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Abstract: Aggregation operators play a crucial role in modelling real-life problems. In this paper, the
definition of normalization of IFSs is proposed and related properties are studied. The normalized
intuitionistic fuzzy criteria weights are used to define an intuitionistic fuzzy arithmetic aggregation operator
with respect to intuitionistic fuzzy weights and their properties are analyzed. Novel accuracy function is
revised for easy handling of ranking of IFSs through accuracy degrees. The effectiveness of the proposed
method is illustrated through a multicriteria decision making problem in intuitionistic fuzzy environment with
criteria as IFSs. The ranking of alternatives through both the proposed approach and the existing approach
are compared yielding identical ranking of alternatives and thus validating the proposed approach.
Keywords: Intuitionistic fuzzy sets; Intuitionistic fuzzy aggregation operator; Novel accuracy
function,;Normalization of IFSs;Multicriteria decision making

I. Introduction

Multicriteriadecision making (MCDM) has a great impact on the human progress and prosperity due to making
selections among some courses of action in the presence of multiple conflicting attributes in greatly uncertain world
and it needed to employ the available scientific tools and techniques to accurately model unstructured real-life
problems for better and effective solutions.Fuzzy set theory [3] based on the membership function revolutionized
the approach towards modelling uncertainty and incompleteness in unstructured problems occurred as a result of
human judgment. As a further generalization of fuzzy sets, Atanassov [1, 2] introduced the concept of
nonmembership function in the fuzzy system and gave the nomenclature intuitionistic fuzzy sets (IFSs). The
concepts of vague sets as another generalization of fuzzy sets were proposed by Gau and Buehrer [4]. Later Burillo
and Bustince [5] established that the notion of vague sets were synonymous with IFSs. Thus, the theory of IFSs
remained a superior tool for modelling imprecision and incompleteness in numerous decision contexts in
comparison to fuzzy sets. Atanassov and Gargov [16] extended the concepts of IFSs to interval-valued intuitionistic
fuzzy sets (IVIFSs). In MCDM problems, the aggregation operators play indispensible roles. Xu and Da [8] made
a survey of existing aggregation operators and introduced some aggregation operators like induced ordered
weighted geometric averaging (IOWGA) operator, generalized induced ordered weighted averaging (GIOWA)
operator, hybrid weighted averaging (HWA) operator. Aggregation operators like intuitionistic fuzzy weighted
averaging (IFWA) operator, intuitionistic fuzzy ordered weighted averaging (IFOWA) operator, and intuitionistic
fuzzy hybrid aggregation (IFHA) operator for aggregating intuitionistic fuzzy values were proposed by Xu
[9].Dynamic intuitionistic fuzzy weighted averaging (DIFWA) operator and uncertain dynamic intuitionistic fuzzy
weighted averaging (UDIFWA) operator were developed by Xu and Yager [17] based on which two respective
procedures were developed to solve the dynamic intuitionistic fuzzy multi-attribute decision making (DIF-MADM)
problems. Some techniques based on vague set theory for handling multicriteriadecision making problems were
proposed by Chen and Tan [11] and Hong and Choi [12]. Mardani et al. [18] reviewed the approaches and
applications of fuzzy MCDM during the period 1994 to 2014.

All the weighted aggregation operators developed so far employed crisp normalized weights with arguments as
IFSs and thus ignore the inherent uncertainty in human judgment of criteria expressible in IFSs. The ominous
presence of crisp weights in weighted aggregation operators thus puts some hindrance towards appropriate
modelling of real-life problems. Thus, the existing weighted aggregation operators need extension with keeping
weights as IFSs. In this pace, normalized weights summing to unity should be taken care of in the intuitionistic
fuzzy (IF) environment as well. Normalization of IFSs was defined by De et al. [6]. However, Zeng et al. [7] pointed
out the inconsistency in the definition of normalization of IFSs through an example. No effort is ever seen in the
vast literature on IFS towards defining normalization over the last decade. Probably this could be the chief reason
for standstill in this direction of consideration of IFS weights in the weighted IF aggregation operator. In this paper,
we propose a definition of normalization of IFSs and introduce IF arithmetic aggregation operator relative to IF
weights and study their properties.
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This paper is organized as follows. Section 11 reviews the concepts of IFSs, score function, accuracy function, novel
accuracy function and IF weighted aggregation operator relative to crisp weight vector. Section Il defines
normalization of IFSs and IF arithmetic aggregation operator relative to IF weights is proposed and their properties
are studied. Novel accuracy function is also revised. In section 1V, the usefulness of the approach developed in the
previous section to the problems of multicriteria decision making in IF environment is presented. The application
of the proposed method is illustrated through a MCDM problem and the result is validated through the existing
approach in section V. The concluding remarks are made in section VI.

