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I. Introduction 

Let 𝐴𝑝 denote the class of normalized analytic p-valent functions in the unit disk 𝕌 = {𝑧: 𝑧 ∈ ℂ, |𝑧| < 1} that 
have the form: 
𝑓(𝑧) = 𝑧𝑝 + ∑ 𝑎𝑛𝑧𝑛 .∞

𝑛=𝑝+1             (1.1) 
For functions 𝑓(𝑧) = 𝑧𝑝 + ∑ 𝑎𝑛𝑧𝑛∞

𝑛=𝑝+1  and 𝑔(𝑧) = 𝑧𝑝 + ∑ 𝑏𝑛𝑧𝑛∞
𝑛=𝑝+1  in the class 𝐴𝑝, the Hardmard 

Product (or convolution) is defined as follows. 
                             (𝑓 ∗ 𝑔)(𝑧) = 𝑧𝑝 + ∑ 𝑎𝑛𝑏𝑛𝑧𝑛,         𝑧 ∈ 𝕌∞

𝑛=𝑝+1        (1.2) 
For 𝛼𝑖, 𝛽𝑗 ∈ ℂ − {0, −1, −2, … , }(𝑗 = 1,2, … , 𝑚) the generalised hypergeometric function 

𝐹𝑚(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧)𝑙  is defined by the series 

𝐹𝑚(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧)𝑙 = ∑
(𝛼1)𝑛(𝛼2)𝑛 … (𝛼𝑙)𝑛

(𝛽1)𝑛(𝛽2)𝑛 … (𝛽𝑚)𝑛

∞

𝑛=0

𝑧𝑛

𝑛!
    (𝑙 ≤ 𝑚 + 1; 𝑙, 𝑚 ∈ ℕ0) 

where(𝑎)𝑛is the Pochhamer symbol defined by  

(𝑎)𝑛 =
⌈(𝑎 + 𝑛)

⌈(𝑎)
= 𝑎(𝑎 + 1)(𝑎 + 2) … (𝑎 + 𝑛 − 1)𝑓𝑜𝑟𝑛 ∈ ℕ 

and it is 1 for n=0.  
Corresponding to the function 

𝑓𝑚(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧) = 𝑧𝑝 𝐹𝑚(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧)𝑙𝑙
𝑝  

 

=   ∑
(𝛼1)𝑛(𝛼2)𝑛 … (𝛼𝑙)𝑛

(𝛽1)𝑛(𝛽2)𝑛 … (𝛽𝑚)𝑛

∞

𝑛=0

𝑧𝑛+𝑝

𝑛!
 

We define 𝑓𝑙
𝑝,𝛼

𝑚
(−1)(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧) by using convolution * as 

 
𝑓𝑚(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧) ∗𝑙

𝑝
𝑓𝑙

𝑝,𝛼
𝑚
(−1)(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧) = 𝑧𝑝(1 − 𝑧)−2(1−𝛼) , 

where𝛼 < 1. 
Using this definition, we define𝐿𝑙,𝑚

𝑝,𝛼
: 𝐴𝑝 → 𝐴𝑝 as 

𝐿𝑙,𝑚
𝑝,𝛼 (𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚)𝑓(𝑧) = 𝑓𝑙

𝑝,𝛼
𝑚
(−1)(𝛼1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚; 𝑧) ∗ 𝑓(𝑧) 

                                                              = 𝑧𝑝 + ∑
(𝛽1)𝑛−𝑝(𝛽2)𝑛−𝑝…(𝛽𝑚)𝑛−𝑝

(𝛼1)𝑛−𝑝(𝛼2)𝑛−𝑝…(𝛼𝑙)𝑛−𝑝

∞
𝑛=𝑝+1 (2 − 2𝛼)𝑛−𝑝𝑎𝑛𝑧𝑛                (1.4) 

Abstract: In present paper, we define a generalised differential operator and some corresponding subclasses 
of analytic functions. We discuss inclusion properties using the principle of subordination. Also inclusion 
properties of these classes involving integral operator are obtained. 
Keywords:Analytic functions, p-valent functions, differential subordinations, Hadamard product, differential 
operator, integral operator. 
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For 𝑙 = 𝑚 + 1and 𝛼2 = 𝛽1, 𝛼3 = 𝛽2, … , 𝛼𝑙 = 𝛽𝑚, we note that 𝐿𝑙,𝑚
1,0 (1, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚)𝑓(𝑧) =

