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I Introduction
Let A, denote the class of normalized analytic p-valent functions in the unit disk U = {z:z € C,|z| < 1} that
have the form:
f(z) =2z + Zor({\:p+1 anz". (1.1)
For functions f(z) = zP + ¥/ 11 a,2" and g(z) = zP + X7_p41 bpz™ in the class 4,, the Hardmard
Product (or convolution) is defined as follows.
(f *9)(2) = 2P + Li-pr1 anbnz", z€U (1.2)
For a;, B €C—{0,-1,-2,..,}G =1.2,..,m) the generalised  hypergeometric function
(g, ag, ..., a5 B1, Bos -, B Z) 1s defined by the series
_ (al)n(az)n (al)n i

tinGrr Gz er @i PP Bri2) = 2,8 (B B

where(a),is the Pochhamer symbol defined by
[(a+n)
(@), = W =a(a+1D@+2)..(a+n—1)forn €N

(l<m+11,meN,)

and it is 1 for n=0.
Corresponding to the function

z;fm(al' A2, .y A .811 .82' ""Bm; Z) =zP lFm(all Az, ., Ap; ,81; BZ) ...,,Bm; Z)

— © (al)n(az)n (al)n ZTl+p

= ~ B)nB2n - Bm)n n!

@ (=1 . .
We define %1 (ay, @y, ..., @y; Br, By, v B Z) by using convolution * as

g -1 —2(1—
z;fm(apaz' '"lal;.BIhBZ' "",Bm;Z) * palf rr(l )(0!1,0.’2, '"!al;ﬁlﬂ ﬁZ' ...,‘Bm;Z) = Zp(l - Z) 2(-a) )
wherea < 1.
Using this definition, we deﬁneLﬁﬁ: A, > A, as
} (-1
LY (g, gy ey €33 By, Bos o B F(2) = PSP (@, @ e 0 By By s B 2) % £ (2)

_ © (BUn—pB2)n—p-Bm)n—p n
=zP + )7 2—=2a)pn_panZ 14
Zn—p+1 (a1)n-p(@2)n—p--(@Dn-p ( )n prn ( )
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For l=m+1land a, = f;,a3 =B, ..., = B, We note that L?ﬁl(l,az, v @33 By Boy o, B f(2) =
2f (2) and Ly (2, @y e, s B Bor s B)f (@) = £(2)
On the lines of C.Selvaraj and K.R.Karthikeyan[12], we define the following generalized differential operator
D/{)';g(al, Bl):Ap g Ap by
Dﬁ’;;’(al,ﬁof(z) Limlew, Bi1f (2)
DY (@, Bf (2) = (1 = DL mlay, Bi1f (2) +5 Z(Lp Sl Bl @) (1.5)
DYy, B)f (2) = D;i;(al,ﬁl) (D22 (@, B (2))
Where geNy = N U {0}, < land 1 = 0.
If f(2)€eA,, then we have

+(n-p)AN\? (Bn—pB2n—p--BmIn-
DY@y, B (2) = 2P + iy (LE2E) Lnp Iy Brdnp (5 _ 9y g, 27 (16)

14 (@a)n-p(a2)n—p--(@Dn-p
It can be seen that, by specializing the parameters the operator D/f' 'g (a1,B1)f(z) reduces to many known and

new integral and differential operators. In particular, for p=1,l=2,m=1,a; = f;,a, =1 anda =§ it
reduces to the operator introduced by F. Al-Oboudi[1]. Further we remark that, whenp = 1,l =2,m=1,a; =
fra,=1,a= % and A = 1 the operator D} ¥ (a1, B;)f (z)reduces to the operator introduced by G.S.Salagean([1].
It can be easily Veriﬁed from (1.6) that

12 (D (s, BF (D) = PDLE* (@1, Bf () = p(1 = DL (e, OF () (1)
And

@, DY (ay, )f (2) = z(DF2 ey + L, A)F(2)) + (e — p)DY(ey + LA)F(2) (1.8)
If f and g are analytic in U, we say that f is subordinate to g, written f < g, if there exists a Schwarz function
w(z), which is analytic in U with w(0) = 0 and [w(z)| < 1, for z € U. Furthermore, if the function g is univalent
in U, then we have the following equivalence (See [3],[6],[7])

f =g f(0)=g(0),f(U) c g().
For 0 <71 <p,p €N, we know thatS;(n),K,(n) and C,are the subclasses of Aj,consisting of all analytic
functions which are respectively, p-valent starlike of order 7, p-valent convex of order 1 and p-valent close-to-
convex functions in U ([8], [10] and [13]).
Let A be the class of all functions ¢ which are analytic and univalent in U and for which ¢ (U) is convex with
#(0) = 1 and Re(¢p(2)) > 0,z € U.
Making use of the principle of subordination between analytic functions, S.R.Swami [14] introduced the
subclasses Sy (17; @), K, (1; ¢p)and C,,(n, p; p, @) of the class 4,,,0 <n <p,0 < p <pand ¢, p € A, which are
defined by

