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Abstract:  In this paper we are introduce the notion of derivation, kerd, k-TΓ-ideal, dΓ-ideal.  It is proved that let 

T be a commutative ternary Γ-semiring and idempotent with respect to addition.  Then for a fixed element t in T, 

the mapping dt: T → T is given by dt(x) = xαtβt for all x ∈T andα, β ∈ Γ is a right derivation of T.  Further it is 

proved that let d be a right derivation of a ternary Γ-semiring T, then (i)  d(0) = 0  (ii)  d(xαyβz) ≤ d(x+y+z)  (iii)  

If d2(x)= d(d(x)) = d(x) then d(xαxβd(x)) = d(x), α, β ∈ Γ and for all x ∈ T.  It is proved that let T be an additive 

commutative cancellative prime ternary Γ-semiring and d be a non zero right derivation of T.  Then T is a 

commutative ternary Γ-semiring 
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I. Introduction 

A Γ-semiring is an algebraic structure with two binary operations addition and multiplication.  As well as ternary 

Γ-semiring is also a algebraic structure with operations addition and ternary multiplication.  Ternary Γ-semirings 

introduced by D. MadhusudhanaRao and SajaniLavanyain the year 2015 and they developed the literature of 

ternary   Γsemiring.  In this paper we are mainly discussed about right derivations of ternary Γsemiring.  

 

II. Preliminaries : 

Definition 2.1 :  The non empty sets T and Γ together with a binary operation called addition and ternary 

multiplication denoted by juxtaposition is said to be a ternary Γ– semiringif Tand Γ be two additive commutative 

semigroups satisfying the following conditions. 

( i)  [[x1αx2βx3]γx4δx5] = [x1α [x2βx3 γx4]δx5] = [x1αx2β [x3 γx4δx5]] 

(ii)  [(x1+x2)αx3 βx4] = [x1αx3 βx4] + [x2αx3 βx4] 

(iii)  [x1α(x2+x3)βx4] = [x1αx2βx4] + [x1αx3 βx4] 

(iv)  [x1αx2β(x3+ x4)] =[x1αx2 βx3] + [x1αx2 βx4]   for all x1, x2, x3 , x4, x5 ∈ T and α, β, γ, δ ∈ Γ. 

Definition 2.2 : An additive subsemigroup A of T is said to be a TΓ–ideal of T  if xαyβa ∈ A , xαaβy ∈ A  and 
aαxβy ∈ A. 
Definition 2.3:  A proper TΓ-ideal P of a ternary Γ-semiring T is said to be a prime TΓ-idealof T if for any three 

TΓ- ideals A, B, C of T, AΓBΓC ⊆ P implies A⊆P or B⊆P or C⊆P. 

 

III. Right Derivation of TernaryΓ-Semiring: 

Definition3.1:  Let T be a ternary Γ –semiring.  A function d : T → T is said to be a right derivation of T if (i) 

d(x + y) = d(x) + d(y)  

(ii) d(xαyβz) = d(x)αyβz +d(y)αzβx +d(z)αxβyfor all x, y, z ∈ T and α, β ∈ Γ. 

Example 3.2 :Let T = { 
0a

b a

 
 
 

/ a, b ∈ Q } where Q is the set of all rational numbers and  Γ = { 
0a

b a

 
 
 

 / a, 

b ∈ N } where N is the set of all natural numbers.  Then T and Γ are additive abelian semigroups with respect to 

the usual matrix addition of 2×2 matrices and ternary operation is defined as T×Γ×T×Γ×T to T by (x,α,y,β,z) 

→xαyβz using the usual matrix multiplication for all x, y, z ∈ T and α, β ∈ Γ.  Then T is a ternary Γ –semiring.   

 Define a mapping d : T → T by d
0a

b a

 
 
 

  = 
0 0

2b o

 
 
 

.  Then d is a right derivation but not a 

derivation of T. 
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Theorem 3.3 :  Let T be a commutative ternary Γ– semiring and (T,+) be idempotent.  Then for a fixed 

element t∈T, the mapping  dt : T → Tis given by dt(x) = xαtβt for all x∈T and α, β ∈ Γ is a right derivation 

of T. 

Proof:  Let t∈T.  Suppose x, y ∈ T and α, β ∈ Γ. 

dt(x + y) = (x + y)αtβt = xαtβt  + yαtβt = dt(x)  + dt(y) and  

dt(xαyβz) = (xαyβz)αtβt = (xαtβt)αyβz + (yαtβt)αzβx + (zαtβt)αxβy 

= dt(x)αyβz  +dt(y)αzβx +dt (z)αxβy .Hencedt is a right derivation of T. 