𝑧𝑓 ′(𝑧)   and 𝐿𝑙,𝑚
1,0 (2, 𝛼2, … , 𝛼𝑙; 𝛽1, 𝛽2, … , 𝛽𝑚)𝑓(𝑧) = 𝑓(𝑧) 

On the lines of C.Selvaraj and K.R.Karthikeyan[12], we define the following generalized differential operator 
𝐷𝜆,𝛼

𝑝,𝑞
(𝛼1, 𝛽1): 𝐴𝑝 → 𝐴𝑝 by 

𝐷𝜆,𝛼
𝑝,0(𝛼1, 𝛽1)𝑓(𝑧) = 𝐿𝑙,𝑚

𝑝,𝛼 [𝛼1, 𝛽1]𝑓(𝑧) 

𝐷𝜆,𝛼
𝑝,1(𝛼1, 𝛽1)𝑓(𝑧) = (1 − 𝜆)𝐿𝑙,𝑚

𝑝,𝛼 [𝛼1, 𝛽1]𝑓(𝑧) +
𝜆

𝑝
𝑧(𝐿𝑙,𝑚

𝑝,𝛼 [𝛼1, 𝛽1]𝑓(𝑧))
′
                           (1.5) 

𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) = 𝐷𝜆,𝛼

𝑝,1(𝛼1, 𝛽1) (𝐷𝜆,𝛼
𝑝,𝑞−1(𝛼1, 𝛽1)𝑓(𝑧)) 

Where 𝑞𝜖ℕ0 = ℕ ∪ {0}, 𝛼 < 1and 𝜆 ≥ 0. 
If 𝑓(𝑧)𝜖𝐴𝑝,  then we have 

𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) = 𝑧𝑝 + ∑ (

𝑝+(𝑛−𝑝)𝜆

𝑝
)

𝑞 (𝛽1)𝑛−𝑝(𝛽2)𝑛−𝑝…(𝛽𝑚)𝑛−𝑝

(𝛼1)𝑛−𝑝(𝛼2)𝑛−𝑝…(𝛼𝑙)𝑛−𝑝

∞
𝑛=𝑝+1 (2 − 2𝛼)𝑛−𝑝𝑎𝑛𝑧𝑛         (1.6) 

It can be seen that, by specializing the parameters the operator  𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧)   reduces to many known and 

new integral and differential operators. In particular, for 𝑝 = 1, 𝑙 = 2, 𝑚 = 1, 𝛼1 = 𝛽1, 𝛼2 = 1 and𝛼 =
1

2
  it 

reduces to the operator introduced by F. Al-Oboudi[1]. Further we remark that, when 𝑝 = 1, 𝑙 = 2, 𝑚 = 1, 𝛼1 =

𝛽1, 𝛼2 = 1, 𝛼 =
1

2
 and 𝜆 = 1 the operator 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧)reduces to the operator introduced by G.S.Salagean[1]. 
It can be easily verified from (1.6) that 

𝜆𝑧 (𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧))

′
= 𝑝𝐷𝜆,𝛼

𝑝,𝑞+1(𝛼1, 𝛽1)𝑓(𝑧) − 𝑝(1 − 𝜆)𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) (1.7) 

And 

𝛼1𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) = 𝑧 (𝐷𝜆,𝛼

𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑓(𝑧))
′
+ (𝛼1 − 𝑝)𝐷𝜆,𝛼

𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑓(𝑧)  (1.8) 
If f and g are analytic in 𝕌, we say that 𝑓 is subordinate to 𝑔, written 𝑓 ≺ 𝑔, if there exists a Schwarz function 
𝑤(𝑧), which is analytic in 𝕌 with 𝑤(0) = 0 and |𝑤(𝑧)| < 1 , for 𝑧 ∈ 𝕌. Furthermore, if the function 𝑔 is univalent 
in 𝕌, then we have the following equivalence (See [3],[6],[7]) 