Il. Preliminaries
Here, we present a brief review of some existing results to be used for future development.

Definition 2.1 ([1, 2]) In a universe of discourse X, an IFS, A, is defined as an object of the form A =
{(x, pa(x), v4(x)): x € X3}, where the functions u, : X - [0,1] and v, : X — [0,1] represent respectively the
membership degree and the non-membership degree of the elementx € X, satisfying 0 < u,(x) +v,(x) <1,
Vx € X.

An associated function 7z, : X — [0,1] defined by, (x) = 1 — puu(x) — v4(x) represents the hesitancy degree
of the element x € X to the set IFS A.

The fuzzy set thus becomes a special case of IFS which may be expressed as {(x, u,(x), 1 —u,(x)) x € X}.

For fuzzy sets, m,(x) = 0, Vx € X. This implies that the concept of fuzzy sets is devoid of the idea of hesitancy
degree making IFS more realistic tool to model real-life problems.

The ranking of IFSs had numerous approaches. Chen and Tan [11] proposed a score function S for IFS A =
(1, v) which is defined as follows:

SA=u—v

Clearly, S(4) € [—1, 1]. The more the value of score S(A) the greater would be the IFSA.

Due to limitations of score function in ranking of IFSs, an accuracy function H was proposed by Hong and Choi
[12] for the IFS A = (y, v) which is defined as follows:

HA)=u+v

Clearly, H(A) € [0, 1]. The more the degree of accuracy H (A) the greater would be the IFS A.

Thus, the measure of IFS A is proportional to the scoreS(A4) as well as accuracyH (4).

An IFSA = (u,v) isalso called an intuitionistic fuzzy number (IFN) while an IVIFSA = {[a, b], [c, d]) is called
an interval-valued intuitionistic fuzzy number (IVIFN) [19].

It is found that the score function and accuracy function represent respectively the difference and sum of the
membership and nonmembership degrees of an element of the IFS A. The characteristics of the score function and
accuracy function have resemblance to the mean and variance in statistics respectively. These two approaches in
unison effectively rank the IFNs by first utilizing the score functional values until equality occurs and then
employing accuracy degrees for breaking the tie. The equality of two score functional values and two accuracy
degrees of two distinct IFNs cannot occur at the same time.

Definition 2.2 (Novel accuracy function [14])

Let A = ([a, b], [c, d]) be an IVIFN. Then, a novel accuracy function M of the IVIFNA, based on the unknown
degree, is defined by

c+d

M(A)=a+b—-1+

Consider a = b = p andc = d = v. The IVIFNA reduces to the IFN(u, v). Then, the novel accuracy function
is transformed toM(4) = 2u — 1+ v
Obviously, M(A4) € [0,1].