Theorem 3.4 :  Let d be a right derivation of a ternary Γ– semiring T then d(0) = 0. 

Proof:  Let α, β ∈ Γ.  We have d(0) = d(0α0β0) = d(0)α0β0 +  d(0)α0β0 + d(0)α0β0  

= 0 + 0 + 0 = 0.  Therefore d(0) = 0. 

Theorem 3.5 :  Let d be a right derivation of the idempotent ternary Γ– semiring T. Then d(x) = x for all x 

∈ T. 

Proof:  Let x ∈ T.  Then there exist α, β ∈ Γ such that  x = xαxβx implies d(x) = d(xαxβx) = d(x)αxβx + d(x)αxβx 

+ d(x)αxβx = d(x)αxβx .  Therefore  d(x) = x.   

Hence the theorem is proved. 

Theorem 3.6 :  Let d be a right derivative ternary Γ– semiring of T. Then d(xαyβz) ≤d(x+y+z). 

Proof:  Let x, y, z ∈ T and α, β ∈ Γ.  We have d(x)αyβz≤ d(x), d(y)αzβx ≤ d(y), d(z)αxβy ≤ d(z).  Therefore 

d(xαyβz) = d(x)αyβz+ d(y)αzβx + d(z)αxβy≤ d(x) + d(y) + d(z) = d(x + y+ z) .  

Theorem 3.7 :  Let d be a right derivative of the idempotent ternary Γ– semiring T.  If  

d2(x) = d(d(x)) = d(x) then d(xαxβd(x)) = d(x), α, β ∈ Γ and for all x ∈ T.   

Proof:  let x ∈ T. Then there exist α, β ∈ Γ such that  x = xαxβx. 

d(xαxβd(x)) = d(x)αxβd(x) +  d(x)αd(x)βx + d(d(x))αxβx = d(x) + d(x) + d(x) =  d(x) .  Therefore d(xαxβd(x)) = 

d(x). 

Theorem 3.8 :  Let T be a commutative ternary Γ– semiring and d1,d2 be right derivatives of T.  Define d1d2 

(x) = d1(d2(x)) for all x ∈ T.    If d1d2 = 0 then d2d1 is a right derivation of T.  

Proof:  Supposed1d2 = 0 for x, y, z ∈ T and α, β ∈ Γ.    Then d1d2(xαyβz) = 0   

⟹d1(d2(xαyβz)) = 0 ⟹  d1(d2(x)αyβz + d2(y)αzβx + d2(z)αxβy) = 0 

⟹ d1d2(x)αyβz+ d1(y)αzβd2(x) + d1(z)αd2(x)βy + d1d2(y)αzβx + d1(z)αxβd2(y) + d1(x)αd2(y)βz + d1d2(z)αxβy + 

d1(x)αyβd2(z) + d1(y)αd2(z)βx = 0   

and  d2d1(xαyβz) = d2(d1(xαyβz))  = d2(d1(x)αyβz + d1(y)αzβx + d1(z)αxβy) = d2d1(x)αyβz + d2(y)αzβd1(x) + 

d2(z)αd1(x)βy + d2d1(y)αzβx + d2(z)αxβd1(y) + d2(x)αd1(y)βz + d2d1(z)αxβy + d2(x)αyβd1(z) + d2(y)αd1(z)βx= 

d2d1(x)αyβz + d2d1(y)αzxz + d2d1(z)αxβy . 

obviously, d2d1(x+y) = d2d1(x)+d2d1(y).  Hence d2d1 is a right derivation of commutative ternary Γ– 

semiring T.  

Definition 3.9 :Let d be a right derivation of a ternary Γ– semiring T.  Then kerd = { x∈ T/ d(x) =0 } 

Definition 3.10 :A TΓ– ideal  A of T  is called a K-TΓ– ideal provided a + b∈ A , a ∈ T, b∈A implies a ∈ A. 
Theorem 3.11 :  Let d be a right derivation of a ternary Γ– semiring T .  Then kerd is a k -TΓ– ideal of a 

ternary Γ– semiring T.  

Proof:  Suppose x, y, z ∈kerd and α, β ∈ Γ.  Then d(x) = 0 , d(y) = 0  and d(z) = 0 implies d(xαyβz) = 0  and d(x 

+ y) = 0.  Therefore x + y ∈kerd and xαyβz ∈kerd.Hencekerd is a ternary Γ- subsemiring of T.  Let  x∈ T, x + y 

∈kerd and y ∈kerd . Then d(x + y) = d(y) =0⟹d(x) + d(y) = 0. ⟹d(x) = 0.  Therefore x ∈kerd.  Hence kerd is a 
k-TΓ ideal of T. 