𝑓 ≺ 𝑔 ⇔ 𝑓(0) = 𝑔(0), 𝑓(𝕌) ⊂ 𝑔(𝕌). 
For 0 ≤ 𝜂 < 𝑝, 𝑝 ∈ ℕ, we know that𝑆𝑝

∗(𝜂), 𝐾𝑝(𝜂) and 𝐶𝑝are the subclasses of 𝐴𝑝consisting of all analytic 
functions which are respectively, p-valent starlike of order 𝜂, p-valent convex of order 𝜂 and p-valent close-to-
convex functions in 𝕌 ([8], [10] and [13]). 
Let Λ be the class of all functions 𝜙 which are analytic and univalent in 𝕌 and for which 𝜙(𝕌) is convex with 
𝜙(0) = 1 and 𝑅𝑒(𝜙(𝑧)) > 0, 𝑧 ∈ 𝕌. 
Making use of the principle of subordination between analytic functions, S.R.Swami [14] introduced the 
subclasses 𝑆𝑝

∗(𝜂; 𝜙), 𝐾𝑝(𝜂; 𝜙)and 𝐶𝑝(𝜂, 𝜌; 𝜙, 𝜑) of the class 𝐴𝑝,, 0 ≤ 𝜂 < 𝑝, 0 ≤ 𝜌 < 𝑝and 𝜙, 𝜑 ∈ Λ, which are 
defined by 

𝑆𝑝
∗(𝜂; 𝜙) = {𝑓 ∈ 𝐴𝑝 :  

1

𝑝 − 𝜂
(

𝑧𝑓 ′(𝑧)

𝑓(𝑧)
− 𝜂) ≺ 𝜙(𝑧), 𝑧 ∈ 𝕌}, 

𝐾𝑝(𝜂; 𝜙) = {𝑓 ∈ 𝐴𝑝 :  
1

𝑝 − 𝜂
(1 +

𝑧𝑓 ′′(𝑧)

𝑓′(𝑧)
− 𝜂) ≺ 𝜙(𝑧), 𝑧 ∈ 𝕌} 

And 

𝐶𝑝(𝜂, 𝜌; 𝜙, 𝜑) = {𝑓 ∈ 𝐴𝑝 :  
1

𝑝 − 𝜌
(

𝑧𝑓 ′(𝑧)

𝑔(𝑧)
− 𝜌) ≺ 𝜑(𝑧), 𝑧 ∈ 𝕌𝑤ℎ𝑒𝑟𝑒𝑔 ∈ 𝑆𝑝

∗(𝜂; 𝜙)} 

Next, by using the operator𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1), we introduce the following subclasses of analytic functions for 

𝜙, 𝜑 ∈ Λ, 𝑝 ∈ ℕ, 𝑞 ∈ ℕ0, 0 ≤ 𝜂 < 𝑝, 0 ≤ 𝜌 < 𝑝, 𝛼 < 1 and 𝜆 ≥ 0. 
𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) = {𝑓 ∈ 𝐴𝑝: 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) ∈ 𝑆𝑝

∗(𝜂; 𝜙)}, 
𝐾𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) = {𝑓 ∈ 𝐴𝑝: 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) ∈ 𝐾(𝜂; 𝜙)} 

And 
𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) = {𝑓 ∈ 𝐴𝑝: 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) ∈ 𝐶𝑝(𝜂, 𝜌; 𝜙, 𝜑)} 

Clearly, we observe that, for 𝜆 = 0, 𝛼 =
1

2
, 𝑙 = 𝑚 + 1, 𝛼1 = 1, 𝛼2 = 𝛽1, 𝛼3 = 𝛽2, … , 𝛼𝑙 = 𝛽𝑚,  we get 

𝑆𝑝,0

𝑞,
1

2(𝛼1, 𝛽1; 𝜂; 𝜙) = 𝑆𝑝
∗(𝜂; 𝜙),  𝐾𝑝,0

𝑞,
1

2(𝛼1, 𝛽1; 𝜂; 𝜙) = 𝐾𝑝(𝜂; 𝜙) and 𝐶𝑝,0

𝑞,
1

2(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) = 𝐶𝑝(𝜂, 𝜌; 𝜙, 𝜑). 
We also note that, 
𝑓 ∈ 𝐾𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⟺
𝑧𝑓′(𝑧)

𝑝
∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙)                                              (1.10) 
In particular, we set 
𝑆𝑝,𝜆

