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I. Preliminaries 

Let A denotes the class of functions of the form,         𝑓(𝑧) =  𝑧 +  ∑ 𝑎𝑛𝑧𝑛∞
𝑛=2                                                  (1.1) 

which are analytic and univalent in the unit disk U= {z : |z| <1}. Let S be subclass of A, of functions univalent in 

U and T be subclass of S, consisting of functions of the form,  𝑔(𝑧) = 𝑧 − ∑ 𝑏𝑛𝑧𝑛(𝑏𝑛  ≥ 0 )∞
𝑛=2        (1.2) 

Goodman [2], [3] introduced classes UCV and UST of uniformly convex and uniformly starlike functions. Further 

Ronning studied classes UCV and UST (for more details see [4], [5], [6], [7],[8], [10] and many others).  

For −1 ≤ 𝛼 < 1, 𝛽 ≥ 0  the function f(z) defined by Equation (1.1) is called as β - Uniformly starlike function 

of order α, which satisfies the condition, 𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 𝛼} ≥ 𝛽 |

𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1| .The class of β – Uniformly starlike 

function of order α is denoted by β −S(α). In particular, when β = 0, i.e. if 𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
} ≥ 𝛼, the function f(z) is 

called starlike of order α,  when β = 1, the function f(z) ∈ UST and  the function f(z) is called starlike, if both α 

and β are zero.  

For   −1 ≤ α <1, β ≥ 0   the function f(z) defined by Equation (1.1) 0 is called β - Uniformly Convex 

function of order α, which satisfies the condition, 𝑅𝑒 {1 +
𝑧𝑓"(𝑧)

𝑓′(𝑧)
− 𝛼} ≥ 𝛽 |

𝑧𝑓"(𝑧)

𝑓′(𝑧)
|and itis denoted by β −K(α). In 

particular, when β = 0, i.e. if  𝑅𝑒 {1 +
𝑧𝑓"(𝑧)

𝑓′(𝑧)
} ≥ 𝛼 , the function f(z) is called convex of order α. When β = 1, the 

function f(z) ∈ UCV and if both α and β are zero, the function f(z) is called convex,. The classes β −S(α) and β 

−K(α) were studied by Goodman, Ronning and Minda and Ma. (see [2], [3], [4], [5], [8], [9], [10]). 

 

II. Introduction 

Definition 2.1 The function f(z) defined by Equation (1.1), is said to be in class S(λ, α, β,), (λ ≥ 0, α, β R  and z 

∈ U), if and only if,  

𝑅𝑒 {
𝑧𝑓′(𝑧) + 𝜆𝑧2𝑓′′(𝑧)

𝑓(𝑧)
− 𝛼} ≥ 𝛽 |

𝑧𝑓′(𝑧) + 𝜆𝑧2𝑓′′(𝑧)

𝑓(𝑧)
− 1| (2.1) 

Definition 2.2  The function f(z) defined by Equation (1.1), is said to be in class K(λ, α, β,), (λ ≥ 0, α, β R  and 

z ∈ U), if and only if,  

𝑅𝑒 {1 +
𝑧𝑓′′(𝑧) + 𝜆𝑧2𝑓′′′(𝑧)

𝑓′(𝑧)
− 𝛼} ≥ 𝛽 |

𝑧𝑓′′(𝑧) + 𝜆𝑧2𝑓′′′(𝑧)

𝑓′(𝑧)
| (2.2) 

We should note that, when λ = 0, the class S(0, α, β) is same as β −S(α) and the class K(0, α, β) ≡ β −K(α). 

And for β = 1 the class S(λ, α, 1) ≡ S(λ, α) as defined by B. Srutha Keerthi, B. Adolf Stephen, A. Gangadharan 

and S. Sivasubramanian [1].For choice of = 0, β = 1, S(0, α, 1) ≡ Sp() the subclass defined by  N.E. Cho, S.Y. 

Woo and S. Owa [9]. 

Now we let, ST(λ, α, β) = S(λ, α, β) ∩T , and KT(λ, α, β) = K(λ, α, β) ∩T. 