Definition 2.3 ([10])Let 4; = (u;, v;) € 2(j = 1,2,...,n)be IFNs. Assume thatw = (w;, wy, ..., w,)" is an
associated weight vector with w; € [0,1]( = 1,2,...,n) satisfying ¥7_; w; = 1. Then, an IF weighted

aggregation operator f,,: 2™ — 0 relative to weight vector w is defined by
n n

fo(Ay Ay o AY) = i w;A; = (1 - H(1 — )", ij“”')
j=1

j=1 j=1

I11. Intuitionistic fuzzy aggregation operator relative to intuitionistic fuzzy weights
As clear evidence towards defining the normalization of IFSs, De et al. [6] introduced a definition of normalization
of IFSs. However, Zeng et al. [7] pointed out the inconsistency crept in that definition through an example. Over
the last decade no effort is ever seen in the vast literature on IFS defining normalization there. The failed definition
of normalization [6] when minutely observed the inherent invalidity appears in the idea of defininguyogy and
Vnorm independently giving no scope to check the satisfiability of the inequality uyorm(X) + Vorm (X) <
1,Vx € X(universe of discourse).
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For extending the concept of normalization of fuzzy sets to the theory of IFS, the necessary condition of sum of
IFS weights being unity should be satisfied.
LetF; = (u;, v;), G = 1,2,...,n) be a set of normalized IFSs.
Then, ¥, F; = F,®F,® ... ®F, = (1,0)
= (1 -I[j-1(1 —u)), [Tj=1v;) = (1,0)
=1- H;lzl(l - [.l]) = 1andn7:11/j =0
= H;lzl(l - [.l]) = Oand]_[}l:lvj =0
=y, = 1, forsome j =1 andu; + v; < 1 implies that v, = 0

= F, =(1,0)
Hence, the set of normalized IFSs should necessarily contain(1,0) at least once which is the greatest IFS.
Normalization of IFSs should also preserve the order or ranking of the given set of IFSs and therefore any
mechanism of normalization of IFSs should be able to convert the greatest IFS into the IFS(1, 0). In this context,
for the correct normalization process it is imperative to know the ranking of IFSs in advance or the process should
be so complex that it maintains the order of IFSs while the largest IFS being converted into IFS(1, 0).
LetA = {(xj, pa(x;), va(x;))|x; € X} be an IFS in theuniverse of discourse X = {x;, x;, ..., x,}. For
convenience, let us denote (x;, wa(x;), va(x;)) by(u;, v;), where u; = ps(x;)and v; = v4(x;). Then, the IFS
Areducestod = {a; | j = 1,2,...,n}, where a; = (u;, v;).
In light of the above discussion, we propose the following definition of normalization of IFSs.
Definition 3.1:Let A = {a; | j = 1,2,...,n}, where &; = (u;, v;), be an IFS in theuniverse of discourseX =
{x1, x5, ..., xJwitha; = a, = -+ = «,, . The normalization of A, denoted by NORM (A), is defined by

NORM(A) = {(ull;, v 1j = 1,2,...,n)},
where

Wy = min {max {%}, 1 — min|v, — vll}and va; = minlv, — v
i k>j kzj

kzj \H1
Theorem 3.1:Let A ={a; | j = 1,2,...,n}, where a; = (u;, v;), be an IFS in theuniverse of discourseX =
{x1, x5, o, Xp}Withay = a, = - > a,, .
IfNORM(A) = {a¥ | j = 1,2,...,n}, where a} = (u}, v}") then
(i) aY =(1,0)

(iDal zal = >al

(ii) Y0 = af Da) @ ...Q ay =(1,0)
Proof:
(i) By Definition 3.1, v¥ = 1r<nkizln|vk —%n|=0

, My , ,
N _ hA — — = — =
ut = mingx (0, 1= min = l} = mint, 1-01=1

Thus, al¥ = (ul', vV) = (1,0).
This completes the proof.
(ii) Let p < g thena,, = a,.
Ap =g = Uy = fUg N Vp S Vg
Also, min vy, —v;| < min |v, —v|(~* p < q)

p<k=n q<ksn

N N
ﬁvp<vq

min|vy, —v{| < min|vy —vy| = 1— min|vy, —v{|=1— min|v, —v
psksnl k 1| qsksnl k 1| psksnl k 1| qsksn k 1