𝑞,𝛼
(𝛼1, 𝛽1; 𝜂;

1+𝐴𝑧

1+𝐵𝑧
) = 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵), −1 ≤ 𝐵 < 𝐴 ≤ 1,                                  (1.11) 
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And 
𝐾𝑝,𝜆

𝑞,𝛼
(𝛼1, 𝛽1; 𝜂;

1+𝐴𝑧

1+𝐵𝑧
) = 𝐾𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵), −1 ≤ 𝐵 < 𝐴 ≤ 1                                    (1.12) 
In section 2, some preliminary results are mentioned. In section 3, we prove inclusion properties of above 
mentioned classes and in section 4, we study inclusion properties of above classes involving generalised Libra 
integral operator. 
 

II. Preliminary Lemmas 

The following lemmas will be required in our investigation. 
Lemma 2.1. ([4]) Let 𝜙 be convex, univalent in 𝕌 with 𝜙(0) = 1and 𝑅𝑒(𝜅𝜙(𝑧) + 𝛾) > 0, 𝜅, 𝛾 ∈ ℂ. If 𝑝(𝑧) is 
univalent in 𝕌 with 𝑝(0) = 1, then 

𝑝(𝑧) +
𝑧𝑝′(𝑧)

𝜅𝑝(𝑧) + 𝛾
≺ 𝜙(𝑧), (𝑧 ∈ 𝕌) 

implies 
𝑝(𝑧) ≺ 𝜙(𝑧), (𝑧 ∈ 𝕌). 

 
Lemma 2.2.([7]) Let 𝜙 be convex, univalent in 𝕌 and 𝜔 be analytic in 𝕌with 𝑅𝑒(𝜔(𝑧)) ≥ 0. If 𝑝(𝑧) is analytic 
in 𝕌with 𝑝(0) = 𝜙(0), then 

𝑝(𝑧) + 𝜔(𝑧)𝑧𝑝′(𝑧) ≺ 𝜙(𝑧), (𝑧 ∈ 𝕌) 
implies 

𝑝(𝑧) ≺ 𝜙(𝑧), (𝑧 ∈ 𝕌). 
 
 

III. Inclusion Properties Involving The Operator 𝑫𝝀,𝜶
𝒑,𝒒(𝜶𝟏, 𝜷𝟏) 

 
Unless otherwise mentioned we shall assume that 𝑝 ∈ ℕ, 𝑞 ∈ ℕ0, 𝜆 ≥ 0, 0 ≤ 𝜂 < 𝑝, 0 ≤ 𝜌 < 𝑝, 𝛼 <
1, 𝛼1 > 𝑝, 𝛼𝑖 , 𝛽𝑗 ∈ ℂ − {0, −1, −2, … , }(𝑖 = 1,2, … , 𝑙;  𝑗 = 1,2, … , 𝑚). 

 

Theorem 3.1. Let𝑓 ∈ 𝐴𝑝and let 𝜙 ∈ Λ with 𝑅𝑒 ((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 − 𝑝 +
𝑝

𝜆
) > 0, 𝑅𝑒((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 − 𝑝 +

𝛼1) > 0and 𝜆 > 0. Then 
𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⊂ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝜙) 

And 
𝑆𝑝,𝜆

𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⊂ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 

Proof. To prove the first part of Theorem 3.1, let 𝑓 ∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) and set 

𝑝(𝑧) =
1

𝑝−𝜂
(

𝑧(𝐷𝜆,𝛼
𝑝,𝑞(𝛼1+1,𝛽1)𝑓(𝑧))

′

𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1+1,𝛽1)𝑓(𝑧)

− 𝜂)                                                          (3.1) 

Where 𝑝(𝑧) is analytic in 𝕌 and 𝕌 with 𝑝(0) = 1. 
From (1.8) and (3.1), we get 

𝛼1

𝐷𝜆,𝛼
𝑝,𝑞

(𝛼1,𝛽1)𝑓(𝑧)

𝐷
𝜆,𝛼
𝑝,𝑞

(𝛼1+1,𝛽1)𝑓(𝑧)
= (𝑝 − 𝜂)𝑝(𝑧) + 𝜂 + 𝛼1 − 𝑝                                                  (3.2) 