 

III. Main Result 

In the present paper, we determine sufficient condition for the function f(z) defined by Equation (1.1) is in the 

classes, S(λ, α, β) and K(λ, α, β). Then we will discuss the growth and distortion theorems. And final obtain the 

results regarding the radii of starlikeness and convexity. For this we begin with the following theorem. 

Abstract:In this paper we have defined classes S(λ, α, β) and K(λ, α, β) by using the class definedby B. Srutha 

Keerthi etc. (see [1]) and obtained conditions for univalence for a function is tobe in these classes and studied 

distortion theorems, radii of starlikeness and convexity. 
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THEOREM 3.1 The function f(z) defined by Equation (1.1) is in the class, S(λ, α, β), if and only if,  

∑[(𝛽 + 1)𝜆𝑛(𝑛 − 1) + 𝑛(𝛽 + 1) −  − ]|𝑎𝑛| ≤  1 −                                                    (3.1) 

∞

𝑛=2

 

PROOF: By using Equation (2.1), we can write,   

𝑧𝑓′(𝑧) + 𝑧2𝑓′′(𝑧)

𝑓(𝑧)
− 1 =

∑[𝑛(𝑛 − 1) + 𝑛 − 1]𝑎𝑛𝑧𝑛

𝑧 + ∑ 𝑎𝑛𝑧𝑛
 

Substituting right hand side of above Equation in Inequality (2.1), 

 |
∑[𝑛(𝑛 − 1) + 𝑛 − 1]𝑎𝑛𝑧𝑛

𝑧 +  ∑ 𝑎𝑛𝑧𝑛
|  𝑅𝑒 {

∑[𝑛(𝑛 − 1) + 𝑛 − 1]𝑎𝑛𝑧𝑛

𝑧 + ∑ 𝑎𝑛𝑧𝑛
} + 1 −  

Using the fact that, Re(z) ≤ |z| and as f(z) is defined in unit disc U = {z : |z| <1}, letting z → 1−we get, 
2 ∑(𝑛 + 𝛼𝑛(𝑛 − 1) + 𝛽𝑛(𝑛 − 1)(𝑛 − 2) − 1)|𝑎𝑛|

1 + ∑|𝑎𝑛|
≤ 1 − 𝜆                                                    (2.3)  

Upon simplifying we get, 

∑[(𝛽 + 1)𝜆𝑛(𝑛 − 1) + 𝑛(𝛽 + 1) −  − ]|𝑎𝑛| ≤  1 − .            

∞

𝑛=2

 

Which is the required result.  

 For β = 1 we get results of B. Srutha Keerthi, B. Adolf Stephen, A. Gangadharan and S. 

Sivasubramanian [1], [Lemma 2.1, p497]. 

COROLLARY 3.1  The function f(z) defined by Equation (1.1) is in the class, S(, α, 1), (−1 ≤ λ ≤ 1, α ≥ 0  and 

z ∈U), if and only if, 

∑(2𝑛 +  2𝛼𝑛(𝑛 −  1) −  3 + 𝜆)|𝑎𝑛|  ≤  1 − 

∞

𝑛=2

 

THEOREM 3.2 The function g(z) defined by Equation (1.2) is in the class, ST(λ, α, β), if and only if,  

∑[(𝛽 + 1)𝜆𝑛(𝑛 − 1) + 𝑛(𝛽 + 1) −  − ]𝑏𝑛 ≤  1 −                                                    (3.2) 

∞

𝑛=2

 

Prof of this theorem is easily obtained by appropriate rearrangements in Inequality  (3.1) above.  

As stated above, for β = 1 we get results of [1], [see Lemma 2.2, p497]. 