Theorem 3.12:  Let T be a ternary Γ– semiring.  If d1,d2 be right derivatives of T and  

(d1 +d2) (x) = d1(x) + d2(x) for all x ∈ T, then (d1 +d2) is also a right derivation of T. 

Theorem 3.13:  Let d be a right derivation of additively cancellative commutative idempotent ternary Γ– 

semiring T.  Define a set Fixd(T) = {x∈ T / d(x) = x } is a k-TΓ-ideal of T. 

Proof:  Supposex, y, z ∈ Fixd(T)and α, β ∈ Γ.  Then d(x) = x , d(y) = y  and d(z) = z implies   

d(x + y) = d(x) + d(y) = x + y.  Therefore x + y ∈ Fixd(T). 

d(xαyβz) = d(x)αyβz + d(y)αzβx + d(z)αxβy  = xαyβz + yαzβx + zαxβy =  xαyβz + xαyβz + xαyβz  = xαyβz . Therefore 

Fixd(T) is a ternary Γ-subsemiring of T.  Suppose x + y∈Fixd(T) and y∈Fixd(T) .  Then d(x + y) = x + yand  d(y) =  

y.  That implies d(x) + d(y) = x + y.   Therefore d(x) = x.  Hence Fixd(T) is a k - TΓ– ideal of T. 

Theorem 3.14:  Let d be a right derivation of a ternary Γ- semiring T and A, B be two TΓ-ideals of T and 

A⊆ B, then d(A) ⊆ d(B). 

Proof:  Suppose A, B be any two TΓ– ideals of a ternary Γ– semiring T and A⊆B.  Let x∈d(A).  Then there exist 

y∈A such that x = d(y).  Since y∈ A and A⊆ B ⟹y∈ B.  Therefore x∈d(B).  Hence d(A) ⊆ d(B). 
Definition 3.15 :Let T bea ternary Γ– semiring and d be a right derivation of T.  A TΓidealA of ternary Γ– semiring 

T is said to be a dΓ- ideal if d(A) = A. 

Example 3.16 :The zero TΓ– ideal {0} is a dΓ- ideal of ternary Γ– semiring.  Since d(0) =0.  If d is onto derivation, 

then d(T) = T. Hence T is a dΓ- ideal. 
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Theorem 3.17:  Let T be a ternary Γ- semiring and A, B be dΓ- ideals of T then A + B is also a dΓ- ideal of 

T. 

Proof:  A and B are subsets of A + B.  Therefore A = d(A) ⊆ d(A +B), B= d(B) ⊆ d(A +B) and ( A+ B ) ⊆ 
d(A+ B ) ⊆ d(A) + d(B) = A + B .  Therefore d(A + B) = A + B.  Hence  
A + B is also a dΓ- ideal of T. 

Theorem 3.18:  Let T be a ternary Γ- semiring and d be a right derivation then for an element a∈ T, 

d((aα)na) = nd(a)α(aα)n-1a for all α ∈ Γ and for some odd natural number n. 

Proof:  We prove thisresult by mathematical induction.  Let d be a right derivation of T,  

α∈ Γ and a∈ T.  Suppose n = 1  
d(aαaαa) = d(a)αaαa + d(a)αaαa + d(a)αaαa  = 3 d(a)αaαa . 

Suppose that the statement is true for n + 1, for all n ∈ N . 

That is  d((aα ) n+1a) = (n + 1)d(a)α(aα ) na .  Then d((aα ) n+2a) = d(aα (aα ) n+1a) = d(a)α (aα ) n+1a  + d((aα ) 
naαaαa) + d(a) αaα(aα ) na  = (n + 2) d(a)α(aα ) n+1a  .   

Hence by mathematical induction, the theorem is true for all odd n ∈N. 

Definition 3.19:A ternary Γ-semiring T is said to be a prime ternary Γ-semiring if      aΓTΓbΓTΓc = 0 then a = 

0 or b = 0 or c = 0 for all a, b, c∈ T. 

Theorem 3.20:  let T be an additive commutative cancellative prime ternary Γ-semiring and d be a non zero 

right derivation of T.  Then T is a commutative ternary Γ-semiring. 

 

IV. Conclusion 

In this paper we introduced the notion of a right derivation of a ternary Γ-semiring and we studied some of the 

properties of right derivations of ternary Γ-semiring. 
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