1 (zf(2)
Sp(m; ) —{fEA <f(z) n) <¢(Z).ZEIU},
1 zf"(2)
K,(n; ) ={f €A,: — 1+ 10 —-n)<¢(2),z€eU

And

1 (2f'(2) N e
Cy(n, p; ¢, ) —{fE — p( 7@ —p><<p(2).zelUW eregESp(n.d))}

Next, by using the operatorDA_‘a (aq, B1), we introduce the following subclasses of analytic functions for
P,pEAN pENGEN,, 0<n<p,0<p<p, a<landd=0.
Sy (aw, B ;) = {f € Ap: Dyl (e, B)f (2) € S5 (n; $)},
Kg’f(“p Biimi @) ={f € Ay qu(a1u81)f(z) € K(n; ¢)}
And
Cos (ar, Buin, pi b, @) = {f € Ap: DI (ar, B (2) € Cy(n, p; b, 9))}

Clearly, we observe that, for A =0,a = %,l =m+1l,a,=1 a, =01, 03 =Ly, ..., =B, We get

1 1 1
a5 N a5 as
S,oCan, B @) = Sp(n; ), K, 5 (s, Brim; @) = Kp(n; ¢) and C, 5 (ay, Br; 1, p; §, ) = Cpy (1, p; $, ).
We also note that,

f € Ky (an, i ) < Zf,# € S (ay, Buim; ) (1.10)
In particular, we set
Sy, (al.ﬂl.n. 11’;) Spv(ay, Bi;m;AB),~1<B <A<, (1.11)
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And
K% (w By o) = K (ay, B AB), ~1 S B< A< 1 (1.12)

1+Bz
In section 2, some preliminary results are mentioned. In section 3, we prove inclusion properties of above
mentioned classes and in section 4, we study inclusion properties of above classes involving generalised Libra

integral operator.

1. Preliminary Lemmas
The following lemmas will be required in our investigation.
Lemma 2.1. ([4]) Let ¢ be convex, univalent in U with ¢(0) = land Re(k¢p(2) +y) > 0, k,y € C. If p(2) is
univalent in U with p(0) = 1, then
zp (z)

PO+ D vy

< ¢(2),(z€el)
implies
p(z) < ¢(2),(z € U).
Lemma 2.2.([7]) Let ¢ be convex, univalent in U and w be analytic in Uwith Re(w(z)) = 0. If p(2) is analytic
in Uwith p(0) = ¢(0), then
p(2) + w(2)zp (2) < $(2),(z € U)

p(2) < ¢(2),(z € ).

implies

111 Inclusion Properties Involving The Operator DY’ (a4, B1)

Unless otherwise mentioned we shall assume that p € N,g €Ny, 1>0, 0<n<p,0<p<p, a<
Lay >pa,B €C—{0,—-1,-2,..,}(i=12,..,j=12,.,m).

Theorem 3.1. Letf € Ajand let ¢ € A with Re ((p - +n—p+ %) >0, Re((p - +n—p+
a;) > 0and A > 0. Then
Sy, Buims @) © Sp(ay + 1, B3;m5 )
And
S (ay, B d) € S (ay, By ).
Proof. To prove the first part of Theorem 3.1, let f € Sg"f(al, B1;m; @) and set

2D} (a1 1811 (@)

DY a1 +1.81)f ()

1
p(z) = — =1 (3.1
Where p(z) is analytic in U and U with p(0) = 1.
From (1.8) and (3.1), we get

Dﬁg(abﬁﬂf(l) P _
O P a1 ) -mpr@+n+a;—p (3.2
By using the logarithmic differentiation on both sides of (3.2), we have

1 Z(Df'g(%ﬁﬂf&))'

L = e
p-n\ D0lapr@ p() + (-3)

-mp@+n-p+ag

Applying Lemma (2.1) to equation (3.3), it will follows that p(z) < ¢(z)in U, that is
fesiiar+1,B5m; ).