By using the logarithmic differentiation on both sides of (3.2), we have 

1

𝑝−𝜂
(

𝑧(𝐷𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧))

′

𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧)

− 𝜂) = 𝑝(𝑧) +
𝑧𝑝′(𝑧)

(𝑝−𝜂)𝑝(𝑧)+𝜂−𝑝+𝛼1
                                              (3.3) 

Applying Lemma (2.1) to equation (3.3), it will follows that 𝑝(𝑧) ≺ 𝜙(𝑧)in 𝕌, that is                             
                                                                  𝑓 ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝜙). 
To prove the second inclusion relationship asserted by the Theorem (3.1), let  
                                                                  𝑓 ∈ 𝑆𝑝,𝜆

𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 

Assuming the function 𝑝(𝑧) =
1

𝑝−𝜂
(

𝑧( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧))

′

 𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧)

− 𝜂) and by using arguments similar to those detailed 

above with (1.7), it follows that 𝑝(𝑧) ≺ 𝜙(𝑧)in 𝕌, that is                 
𝑓 ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 
Which completes the proof of the theorem (3.1). 
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Theorem 3.2. Let 𝑓 ∈ 𝐴𝑝and let 𝜙 ∈ Λ with 𝑅𝑒 ((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 − 𝑝 +
𝑝

𝜆
) > 0, 𝑅𝑒((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 − 𝑝 +

𝛼1) > 0and  𝜆 > 0. Then 
𝐾𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⊂ 𝐾𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝜙) 

And 
𝐾𝑝,𝜆

𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⊂ 𝐾𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 

Proof. Applying (1.10) and Theorem (3.1), we conclude that 

𝑓 ∈ 𝐾𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⇒

𝑧𝑓′
𝑝

∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⊂ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝜙) 

⇔
𝑧𝑓′
𝑝

∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝜙) 

⇔ 𝑓 ∈ 𝐾𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝜙) 

and 

𝑓 ∈ 𝐾𝑝,𝜆
𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⇒

𝑧𝑓′
𝑝

∈ 𝑆𝑝,𝜆
𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) ⊂ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) 

⇔
𝑧𝑓′
𝑝

∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) 

⇔ 𝑓 ∈ 𝐾𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 

 
Taking 𝜙(𝑧) =

1+𝐴𝑧

1+𝐵𝑧
, −1 ≤ 𝐵 < 𝐴 ≤ 1; 𝑧 ∈ 𝕌, in Theorem (3.1) and Theorem (3.2), we have the following 

corollary. 
 
Corollary 3.3.Let 𝑓 ∈ 𝐴𝑝. Then 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵) ⊂ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝐴, 𝐵),    

𝑆𝑝,𝜆
𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵) ⊂ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵), 
𝐾𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵) ⊂ 𝐾𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝐴, 𝐵) 

And                                                  𝐾𝑝,𝜆
𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵) ⊂ 𝐾𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵). 

 
By using Lemma 2.2, we obtain the following inclusion relation for the class 𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑). 
 

Theorem 3.4.Let 𝑓 ∈ 𝐴𝑝and let 𝜙, 𝜑 ∈ Λ with 𝑅𝑒 ((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 − 𝑝 +
𝑝

𝜆
) > 0, 𝑅𝑒((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 − 𝑝 +

𝛼1) > 0, 𝛼 < 1and  𝜆 > 0. Then 
𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) ⊂ 𝐶𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) 

and 
𝐶𝑝,𝜆

𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) ⊂ 𝐶𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑). 

Proof. We begin by proving that, 
𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) ⊂ 𝐶𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑). 

Let 𝑓 ∈ 𝐶𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑). 

Then by definition, there exists a function 𝑔 ∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) such that, 

1

𝑝 − 𝜌
(

𝑧 ( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧))

′

 𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑔(𝑧)

− 𝜌) ≺ 𝜑(𝑧), 𝑧 ∈ 𝕌. 

Now, let 𝑝(𝑧) =
1

𝑝−𝜌
(

𝑧( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧))

′

 𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑔(𝑧)

− 𝜌), where 𝑝(𝑧) is analytic in 𝕌 with  𝑝(0) = 1. 