COROLLARY 3.2 The function g(z) defined by Equation (1.2) is in the class ST(α, 0, λ) (−1 ≤ λ ≤ 1, α, and z ∈ 

U), if and only if, 

∑(2𝑛 +  2𝛼𝑛(𝑛 −  1) −  1 − 𝜆)𝑏𝑛 ≤  1 − 

∞

𝑛=2

 

 

Theorem 3.3. The function f(z) defined by equation (1.1) is in the class, K(λ, α, β) if and only if, 

∑ 𝑛[𝑛(𝛽 + 1)𝜆𝑛(𝑛 − 1) + (𝛽 + 1)(𝑛 − 1)(𝑛 − 2) −  − ]|𝑎𝑛| ≤  1 −                                                    (3.3) 

∞

𝑛=2

 

PROOF: From the function defined by Equation (1.1), we have, 

𝑧𝑓′′(𝑧) + 𝜆𝑧2𝑓′′′(𝑧)

𝑓′(𝑧)
=  

∑[1 + 𝑛(𝑛 − 2)]𝑛(𝑛 − 1)𝑎𝑛𝑧𝑛−1

1 +  ∑ 𝑛𝑎𝑛𝑧𝑛−1
 

by using Equation (2.2) we can write, 

𝑅𝑒 {
∑[1 + 𝑛(𝑛 − 2)]𝑛(𝑛 − 1)𝑎𝑛𝑧𝑛−1

1 +  ∑ 𝑛𝑎𝑛𝑧𝑛−1
} + 1 − 𝛼 ≥ 𝛽 |

∑[1 + 𝑛(𝑛 − 2)]𝑛(𝑛 − 1)𝑎𝑛𝑧𝑛−1

1 +  ∑ 𝑛𝑎𝑛𝑧𝑛−1
| 

Using the fact that, Re(z) ≤ |z| and as f(z) is defined in unit disc U = {z : |z| <1}, letting z → 1−we get  equation 

(3.3), which completes the proof. 

 

IV. Distortion and Growth Bounds for the classesS(λ, α, β) andK(λ, α, β). 

Theorem 4.1. The function defined by Equation (1.1) belongs to S(λ, α, β) then,  for f |z| = r < 1 , 

𝑟 −
1 − 

2( + 1) +  + 2 − 
𝑟2 ≤ |𝑓(𝑧)| ≤  𝑟 +

1 − 

2( + 1) +  + 2 − 
𝑟2                                             (4.1) 

1 − 2𝑟
1 − 

2( + 1) +  + 2 − 
≤ |𝑓′(𝑧) | ≤  1 + 2𝑟

1 − 

2( + 1) +  + 2 − 
                                           (4.2) 

PROOF: For the function defined by Equation (1.1), using Theorem 3.1 we can write, 

[2𝜆(𝛽 + 1) + 2(𝛽 + 1) −  − ] ∑|𝑎𝑛| ≤  1 −  

That is,   
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∑|𝑎𝑛| ≤
1 − 

2𝜆(𝛽 + 1) +  + 2 − 
                                                                                                           (4.3) 

For  |z| =  r < 1,    

 𝑟 − 𝑟2 ∑ |𝑎𝑛 | ≤ |𝑓(𝑧)| ≤ 𝑟 + 𝑟2 ∑ |𝑎𝑛 | 

Using inequality (4.3) in above, we get (4.1) 

Similarly for |z| =  r < 1 ,    

1 − 2𝑟 ∑ |𝑎𝑛 | ≤ |𝑓′(𝑧) | ≤ 1 + 2𝑟 ∑ |𝑎𝑛 | 

We get (4.2). 

Results are sharp for,    𝑓(𝑧) = 𝑧 −
1−

2𝜆(𝛽+1)++2−
z2  at  z = ±r. 

