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Abstract:In this paper we have defined classes S(4, a, ) and K2, a, ) by using the class definedby B. Srutha
Keerthi etc. (see [1]) and obtained conditions for univalence for a function is tobe in these classes and studied
distortion theorems, radii of starlikeness and convexity.
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I.  Preliminaries
Let A denotes the class of functions of the form, f2)=z+ X3 ,a,z" (1.1
which are analytic and univalent in the unit disk U= {z : |z| <1}. Let S be subclass of A, of functions univalent in
U and T be subclass of S, consisting of functions of the form, g(z) =z — Yy, b, z™(b, =0)  (1.2)
Goodman [2], [3] introduced classes UCV and UST of uniformly convex and uniformly starlike functions. Further
Ronning studied classes UCV and UST (for more details see [4], [5], [6], [7].[8], [10] and many others).
For—1<a <1, =0 the function f(z) defined by Equation (1.1) is called as - Uniformly starlike function

of order a, which satisfies the condition, Re {% - a} =>p % - 1| .The class of g — Uniformly starlike
function of order o is denoted by f —S(«). In particular, when g =0, i.e. if Re {%} > a, the function f(z) is

called starlike of order a, when f = 1, the function f(z) € UST and the function f(z) is called starlike, if both «
and f are zero.
For —1<a<1,B>0 the function f(z) defined by Equation (1.1) 0 is called B - Uniformly Convex

function of order a, which satisfies the condition, Re {1 + fo,((zz)) - a} > B Z;,((ZZ)) and itis denoted by f —K(«). In
zf (@)

particular, when 5 =0, i.e. if Re {1 + f,(z)} > a , the function f(z) is called convex of order a. When g = 1, the

function f(z) € UCV and if both a and f are zero, the function f(z) is called convex,. The classes f —S(a) and S
—K(a) were studied by Goodman, Ronning and Minda and Ma. (see [2], [3], [4], [5], [8], [9], [10]).

Il. Introduction
Definition 2.1 The function f(z) defined by Equation (1.1), is said to be in class S(A, a, B,), (. >0, a, B €R and z

€ U), ifand only if,
Re{Zf (z) + Az*f (Z)—a}zﬁ zf'(z) + 2z°f"(2)

f@ f(2)
Definition 2.2 The function f(z) defined by Equation (1.1), is said to be in class K(A, a, B,), (A >0, a, B €R and
z € U), if and only if,

- 1| (2.1)

" 2111 " 2111
Re {1 +zf (2) + Az°f""(2) 3 a} >3 zf"(z) + Az f""(2) 2.2)
f'(@) f'(@
We should note that, when 4 = 0, the class S(0, a, ) is same as S —S(a) and the class K(0, o, 8) = 8 —K(a).
And for g = 1 the class S(4, a, 1) = S(J, a) as defined by B. Srutha Keerthi, B. Adolf Stephen, A. Gangadharan
and S. Sivasubramanian [1].For choice of =0, =1, S(0, a, 1) = Sp(c) the subclass defined by N.E. Cho, S.Y.
Woo and S. Owa [9].

Now we let, St(4, a, ) =S(4, a, B) NT, and K1(4, a, B) = K(4, a, B) NT.

I1l. Main Result
In the present paper, we determine sufficient condition for the function f(z) defined by Equation (1.1) is in the
classes, S(4, a, p) and K(, a, £). Then we will discuss the growth and distortion theorems. And final obtain the
results regarding the radii of starlikeness and convexity. For this we begin with the following theorem.
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THEOREM 3.1 The function f(z) defined by Equation (1.1) is in the class, S(A, a, B), if and only if,

Z[(ﬁ+1)/1n(n—1)+n(ﬁ+1)—,8— dla, < 1—a 3.1)

