the chromatic number of the complete graph ki is n.
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C. Laplacian matrix
Let G be a graph with order n and size m. The Laplacian matrix of the graph G is denoted by L = (Lij) is a square
matrix defined by

—1,if v; and v; are adjacent
Li= 0,if v; and vj are non adjacent
dir lf Uy =V
Where di is the degree of the vertex vi.

D.Laplacian energy
Let G be a connected graph of order n with Laplacian eigenvalues

> H2 >+ > puna= pn = 0. The Laplacian is symmetric positive semidefinite. The Laplacian energy of the graph

- - n 2m
G is defined as LE(G) =z Il,l i
i n

E.Signlesslaplacian matrix
For a given graph ,the matrix Q = D + A is called the signlesslaplacian matrix, where A is the adjacency
matrix and D is the diagonal matrix of vertex degrees di.

F.Colourlaplacian energy
The colourlaplacian matrix of G is defined as Lc(G) = D(G) - Ac(G). The eigen values

{H1, 12,0 ee e Mn} of Lc(G) are called colourlaplacianeigen values of the graph G.
_ : 2m
The colourlaplacian energy of G denoted by LEc(G) = z M
= |

G.Coloursignlesslaplacian energy
Let G be a coloured graph on n vertices and m edges. We defined the coloursignlesslaplacian matrix
of G as Lc"(G) = D(G) + Ac(G). The eigen values {ui*,p2t,........ U} of  Lc*(G) are called
coloursignlesslaplacianeigen values of the graph G.
Let G be a coloured graph of order n and size m. Then the coloursignlesslaplacian energy of G, denoted by
: 2m
LEc (G): z 'Lli_T
H. Spectrum of G

i=1
The set of graph eigen values of the adjacency matrix is called the spectrum of the graph.

1.Colour spectrum of G
The sum of the absolute values of the distinct coloureigen values of Ac(G) arelf p1> po> -+ pnr>r, r<n with
their multiplicities are my,m;,....... m; is defined as color spectrum of G is written by
Ui, Uy oo e Uy
SpecC(G)"{ml, My, . .. mr}'

J.Colourlaplacian spectrum of G
If ui> po> - pnr>wr, r<nare the distinct colourlaplacianeigen values of coloured graph with their multiplicities
are mg,my,....... m; is defined as colourlaplacian spectrum of a graph G is written as

LSpecc(G):{Tl:lll', rlrllzz’, mrr} color spectrum of G.

A. Lemma: If {A1, Az...... } is the colour spel:rlulfnezlggsk—regular graph G, then { K — An, K—Xn1, ... k—M}
is the colourlaplacian spectrum of G.

B. Lemma:If the graph G isregular, then LEc (G) = Ec (G) .

C. Lemma: For n = 2, the colour Laplacian Energy of complete graph is 2(n-1).

D. Lemma:lf {d1, Ao, . .. A} is the colour spectrum of a k- regular graph G, then {k +i1, K +X2, . .., K +An}

is the coloursignless Laplacian spectrum of G.
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IV Relation between colourlaplacian energy and coloursignlesslaplacian energy of a complete graph.
Each vertex colour of a complete graph are different because they are adjacent with each other, so the chromatic
number of complete graph is n. Consider complete graph Kswhich is given below:

Fig(i) G=Ks

The colourlaplacian matrix of ks is as follows:

4 11 -1 1

1411 -1
Le(ksy= -1 1 4 -1 -1

4 -1 -1 4

A4 -1 -1 -1 4

The characteristic equation is u(u — 5)> = 0.
The eigen values of ks are 0, 5, 5, 5, 5,5.
The coloursignlesslaplacian matrix for complete graph Ks is

Lc'(ks) =

[ e YN
e
[ N SN
P AP REP R
AP R REpPR

The Characteristic equation is (J1-3)*(u-8)=0
The eigen values are p* = 3(4 times), u* =8
consider the following graph K :

Fig(ii) G=Ke
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The colourlaplacian matrix of ke as follows :

5 -1
15
Lc(ke) = -1 -1 5
-1 -1
-1 -1

-1 -1

The characteristic equation is (u — 6)>=0
The eigen values are 0, 6, 6, 6, 6, 6
The coloursignlesslaplacian matrix of ke is as follows :

Lc(ke) =

el oL
Y el
[ N YK ¢, RGN
N N
Ul
(3 ISy TN Y

The Characteristic equation is (U -4)°(u-10)=0
The eigen values are p = 4 (5 times), u=10
Continuing the above process, the colourlaplacian matrix of complete graphk, is

The characteristic equation is isu (i — n)™ 1=0.
The eigen values are 0, n (n-1) times
The signlesscolourlaplacian matrix of complete graph ki is as follows :

4 )

n-l 1 1 j... 1
1 nl 1 o 1
1 1 nl...... 1
Lc+(k5) = | i
1 1 1 . n-1

- _/

The characteristic equation is (4 - (n-1))™* (U - 2(n-1)) =0
The eigen values are [n-1](n-1) times, 2(n-1)

Hence the average degree of complete graph is n-1.

The Colour Laplacian Energy of complete graph is

Lekn) =l0—(n=D|+|n—(n—-1)|(n-1)

=n-l+n-1
=2n-2

=2(n-1).
Lky=l(n—2)—(n—1D|n—1)+|2n—-2—-(n—1)|
= n-1+n-1
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=2n-2

= 2(n-1).

Thus, the colour Laplacian Energy and signless color Laplacian Energy of the complete graph k, are the same
and it is equal to 2(n-1).

V. Bounds for colour energy of graphs:
In this section, we presented some new bounds for the colour energy of a graph interms of Zagreb index Z4(G),
laplacian energy LE(G) and the signlesslaplacian energy LE*(G).

Bounds for colour energy interms of zagreb index:
For a graph G of order n and size m having d; as the degree of the i vertex

We know that Y51 d; = 2m > 1)
then Zagreb index is
Zg(G) =X df —

Bounds for colour energy interms of laplacian energy and signlesslaplacian energy:
In this section, we presented some bounds for colour energy interms of laplacian energy and the
signlesslaplacian energy. The following results proved by Abreuetal.(see [1]).

LEG)< E(G) + nZy(G) —4m? ————> (3)
|ILE*(G) — LE(G)| < 2E(G) )

5.1 Theorem
Let G be a graph with n order and size m. Let 0y = 0, = -+ = 0y, be the absolute colour laplacian
eigen values of G. If gy is repeated (n-1) times then

o, < L( \/2 (55) + 2y (di(6)?2(n — 1) — 22570 0i>n¢ 1

n-1

Proof:
Here we compare the absolute colourlaplacianeigen values of G with the absolute eigen values of the graph

Hz(Un—l(n - 1)(n'nT_1))
-1 -1
Select n and nT such that n:(n-l)[n+(nT)]. The number of vertices of H is n and the number of edges
-1
is (n-l)(n)(nT). Its absolute values of eigen values spectrum is

nn-1)
— 0

2n—=1) (n—(m-1))
By Cauchy’s Schwarz inequality ,

, (n-1 ’ -1) ’ -1) ’ (n-1)
01 %) + + O-TL—I n(nz + O-Tl n(nT + + 0-2(71_1) % + O-Zn—l(o) +O—TL(0) S

\/Zm +2,(di(6)?)2(n — 1)(”)(117_1)

Butoy = 0, =+ = 0p_1
coy(n—1) MRy MDD < o+ 51 (@620 - DD
o(n—1)+3" Vg < 2m+ 37, ([d(6)H2Mm - 1)

=n

0y < ==\ 2m + S, (@, (6)D2(n — 1) - X0 Vo,
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