Theorem 4.2. The function defined by Equation (1.1) belongs to K(λ, α, β) then, for f |z| = r < 1 , 

𝑟 −
1 − 

2( + 2 − )
𝑟2 ≤ |𝑓(𝑧)| ≤  𝑟 +

1 − 

2( + 2 − )
𝑟2                                             (4.4) 

1 − 𝑟
1 − 

 + 2 − 
≤ |𝑓′(𝑧) | ≤  1 + 𝑟

1 − 

 + 2 − 
                                                         (4.5) 

PROOF: For the function defined by Equation (1.1), using Theorem 3.3 we can write, 

(2(𝛽 + 1) − 𝛽 − 𝛼)∑|𝑎𝑛| ≤ 1 − 𝛼    
That is, 

∑|𝑎𝑛| ≤
1 − 𝛼

2(𝛽 + 2 − 𝛼)
                                                                                           (4.6) 

As we have seen above, for  |z| =  r < 1,    

 𝑟 − 𝑟2 ∑ |𝑎𝑛 | ≤ |𝑓(𝑧)| ≤ 𝑟 + 𝑟2 ∑ |𝑎𝑛 | 

Using inequality (4.6) in above, we get (4.4) 

Similarly, for |z| =  r < 1 ,    

1 − 2𝑟 ∑ |𝑎𝑛 | ≤ |𝑓′(𝑧) | ≤ 1 + 2𝑟 ∑ |𝑎𝑛 | 

We get (4.5). 

Results are sharp for, 𝑓(𝑧)  =  𝑧 −  
1 −𝛼

𝛽 + 2 −𝛼
z2  at  z = ±r. 

 

V. Radius of starlikeness and convexity for the classes S(λ, α, β) and 

K(λ, α, β) 

A. Radius of starlikeness and convexity for the class S(λ, α, β). 

Theorem 5.1. Let the function f(z) defined by Equation (1.1) belongs to S(λ, α, β), then f(z) is starlike of order δ 

(0 ≤ δ < 1) in the disk |z| < r2 where,   

𝑟2 =𝑛≥2
𝑖𝑛𝑓

[(
1 − 𝛿

𝑛 − 2 + 𝛿
)

[(𝛽 + 1)𝜆𝑛(𝑛 − 1) + 𝑛(𝛽 + 1) −  − ]

1 − 𝛼
]

1

𝑛−1

                                              (5.1) 

PROOF: The function f(z) defined by the Equation (1.1) is starlike of order δ (0 ≤ δ <1) in 

the unit disk U = {z : |z| <1}, if  |
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1| < 1 − 𝛿 that is, 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1| ≤

∑ (𝑛 − 1)|𝑎𝑛||𝑧|𝑛−1∞
𝑛=2

1 + ∑ |𝑎𝑛||𝑧|𝑛−1∞
𝑛=2

< 1 − 𝛿  

That is, 

∑
(𝑛 − 2 + 𝛿)|𝑎𝑛||𝑧|𝑛−1

1 − 𝛿

∞

𝑛=2
≤  1                                                                                   (5.2) 

Using the Theorem (3.1), we can say inequality (5.2) is true if, 
(𝑛 − 2 + 𝛿)

1 − 𝛿
|𝑧|𝑛−1 ≤

[(𝛽 + 1)𝜆𝑛(𝑛 − 1) + 𝑛(𝛽 + 1) −  − ]

1 − 
 

The last inequality leads us to the disk |z| < r2, where r2 is given by (5.1) and the proof of this 

theorem is completed. 

Theorem 5.2. Let the function f(z) defined by Equation (1.1) belongs to S(λ, α, β), then f(z) is 

convex of order δ (0 ≤ δ < 1) in the disk |z| < r3 where, 

𝑟3 =𝑛≥2
𝑖𝑛𝑓

[
(1 − 𝛿)[(𝛽 + 1)𝜆𝑛(𝑛 − 1) + 𝑛(𝛽 + 1) −  − ]

𝑛(𝑛 − 2 + 𝛿)(1 − 𝛼)
]

1

𝑛−1

                          (𝟓. 𝟑) 

PROOF: The function f(z) defined by the Equation (1.1) is convex of order δ (0 ≤ δ <1) in 

the unit disk U = {z : |z| <1}, if|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| < 1 − 𝛿 
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|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| ≤

∑ 𝑛(𝑛 − 1)|𝑎𝑛||𝑧|𝑛−1∞
𝑛=2

1 + ∑ 𝑛|𝑎𝑛||𝑧|𝑛−1∞
𝑛=2

< 1 − 𝛿 

That is, 

∑
𝑛(𝑛 − 2 + 𝛿)|𝑎𝑛||𝑧|𝑛−1

1 − 𝛿

∞

𝑛=2
≤  1                                                                                   (5.4) 