Hp S Hq
Now, > =—+>-
ﬂp ,Ltq H1 H1

= max {”—p} > max {ﬁ} (“p<q)

psksn Uy qsksn (g

hus, min s (32, 1= i o=l 2 min g 2], 1 i =l
= uy > pu (By Definition 3.1)
py = phand vy < v = a) > af
Hence, al¥ > alf > - > aly
This completes the proof.
([i Y= @) @ .0 ay
=(1-[1L. =), v =006 u =1, v =0)
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Definition 3.2:Let Q = {a; = (u;,v;)|(j = 1,2,...,n)} be a collection of IFNs and w = (wy, wy, ..., w,)
where w; = {p;,0;)(j = 1,2,...,n), be the normalized IF weight vector of a; (j = 1,2,...,n). Then, the
weighted IF arithmetic aggregation operator relative to the IF weightsIFWA,,: Q" — Q is defined by

IFWA, (a;, ay, ..., a) = Z(Wj ® aj) =(1- 1_[(1 - pjuj), 1_[ (1 — (1 — a]-)(l — v]-))
j=1 j=1 j=1

Theorem 3.2: (Properties of[FWA,,)
Leto; = (u;,v;)( = 1,2,...,n), be a collection of IFNs. Assume that w = (wy, w, ..., wy), where w; =
(pj,05)(4 = 1,2,...,n), is a set of normalized IF weight vector.
(1)The aggregation operator/ FW A, satisfies boundary conditions.
Proof:
Case (i): Let a; =(0,1) ,forj =1,2,...,n.
Here, IFWA,, (a;, a3, ..., &) = Z}Ll(wj@aj)

= (W, Qa)®w,Qa,)® ... (W, ®ay,)
Thus, IFWA,, ({0,1),(0, 1), ..., (0, 1))

= ({p1,01)R(0, 1)) D ({p,, 0,)R(0, 1)D ... B py,, 7,)®(0,1))

= (0, 1)(0, 1)® ... (0, 1)
=(0,1)

Case (ii): Leta; = (1,0),forj =1,2,...,n.
Here, IFWA,, (a1, 3, ..., ) = ¥ (w;®a;)

= (W ®a)®(w,®a,)® ... d(w,Ra;,)
ThUS, IFWAW (<1l 0)1 (1' 0): L] (1' 0)) = ((pll 0-1)®<1' 0))6((:02' 0-2)®(1' 0))@ @((pn' Un>®(1, 0))

= (pl' U1>@(P2' 0-2)6 ®<.0n' on)

= (1, 0)(By Theorem 3.1 (iii))
(2)The aggregation operatorl[FWA,, is monotonic increasing.
Proof:
Let A; = (uaj,va;)and B; = (ugj,vg;) With 4; < B;(j = 1,2,...,n) be IFNs.Assume that w; = (p;,0;)(j =
1,2,...,n) be IF weights.
We show that IFWA,, (41,4, ..., A,) < IFWA,, (B;,B,, ..., By)
Aj < B]:#AJ < ,quand Vaj > VBj» for ] =12,...,n
NOW, paj < Upj = Pjlaj < Pjlpj
= 1—-pjus; = 1—pjug;, forj=1,2,...,n

n n
= l_[(l ~ pjlta) Z 1_[(1 — pjks))
j=1 j=1

=112 (1 = pjpag) < 1 =TT (1 = pjug;) (D)
Again,vA]- = Vpj =1 — Vaj <1 — Vpj

= (1-)(1~vay) < (1 =) (1~ vs)
=1-(1-0)(1-vy)=21-(1-0)(1-vg), forj=1,2,...,n

= et (1= (1= ) (1 = va)) = [T (1~ (1= ) (1 =) ()
By Definition 3.2 and Eqgns. (1) and (2), it is found that
IFWA,, (A1, A,, ..., A,) < IFWA,, (By,B,, ..., By)
(2)The aggregation operatorIFW A,, is continuous which is obvious from the Definition 3.2.
Remark 3.1: The essential properties of aggregation operator [13] are thus satisfied as is evident from Theorem
3.2. Hence, the Definition 3.2 rightly introduces an IF aggregation operator relative to IF weights.
As in Definition 2.2, the novel accuracy function M of the IFN A(= (i, v)), based on the unknown degree, is
represented by M(A) =2u—1+v €]0,1]
If IF weights w; = {p;, 0;)(j = 1,2,...,n) be transformed to novel accuracy degrees M(a)j) then the possibility
of occurrence of zero novel accuracy degree for some IF weight makes it unsuitable for being used as the
respective crisp weights in a multicriteriadecision making problems otherwise there would be significant loss of
information.
In this context, we propose the modification of novel accuracy function (Definition 2.2) as follows:
Definition 3.3Let A = ([a, b], [¢, d]) be an interval-valued IFN. Then, a revised novel accuracy function L of the
IVIFN A, based on the unknown degree, is defined by
c+d