=2
PROOF: By using Téquation (2.1), we can write,
zf'(2) + Az%f"" (2) YAin(n—1) + n—1]a,z"
—1=
f(2) z+ Yayz"
Substituting right hand side of above Equation in Inequality (2.1),
Y[Ain(n—-1) +n—1]a,z <Re Y[in(n—-1)+n—1]a,z tl—g
z+ Ya,z" z+ Ya,z"
Using the fact that, Re(z) < |z| and as f(z) is defined in unit disc U = {z : |z| <1}, letting z — 1-we get,
2¥(m+an(n—1)+ pn(n—1)(n—2) — 1)|ay,| <1-2 23)
1+ Xlanl

Upon simplifying we get,
Z[(ﬁ + DM -D+n@B+1) - f—dllan] < 1 -
n=2

Which is the required result.

For 8 = 1 we get results of B. Srutha Keerthi, B. Adolf Stephen, A. Gangadharan and S.
Sivasubramanian [1], [Lemma 2.1, p497].
COROLLARY 3.1 The function f(z) defined by Equation (1.1) is in the class, S(A, a, 1), (-1 <A <1, a =0 and
z €l), if and only if,

Z(2n+ 2an(n— 1) = 3+ Dlan| < 1—a
n=2
THEOREM 3.2 The function g(z) defined by Equation (1.2) is in the class, St(A, a, ), if and only if,

Z[(ﬁ+1)/1n(n—1)+n([>’+1)—ﬂ— db,< 1—a (3.2)

n=2
Prof of this theorem is easily obtained by appropriate rearrangements in Inequality (3.1) above.
As stated above, for =1 we get results of [1], [see Lemma 2.2, p497].
COROLLARY 3.2 The function g(z) defined by Equation (1.2) is in the class St(a, 0, 1) (-1 <A <1, a,and z €
U), if and only if,

Z(2n+ 2an(n— 1) - 1-AD)b, < 11—«

n=2

Theorem 3.3. The function f(z) defined by equation (1.1) is in the class, K(A, a, B) if and only if,

Z a[n( + Dantn —1) + 4B + D — 1)(n —2) — f— dlan| < 1 -« (3.3)

n=2
PROOF: From the function defined by Equation (1.1), we have,
zf"(z) + Az%f""(z) X[l + in(n—2)n(n — Da,z"?
f'() - 1+ Yna,z"1!
by using Equation (2.2) we can write,
Y1+ An(n — 2)In(n — a,z"? Y1+ An(n - 2)n(n — Da,z"?
Re — +1—-a=p —
{ 1+ Yna,z"?! } ‘ 1+ Yna,z"1!
Using the fact that, Re(z) < |z| and as f(z) is defined in unit disc U = {z : || <1}, letting z — 1 we get equation
(3.3), which completes the proof.

IV. Distortion and Growth Bounds for the classesS(4, a, #) andK(4, a, f).
Theorem 4.1. The function defined by Equation (1.1) belongs to S(A, a, B) then, forf|z|=r<1,

1-«a 2 l1-a .
"T2Br D+ pr2-a <lf@l= r+2/1(/3+ D+p+2—a D
1-a l-«a

1

<If'@|< 1+2r (4.2)

-2

"B+ D+ pr2-a 220+ D+ p+2—«a
PROOF: For the function defined by Equation (1.1), using Theorem 3.1 we can write,
RAB+ 1D +2(B+1) - f— a]ZIanI <l-a

That is,
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Zlanl < Lo (4.3)
2B+ D+ ft2—a

r=r? Y lan | SIF@I <7472 ) fanl
Using inequality (4.3) in above, we get (4.1)

For |z| = r< 1,

Similarly for lzl=r<1 ,
1 —2r2|an| <If'i2) <1 +2rz |a, |

We get (4.2).

Results are sharp for, f(z) = z — —————z2 at z = +r.