Using the Theorem (3.1), we can say inequality (5.4) is true if, 
𝑛(𝑛 − 2 + 𝛿)

1 − 𝛿
|𝑧|𝑛−1 ≤

[(𝛽 + 1)𝜆𝑛(𝑛 − 1) + 𝑛(𝛽 + 1) −  − ]

1 − 
 

The last inequality leads us to the disk |z| < r3, where r3 is given by (5.3) and the proof of this 

theorem is completed. 

B. Radius of starlikeness and convexity for the class K(λ, α, β). 

Theorem 5.3. Let the function f(z) defined by Equation (1.1) belongs to K(λ, α, β), then f(z) is 

starlike of order δ (0 ≤ δ < 1) in the disk |z| < r2 where, 

𝒓𝟐 =𝒏≥𝟐
𝒊𝒏𝒇

[(
𝟏 − 𝜹

𝒏 − 𝟐 + 𝜹
)

𝒏[𝒏(𝜷 + 𝟏) + 𝝀(𝒏 − 𝟏)(𝒏 − 𝟐)(𝜷 + 𝟏) −  − ]

𝟏 − 𝜶
]

𝟏

𝒏−𝟏

                          (𝟓. 𝟓) 

Theorem 5.4. Let the function f(z) defined by Equation (1.1) belongs to K(λ, α, β), then f(z) is 

convex of order δ (0 ≤ δ < 1) in the disk |z| < r3 where, 

𝑟3 =𝑛≥2
𝑖𝑛𝑓

[
(1 − 𝛿)[𝑛(𝛽 + 1)𝜆(𝑛 − 1)(𝑛 − 2)(𝛽 + 1) −  − ]

(𝑛 − 2 + 𝛿)(1 − 𝛼)
]

1

𝑛−1

                          (5.6) 

 

VI. References 
[1] A. Gangadharan B. Srutha Keerthi, B. Adolf Stephen and S. Sivasubramanian. Some properties of hypergeometric functions for certain 

classes of starlike functions. Indian J. of Maths., 50(3):495–504, 2008. 

[2] A. W. Goodman. On uniformly starlike functions. J. of Mathematical Analysis and Appl., 155:364–370, 1991. 

[3] A. W. Goodman. On uniformly convex functions.Ann. Polon. Math., 56: 87– 92, 1991. 
[4] Abdul Shakor S. Teim. On a subclasses of univalent uniformly convex functions defined by certain linear operator. Int. J. Contemp. 

Math. Sci., 4(24):1159–1173, 2009.  

[5]  Frode Ronning. Uniformly convex functions and a corresponding class of starlike functions. Proc. Amer. Math. Soc., 118:189–196, 
1993.  

[6] H.M.Srivastava S.R.Kulkarni, U.H.Naik. An application of fractional calculus to a new class of multivalent functions with negative 
coefficients. Int. J. of Comp. and Math. Appl., 38:169–182, 1999. 

[7] H.M.Srivastava and S. Owa. Current topics in analytic function theory. World Scientific Publishing Company, Singapure, New Jersey, 

London and Hong Kong, 1992. 
[8] J. M. Shenan. On subclass of β unifromly convex function. Int.J. of Math. Analysis, 2(11): 499–512, 2008. 

[9] S.Y. Woo N.E. Cho and S. Owa. Uniform convexity properties for hypergeometric functions,. Fract. Calc. Appl. Anal., 5(3):303–313, 

2002. 
[10] V.A. Chougule and U.H. Naik ,Some Properties of a Subclass of Univalent Functions Related to Hypergeometric Function and its 

Integral, American Int. J. of  Research in Science, Technology, Engg & Maths, 12(1), 21-26, Sept-Nov, 2015. 

 

VII. Acknowledgements 
The authors are thankful to referees and editors for their valuable suggestions. 