Using (1.8), we have 
𝛼1 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) = (𝛼1 − 𝑝) 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑓(𝑧) + [(𝑝 − 𝜌)𝑝(𝑧) + 𝜌] 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑔(𝑧)            (3.4) 
Differentiating (3.4) with respect to z and multiplying by z, we get 

𝛼1𝑧 ( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧))

′
= (𝛼1 − 𝑝)𝑧 ( 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑓(𝑧))
′
 

+[(𝑝 − 𝜌)𝑝(𝑧) + 𝜌]𝑧( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑔(𝑧))′ + (𝑝 − 𝜌)𝑧𝑝′(𝑧) 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑔(𝑧)                              (3.5) 
Since 𝑔 ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙), then by Theorem 3.1, we have 𝑔 ∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂; 𝜙). 

Let 
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ℎ(𝑧) =
1

𝑝 − 𝜂
(

𝑧 ( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑔(𝑧))

′

 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑔(𝑧)

− 𝜂) 

Applying (1.8) again, we get 
𝛼1 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝑔(𝑧) =[( 𝑝 − 𝜂)h(𝑧) +  𝜂 + 𝛼1 − 𝑝] 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1 + 1, 𝛽1)𝑔(𝑧)                                               (3.6) 

from (3.5) and (3.6), we have 

1

𝑝 − 𝜌
(

𝑧 ( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧))

′

 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑔(𝑧)

− 𝜌) = 𝑝(𝑧) +
𝑧𝑝′(𝑧)

 (𝑝 − 𝜂)h(𝑧) +  𝜂 + 𝛼1 − 𝑝
, 𝑧 ∈ 𝕌.  

So by taking 𝜔(𝑧) =
1

(𝑝−𝜂)h(𝑧)+ 𝜂+𝛼1−𝑝
 and applying Lemma 2.2, we can show that 𝑝 ≺ 𝜑, so that 

𝑓 ∈ 𝐶𝑝,𝜆
𝑞,𝛼(𝛼1 + 1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑). 

For the second inclusion relationship asserted by the Theorem, using arguments similar to those detailed above 
with equation (1.7), we obtain 

𝐶𝑝,𝜆
𝑞+1,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) ⊂ 𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑). 
 

IV. Inclusion Properties Involving The Integral Operator 𝑭𝒄 

In this section we consider the generalised Libra integral operator 𝐹𝑝,𝑐(see [2],[5] and [9]), defined by 
𝐹𝑝,𝑐(𝑓)(𝑧) =

𝑐+𝑝

𝑧𝑐 ∫ 𝑡𝑐−1𝑓(𝑡)𝑑𝑡, (𝑐 > −𝑝; 𝑓 ∈ 𝐴𝑝).
𝑧

0
  (4.1) 

 
Theorem 4.1.Let 𝑐 > −𝑝 and let 𝜙 ∈ Λwith 𝑅𝑒((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 + 𝑐) > 0. If 𝑓 ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) 
then 𝐹𝑝,𝑐(𝑓) ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 
Proof.  Let 𝑓 ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) and set  

  𝑝(𝑧) =
1

𝑝−𝜂
(

𝑧(𝐷𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧))

′

𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧)

− 𝜂)     (4.2) 

where 𝑝(𝑧) is analytic in 𝕌with 𝑝(0) = 1. From (4.1), we have 

𝑧 ( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧))

′
= (𝑐 + 𝑝) 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) − 𝑐 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧)   (4.3) 

From (4.2) and (4.3), we get 

(𝑐 + 𝑝)
 𝐷𝜆,𝛼

𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧)

 𝐷
𝜆,𝛼
𝑝,𝑞

(𝛼1,𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧)
= (𝑝 − 𝜂)𝑝(𝑧) + 𝜂 + 𝑐        (4.4) 

Differentiating (4.4) logarithmically with respect to z, we obtain 

1

𝑝−𝜂
(

𝑧( 𝐷𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧))

′

 𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧)

− 𝜂) = 𝑝(𝑧) +
𝑧𝑝′(𝑧)

(𝑝−𝜂)𝑝(𝑧)+𝜂+𝑐
      (4.5) 

Applying Lemma 2.1 to (4.5), we conclude that𝐹𝑝,𝑐(𝑓) ∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 

 
 
Similarly applying (1.10)  and Theorem 4.1, we have the following result. 
 