- 2A(B+1)++2—a
Theorem 4.2. The function defined by Equation (1.1) belongs to K(A, a, B) then, for fz|=r<1,

< If@IS 4 44
T zoa V@ISt T (4.4)
- 24
1l—-r—<|f’ <1 —_— 4.
rﬂ+2_a_|f(2)|_ +rﬁ+2_a (4.5)
PROOF: For the function defined by Equation (1.1), using Theorem 3.3 we can write,
@B +1)-p —a)lan| <1 -«
That is,
jan| < ———% 4.6
2lanl < oo = (4.6)

As we have seen above, for |z| = r < 1,

r=1? Y lay | SIFGI <7 +17 ) lay |
Using inequality (4.6) in above, we get (4.4)

Similarly, for lzl=r<1 ,
1 —2r2|an| <If' @] <1 +2rz la,, |
We get (4.5).
_ ., _ _l-ax > _
Results are sharp for, f(z) = z 512 a’ at z = +r.

V. Radius of starlikeness and convexity for the classes S(4, , #) and
K a, f)
A. Radius of starlikeness and convexity for the class S(A, a, p).
Theorem 5.1. Let the function f(z) defined by Equation (1.1) belongs to S(A, a, B), then f(z) is starlike of order &

(0 <8< 1) in the disk |z| <, where,
1

_inf ( 1-6 )[(/>’+1)/1n(n—1)+n(/3+1)—ﬁ—oz]E 1)
2Tz \n 246 1-—a '
PROOF: The function f(z) defined by the Equation (1.1) is starlike of order ¢ (0 <¢ <1) in
the unit disk U = {z : |z] <1}, if fo(—g) - 1| < 1- 6 thatis,
2f'(2) 1| < Zia(n— 1)|an||z|_“1-1 13
f(2) 1+ Xoolanllzl™
That is,
e —2+6 n-1
Z (n )ayllz| <1 52)
n=2 1-6

Using the Theorem (3.1), we can say inequality (5.2) is true if,

n—2+4+96) _ [B+Din(n—1)+n(B+1)—p—a]

—z|I"' < 1 — o
The last inequality leads us to the disk |z| < rz, where r is given by (5.1) and the proof of this
theorem is completed.
Theorem 5.2. Let the function f(z) defined by Equation (1.1) belongs to S(A, o, B), then f(z) is
convex of order 6 (0 <8 < 1) in the disk |z| < r3 where,

1

s |[A=8[B+Din(n -1 +n(+1) - - a]|*
T3 =3, — — (5.3)
nn—-2+8)1-a)
PROOF: The function f(z) defined by the Equation (1.1) is convex of order 6 (0 < ¢ <1) in

the unit disk U = {z : |z| <1}, if §(<)> <1-6§
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" =} _ n-1
zf"(z) - Y=z n(n — Dlayl|z| c1_g
f'(@) 1+ Y5, nla,|lz|"?
That is,
© nn—24+8]|a,llz|*?
Z ( 1—)<|5 allzl <1 (5.4)
n=2

Using the Theorem (3.1), we can say inequality (5.4) is true if,
n(n—2+é‘)| 1< [(B+Din(n—1D+nB+1)—p—a
< |Z =

- 1-—a
The last inequality leads us to the disk |z] < r3, where r3 is given by (5.3) and the proof of this
theorem is completed.
B. Radius of starlikeness and convexity for the class K(4, a, f).
Theorem 5.3. Let the function f(z) defined by Equation (1.1) belongs to K(A, a, B), then () is
starlike of order 6 (0 < & < 1) in the disk |z| <, where,

1
_inf 1-8 \nnB+D+An—-1)n-2)B+1)—-p—]+1
2_"22[(n—2+8) 1-a
Theorem 5.4. Let the function f(z) defined by Equation (1.1) belongs to K(A, a, B), then f(z) is
convex of order 8 (0 <8 < 1) in the disk |z| < r3 where,

(5.5)

oy [A = ®ME + DA = D(n=2)B + 1) — f— o]
3 me n—2+6)(1-a)

(5.6)
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