L(A)=M(A)+1=a+b+T
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Consider a = b = p and ¢ = d = v. Then, the revised novel accuracy function of the IFN A = (u, v) is expressed
as

L(A) =M(A)+1=2u+v(3)
Obviously, L(4) € [1,2].
The monotonicity of M(A) is extended to L(A) and the revised novel accuracy function L(A) eliminates the
possibility of occurrence of zero novel accuracy degree for some IF weight enabling it for being considered as
the respective crisp weights in a MCDM problems and there would be no loss of information.

IVV. Multicriteria fuzzy decision-making method based on the intuitionistic fuzzy aggregation operator
relative to intuitionistic fuzzy weights

In this section, we present the usefulness of the approach developed in the previous section to the problems of
multicriteria decision making in IF environment.

Let A = {4, 4,,....,A,} be aset of alternatives which are evaluated by decision maker(s) on the set of attributes
or criteria C = {C;, C,, ...., C,} in IF environment generating IF decision matrix. If the performance value of it"
alternative A; € A on j*" criterion C; € C be given by a decision maker as an IFNp;; = (u;j, v;;), Where 0 <
wij <1, 0<v;; <1, p +v;; <1, then the IF decision matrix is expressed as

c, G, . Cy
Ay <M11:V11) (H12:V12) (/«llnﬂ/m)
— AZ | <M211V21) (.uzszZZ) (,uzn:VZn) |

b= (dij)mxn - (<'uij’vij))mxn : : : :
Am \</’4myvm1) (.umszmZ) (Hmn’ an)/
Now, assume that the decision maker evaluates criterion C;(j = 1,2,...,n) also in IF environment generating IF
weight vector w = (w;, Wy, ..., w,)", Where w; = (pj,0;) satisfying0<p;<1,0<0;<1, pj+0;,<1( =
1,2,...,n).
Thus the weight vector of all attributes with IFN as elements can be expressed as
@ = ((p1, 01), (P2, 92), e, {Py )T
We propose the following steps for solving the abovementioned intuitionistic fuzzy MCDM problems.

Step 1. The ranking of weights w; = (p;,0;)(j = 1,2,...,n)is obtained using the revised novel accuracy
function expressed by Eqn. (3). Let w1y = wpz) =+ = Wy » Where p is a permutation
on{1,2,...,n}.

Step 2:  The IF weightswy,;,(j = 1,2,...,n) are normalized using Definition 3.1 resulting in the normalized
IF weights wp;y(j = 1,2,...,n) satisfying®"_, wy ;) =(1,0). Hence, the given IF weight vector
w = ({p1, 010, (P2, 02}, e, {pr, 5, )T is transformed to the normalized IF weight vector ™ =
Upt, 0t ), (pd, 03" ), s o oA DT

Step 3:  The IF performance score of an alternative 4;(j = 1,2,...,n) is estimated using IF arithmetic
aggregation operator relative to the IF weights IFWA,, given by Definition 3.2.

Step 4:  The crisp performance scores of alternatives 4;(j = 1,2,...,n)are obtained by applying the revised
novel accuracy function given by Eqgn. (3) to their respective IF performance scores.

Step 5:  The alternatives 4;(j = 1,2,...,n)are ranked in the decreasing order of their crisp performance
scores.