To prove the second inclusion relationship asserted by the Theorem (3.1), let

f € ST (ay, Bum; d).

’

z( DY A (@1, p1)f ()
Assuming the function p(z) = N ( 2o F1B1 )

e — db i ts similar to those detailed
) TN 1 | and by using arguments similar to those detaile

above with (1.7), it follows that p(z) < ¢(z)in U, that is
f € S5 (ay, Bism; b)-
Which completes the proof of the theorem (3.1).
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Theorem 3.2. Let f € Apand let ¢ € A with Re ((p - +n—p+ %) >0, Re((p - +n—p+
al) > 0and A > 0. Then

K;f(apﬁﬂni ¢) c Kg‘f(a1 + 1,81 ¢)
And

Kﬂl‘“(% Bun;P) © K,‘i‘f(al, B ; §).
Proof. Applying (1.10) and Theorem (3.1), we conclude that

zf!
fe K;f;(apﬁﬂni ¢) = P € Sg:;(al.ﬁﬂ m¢)c ng(a1 +1,Bi5m¢)

zf' g«
< > €Sy, (e +1,B1;m¢)
efe Kgf(% +1,Bi5m¢)
a+la . 2f' _ catia . @ .
f € Kp,/l (alv ﬁlv m ¢) = ? Sp‘/l (‘Zl: ﬁl! n; ¢) c Sp‘/l (alﬂ ﬁl! n; ¢)

zf'
e € S (g, By;m; )

& f €Kl (ay, B ¢)

and

Taking ¢(z) = %, —1<B<A<1z€U, in Theorem (3.1) and Theorem (3.2), we have the following

corollary.

Corollary 3.3.Let f € A,,. Then S5 (ay, B1;m; A, B) © Spy(ay + 1, B1;m; 4, B),
STV (ay, B A, B) © S35 (ay, Bi;m; A, B),

K;f(apﬁﬂ m;A,B) K;f(a1 +1,B:;m A, B)
And K (ay, Bis 1 A, B) © K (ay, B1;m; A, B).

By using Lemma 2.2, we obtain the following inclusion relation for the class C;’f (ay, By, 05 b, @).

Theorem 3.4.Let f € Apand let ¢, ¢ € A with Re <(p -me@)+n—p+ %) > 0,Re((p—mep@)+n—p+
a;) > 0,a < land A > 0. Then

Chy(ay, Bin ps b, 0) € Cly(ay + 1,851, p5 ¢, 9)
and

ngl‘a(al' Bl; n, p; ¢l (p) c C;;I‘f(alt :81; np; ¢; (p)
Proof. We begin by proving that,

Cg‘f(all .81; np; ¢' (p) c Cg_‘)il(al + 11 .81; np; ¢; (p)
Let f € C5 (a1, Bis 1, p; &, 0)-
Then by definition, there exists a function g € SZ"Z‘ (aq, By;m; @) such that,

1 (2( D2 B @)
p—p\ Dyi(a,B)g(2)

—p | < 9(2), zeU.

'

z( DY (a1,81)f (@)
Now, let p(2) =1 ( o 1 )

— W — p |, where p(z) is analytic in U with p(0) = 1.

Using (1.8), we have
a, Df,’,f(al. B)f (2) = (a; —p) sz(‘h +1,B8)f (@) + [(p — p)p(2) + p] D,{’,f(al +1,81)9(2) (34
Differentiating (3.4) with respect to z and multiplying by z, we get

' '

@,z ( DYy, f () = (ay = p)z ( DY ey + 1, B)f (2))
+[( — pIp(2) + plz( D} (e + 1,B)g(2)) + (0 — p)zp'(z) Dy} (ay + 1,8 g(2) (3.5)
Since g € S (ay, B1;m; ¢), then by Theorem 3.1, we have g € S77 (ay + 1, B1;7m; §).
Let
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'

1 [2( D0 +1,8)9(2)

h — —
O= 0o\ T e
Applying (1.8) again, we get
a; D,f,ﬁ(%ﬁl)g(Z) =[(p —mh(2) + n+a, —p] Df,;f(al +1,B1)9(2) (3.6)
from (3.5) and (3.6), we have
Dp.q , '
1 (z( DDy B)F () AT 20'(2) eu

p=p\ Dy, p)g(2) (®—mh@@) + n+a, -p’