Theorem 4.2. Let 𝑐 > −𝑝 and let 𝜙 ∈ Λwith Re((p − η)ϕ(z) + η + c) > 0. If f ∈ Kp,λ
q,α(α1, β1; η; ϕ) 

then Fp,c(f) ∈ Kp,λ
q,α(α1, β1; η; ϕ). 

 
From Theorem 4.1 and Theorem 4.2, we have the following corollary. 

 
Corollary 4.3.Let f ∈ Ap, −1 ≤ B < 𝐴 ≤ 1 and c > −𝑝. If f ∈ Sp,λ

q,α(α1, β1; η; A, B) (or Kp,λ
q,α(α1, β1; η; ϕ)) 

then𝐹𝑝,𝑐(𝑓) ∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝐴, 𝐵) (or 𝐾𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙)). 
 
Theorem 4.4. Let 𝑓 ∈ 𝐴𝑝and let 𝜙, 𝜑 ∈ Λwith 𝑅𝑒((𝑝 − 𝜂)𝜙(𝑧) + 𝜂 + 𝑐) > 0. If 𝑓 ∈ 𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑) then 
𝐹𝑝,𝑐(𝑓) ∈ 𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑). 
Proof.Let 𝑓 ∈ 𝐶𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂, 𝜌; 𝜙, 𝜑), then by definition, there exists a function 𝑔 ∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙) such that, 
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1
𝑝−𝜌

(
𝑧(𝐷𝜆,𝛼

𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧))
′

𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑔(𝑧)

− 𝜌) ≺ 𝜑(𝑧), 𝑧 ∈ 𝕌. 

 We set, 

𝑝(𝑧) =
1

𝑝 − 𝜌
(

𝑧 (𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧))

′

𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧)

− 𝜌) 

where𝑝 is analytic in 𝕌 and 𝑝(0) = 1. Since 𝑔 ∈ 𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙), we have from Theorem 4.1. that 𝐹𝑝,𝑐(𝑔) ∈

𝑆𝑝,𝜆
𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 

From (4.3) and (4.6), we obtain 
 (𝑐 + 𝑝)𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧) = 𝑐𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧) + [(𝑝 − 𝜌)𝑝(𝑧) + 𝜌]𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧). 
Then by simple calculations,we get 

(𝑐 + 𝑝)𝑧 (𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝑓(𝑧))

′
= 𝑐𝑧 (𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑓)(𝑧))
′
 

             +[(𝑝 − 𝜌)𝑝(𝑧) + 𝜌]𝑧 (𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧))

′
+ 𝑧(𝑝 − 𝜌)𝑝′(𝑧)𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧) (4.7) 
We have 𝑔 ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 
 Then by Theorem 4.1, 𝐹𝑝,𝑐(𝑔) ∈ 𝑆𝑝,𝜆

𝑞,𝛼(𝛼1, 𝛽1; 𝜂; 𝜙). 
Set 

 ℎ(𝑧) =
1

𝑝−𝜂
(

𝑧(𝐷𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧))

′

𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧)

− 𝜂)       (4.8) 

That is  
𝑧(𝐷𝜆,𝛼

𝑝,𝑞(𝛼1,𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧))
′

𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧)

= (𝑝 − 𝜂)ℎ(𝑧) + 𝜂. 

Applying (4.3), we get 
 (𝑐 + 𝑝)𝐷𝜆,𝛼

𝑝,𝑞(𝛼1, 𝛽1)𝑔(𝑧) = [(𝑝 − 𝜂)ℎ(𝑧) + 𝜂 + 𝑐]𝐷𝜆,𝛼
𝑝,𝑞(𝛼1, 𝛽1)𝐹𝑝,𝑐(𝑔)(𝑧)                                (4.9) 

By (4.7) and (4.9), we get, 

 1
𝑝−𝜌

(
𝑧(𝐷𝜆,𝛼

𝑝,𝑞(𝛼1,𝛽1)𝑓(𝑧))
′

𝐷
𝜆,𝛼
𝑝,𝑞(𝛼1,𝛽1)𝑔(𝑧)

− 𝜌) = 𝑝(𝑧) +
𝑧𝑝′(𝑧)

(𝑝−𝜂)ℎ(𝑧)+𝜂+𝑐
. 

The remaining part of the proof is similar to that of Theorem 3.4 and so we omit it. 
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