V. lllustrative example
In this section, an example for illustration has been adapted from ([14], [15]) for demonstrating the application of
proposed IF decision making method in real situation and validating the effectiveness of the proposed method.
The problem is related to an investment company wishing to invest the money in the four possible companies

(alternatives) A; (car company), A, (food company), A5 (computer company), and A, (arms company). These

alternatives are to be evaluated with respect to three criteria C; (risk analysis), C, (growth analysis), and Cs

(environmental impact analysis) by an expert generatinglF decision matrix as

G G Cs
A; 7(0.45, 0.35) (0.5, 0.3) (0.2, 0.55)
D= (d) _ A, [ (0.65, 0.25) (0.65, 0.25) (0.6, 0.15)
HJaxz ~ Ag\ (045,  0.35) (0.55, 0.35) (0.45,  0.2)
A4 \(0.75, 0.15) (0.65, 0.2) (0.35, 0.15)
The weight vector of the criteriaC;, C, and C; with IFNs as elements is expressed as
w= (wj)lx3 = (0.5,0.1),(0.4,0.2),(0.7,0.3))

Using Eqn. (3), the criteria weights are ranked as w; = w; = w,.
By Definition 3.1, the normalized IF weight vector is given by

- ____________________________________________________________
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wV = (w;V)1X3 = ((0.71,0.1),(0.57,0.1),(1, 0))
Here,w) + w) + ¥ = (1,0)
Employing IF arithmetic aggregation operator relative to the IF weights IFW A,, given by Definition 3.2, the IF
performance score S; of alternative A;(i = 1, 2, 3,4) is estimated as
S, =(0.61, 0.08), S, = (0.86, 0.02), S; = (0.74, 0.03), S, = (0.81, 0.01)
Now, applying Egn. (3), the crisp performance scores of alternatives as revised novel accuracy functional degrees
are computed asL(S;) = 1.3,L(S,) = 1.74,L(S;) = 1.51,L(S,) = 1.63
Thus, the ranking order of alternatives becomesA, > A, > A; > A; which agrees with that of Ye [14].
Let us now estimate the revised novel accuracy functional degrees of the IF weights w;(j = 1, 2,3) using Eqn. (3)
which are given as L(w,) = 1.1, L(w,) = 1.0, L(w3) = 1.7
Treating these accuracy degrees as the weights of respective criteria, the normalized crisp weight vector is
expressed asw = (w;) . = (0.29,0.26,0.45).

Using IF weighted aggregation operator relative to the normalized crisp criteria weights as given by Definition

2.3, the IF performance score R; of alternative A;(i = 1,2, 3,4) is estimated as

R, =(0.36,0.41), R, = (0.63,0.20), R; = (0.48,0.27), R, = (0.58,0.16)

Applying Eqn. (3), the crisp performance scores of alternatives as revised novel accuracy functional degrees are

computed as

L(Ry) = 1.13,L(R,) = 1.46,L(R3) = 1.23,L(R,) = 1.32.

It is found that the ranking order of alternatives remains4, > A, > A; > A, which again agrees with that of

Ye [14] validating the effectiveness of the proposed method.

VI. Conclusion

For modelling the inherent uncertainty in human judgment of criteria expressible in IFSs, definition of

normalization of IFSs is proposed and related properties are studied. The normalized IFSs as criteria weights are

used to define an IF arithmetic aggregation operator relative to IF weights and their properties are analyzed

establishing the veracity of the proposed definition. Novel accuracy function is revised for easy handling of

ranking of IFSs through accuracy degrees. The effectiveness of the proposed method is illustrated through an

MCDM problem in IF environment with criteria as IFSs. The IF criteria weights are transformed to accuracy

degrees by using revised novel accuracy function that are normalized resulting in the normalized crisp weights

and an existing IF weighted aggregation operator relative to these crisp weights is used to get performance scores.

The ranking of alternatives through both the proposed approach and the existing approach are compared and it is

found that both yield the same ranking of alternatives coinciding with that of Ye [14] validating the rationality of

the proposed approach. The developed aggregation operator should model the imprecision in more reliable manner

as the expert has freedom to express his judgment relating to criteria also in IFSs just like his choices for

alternatives in IF settings.
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