1

So by taking w(z) = mh@+ nrap

and applying Lemma 2.2, we can show that p < ¢, so that

f € Cg,‘)‘?(al + 1r ﬁlr n,p; d)! (p)
For the second inclusion relationship asserted by the Theorem, using arguments similar to those detailed above
with equation (1.7), we obtain

CIV (@, B, p; . 9) © Cl5 (ay, Bus . p; b, @)

V. Inclusion Properties Involving The Integral Operator F,
In this section we consider the generalised Libra integral operator F, ;(see [2],[5] and [9]), defined by
E(f)(2) = ﬂ [l (e, (¢ > —pi f € Ap). .1

Theorem 4.1.Let ¢ > —p and let ¢ € Awith Re((p —1)p(2) + 1 +¢) > 0.If f € ST (a1, By; m; )

then Fp,c(f) € Sg,il(ap .81; Uk ¢)
Proof. Let f € S5 (ay, B1;1; $) and set

2(DP A1 B (H)@)) _

00 (a1 B Fpc (N (@)

(@) == (42)

where p(2) is analytic in Uwith p(0) = 1. From (4.1), we have

2( DP9 (@ BFy e ()@)) = (c +p) D2 (a, BF(2) — ¢ D22 (s )y (F)(2) 43)
From (4.2) and (4.3), we get

Dy d@Bf(2)
€+ P) o o o~ P~ PG Tt (4.4)

Differentiating (4.4) logarithmically with respect to z, we obtain

1 Z( D)ﬁg(abﬁﬂf(l)),

(Al PVE) ) __ e
pn\ 0 %apr@ P + (4.5)

(»-mMp(2)+n+c

Applying Lemma 2.1 to (4.5), we conclude thatF, .(f) € S35 (ay, Bi;m; ¢).

Similarly applying (1.10) and Theorem 4.1, we have the following result.

Theorem 4.2. Let ¢ > —p and let ¢ € Awith Re((p — )b (2) + 1 +c) > 0. 1f f € KX (o, B1;m; d)
then Fy, () € K33 (0y, By;m; ).

From Theorem 4.1 and Theorem 4.2, we have the following corollary.

Corollary 4.3.Letf€ A,, -1 <B<A<1landc> —p.Iff€ Sg";‘(al, B1;Mm; A, B) (or Kg:g(al, Bum; d))
thenF, .(f) € ng(ahﬁzi n; A, B) (or K,?_f(“h Bi;m; d)).

Theorem 4.4. Let f € Apand let ¢, ¢ € Awith Re((p —n)p(2) + 1 +c) > 0.1ff € C5 (a;, B 1, p; b, @) then

Fp,c(f) € Cg_f(ah ﬂ/; np; ¢, (P).
Proof.Let f € Cg_f (a;, Bi;m, p; , @), then by definition, there exists a function g € SZ"; (ay, B1;m; ¢) such that,
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1 [ #(PRdnpnr@)
v\ DPianem P |9k zeU.
p-p\ Diad(a1BNg() p 0(2), z

We set,

'

1 (2(DP (e BYR(N(@))
b—p D,{g(%.ﬁ])Fp,c(g)(Z)
wherep is analytic in U and p(0) = 1. Since g € Sg";(a,,ﬁ]; 1n; ¢), we have from Theorem 4.1. that F, .(g) €
ng(apﬁﬁ ).

From (4.3) and (4.6), we obtain
(¢ +p)DY 7 (e, Bf (2) = cDy (an, BDFy ()@ + [(p — p)p(2) + pID}, (a1, B)E,c () (2).
Then by simple calculations,we get

(c +p)z (D02, B)F @) = ez (D@ B (D)

+[(p = PIP() + p)z (DL (@1, B, () (2)) + 2(p — pIp ()DL (@), BF, () (2) (47)
We have g € S35 (a;, B1;1; $).
Then by Theorem 4.1, F, .(g) € Sg‘f(al, B ).
Set

p(2) = -p

hip) = 2D @B, @)@))
@ =5\ @ sn®

-7 (4.8)

That is

Z<D§'g((x1,ﬁ1)Fp’c(‘g)(z))
0P @ By @)@ (» —mh(z2) +n.

Applying (4.3), we get
(c +p)DYi (e, Bg(2) = [(p —mh(2) + 1 + c]Dy i (a), BE,(9)(2) (4.9)
By (4.7) and (4.9), we get,
i [ #PR@nr@)
p-p\ DY@ fNg(2)

7p'(2)

—p|=p@)+ (P-mMh@)+n+c’

The remaining part of the proof is similar to that of Theorem 3.4 and so we omit it.
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