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Abstract: In this paper, an attempt has been made to obtain transformation formula for partial mock theta
functions. The double series representation for mock-theta functions of order five and seven is obtained in a
much-closed form.

Keywords: Mock-Theta function, Double Series, Transformation formula

I. Introduction
Denis [1], making use of the identity

e, (xt—xytle, (t —tx) =€, (t — xyt) (1.1)
Established the following result:

Zn:[ nj xm [(@)1m q)l:qmrm i (a)qm : qnm:|
m—o.m ) [(D)]n (b)g™
q)[q_m (e qu} _ q)[q‘” ,(a)c); xyg" } (1.2)
(d) (b).(d)
In this paper, making use of (1.2) an attempt has been made to obtain transformation formula for partial mock
theta functions. Transformation formula for mock theta functions of order three established in this paper, had been

obtain by N. J. Fine [2] by making use of different transformation formula for the function F(a, b:t; q) which
is defined as

(Q)n (1.3)
F(a,b;t; :
( q)= Z < ba), |
Our aim is to show that one can easily establish these transformation formulas for mock theta functions of order
three (earlier established by Fine from a single result (1.2) by specializing the parameters.) We shall also show
that with the help of (1.2) double series representation for mock-theta functions of order five and seven can be
obtained in a very closed form.

I1. Main Results
In this section we shall establish transformation formula for mock-theta functions.

putting C=D =0,Y = #,B+1,b,,, =q " and Xq " for xin (1.1), we find:

s xnf(@)], (B x e g l@k (s 21)
NS W =AY O)
Again taking A+1 for A, a,,, =, X for xin (2.1) and ¢ — o0, gives:
a
t(t—l) e
232 [(@) (B)n () X" 2 o @) () ) a2 22)
m=0 t=0 ( )m (q )t [(b)]m+t r—o (a), [(b)],

Taking C =D Zl,Cl = a,dl = ﬂ,é for Y and then & — o0 in (1.2), we get:
(04
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(2.3)

S m m+t( B )m+t (_)mxmﬂq((nlr:)tmn n (q_n )r [(a)]r<_ Xﬂqn)rq ?
w0 @@ ol.g 2 = @l

-n

Now taking A+1 for A, B+1 for B,bg,, =q™" @,, =a,—q " forxin (2.3), then & — o0, gives:

H
‘“SQ><

(-1t

el [l () a 5
=S @),@).8).b).. & ()B)[b)

Mock Theta Functions Of Order Three:
Taking A=B=1, &, =0q,b, =—0, f =—(q and X =—1 in (2.4), we obtain:

n r2 n m m-+1

_y v 0O " ;1

f q)— Z 2 - Z 7 101 m+1. (2.5)
r=0 (— Q)r m:O(— Q)m -9 54,

where f, (q) is a partial mock theta function of order three. Similar notation will be adopted onward for partial

mock theta function
For N — oo (2.5) yields

(2.4)

3 q" < () q.0 ;-1 S 6
-3 S >

Taking A=1,B=1, & =0,b, =iq, f=—Iqand X =1 in (2.4), we find:
2
o0 qr [e'e} (I)m qm+1 ,—l
@, ()= = 1P| (2.7)
" ;o(—qz;qz)r mZO(—qziqz)m iq™; q |

Taking N — oo and then summing the inner @ -series on the right side of (2.7), we get:

L0 =i
Zcpl[q } 28
(—q :q )
Puttmg q for q then taking A=B=1, al—q b —q3 p= q2 and x=q in (2.2), we get:
r2+2r ( qz.qz) qm o |:q2m+2 q _q:|
(q ), (q 9%), et q® |
which can also be written as
n (r+1)? 2m+2
q (-9%0%),q" {q q ,—q}
D (2.9)
;(q?,;qz)m 1— qz ( ) 171 q2m+3; qz .
Now putting r-1 for r in (2.9), we get:

n+1 r? n+1 m 2m+2. 2.
q ( ) q a a9
¥, (0)- : o, L]
2fg?), 1o ) ( q’) T lamhet ],
which for taking N — oo and then summing the inner ; D, -series on the right hand side, yields:
2 12.42.
¥(q)=q ch1|: qo’ 979739 } (2.10)

Putting A=B=1, &; =Q,b; = a)zq,,B =-—w( and X = —0? in (2.4), we obtain:

W=D )

Zl-9-0°)--L-q" +q*)

I..2
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_\",.2m m-+1 . .02
- ( ) a)z lq)l{q 2. m+l e :| (2.11)
(COQmFa) q;Q)m w-q q n—m
24
where @ =€ 3 and N — o, (2.11) yields
n r? 2
q 2 q, 0 ;-w
Xn(@)=>" =(1+a) )2431‘: } (2.12)
" Sh-a-a?}--a"+ ™) -
3 s 1

and taking A=B=1, &, =Q, b = qE p= q2 X =(Q? and in (2.4) and then replacing q by q2 we obtain:
2r(r+1)

n q qm+21q ,—Q}
(q)= (2.13)
() ;(q;q F, - szO(q Q) {qz”‘”,qz

and N — o0, (2.13) yields

0 q2r(r+1) _, |Zq2m+2,q : q}

o(q)= 27 = 2m43 (2.14)
r:O(q;q )r+1 q
Putting A=1, @, =(, and then replacing q by q2 in (2.2) we get:
n (_\r rr(r-1 n t  t(t-1) , m+t
Z( )_(Xﬂ) q _ z Z(q q )m+t(ﬂ 9 ) ( )q X (2.15)

r-0 [(b);qZJr m==0 t=0 ( ) (q qz)[[ 2Jm+t

Now putting B=1, b, =—q°, # =0 and X = q in (2.15), we get:

n r(r+l) 1 n : 2 m me+t 2m+2
7n(q)zz q 2T~ Z(q - ) i 1QJl[quﬁs’q | q} .
Slad’l, 1+ (—q q )m q°™;q -

As N — o0, (2.16) gives

n r(r+l) 2 0 : 2.
V(Q):Z q_ 5 =2®1{q ’ 4 q} (2.17)

r=0~ 49" Jri1
3

Taking A=B=1 a; =(,b; = a)zqg,ﬁ =aq

n q2r(r+1)
:,Z:(;(l+q+q2)---(l+q
_ 1 n (wzq)m - l:q2m+2 ;q2 ;qu:l 19
(1-o)l-0%q)l0’a® 0 a?), T e g2 g2
Taking N — oo and summing the inner , @, on the right side of (2.18), we get
) 2r(r+1 2 N2 .2

2

1
and X = a)zq 2 in (2.3) and then replacing q by q2 we get:

Nw O

2red | q4r+2 )

where @ =e 3 |
Mock Theta Functions Of Order Five:

Putting A=1,B=0,8, =(, f =—( and X =—1in (2.4), we find
r N n=m'm+t m., 2
)= 3 - 35 R
) (_q)m

r=0 a r m=0t=0
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which gives f, (q) as N — oo in the following form

00 ql’ o0 (m+tj(_)mq 2
- = A S (2.20)
Z(:) (_ q)r méo m (_ q)m
1 1
Taking A=4, a, =q,a, = f=—-0,a, = iqi,a :—in B =0 and Xx=-1in(2.4), we get:
o mt e
(@)=Y (aa°) 4" ZZ[ | J( G:0° )i ()"0 2
r=0 m=0 t=0
which for N — oo gives
C 2\ 2 _ o [m+tig? 2 t(tT_l)
o)=Y aa?)a” = ¥ 002 ). (a0 (221)
r=0 m=0,t=0\ M

Taking A=4, &, =(,=—(,,B=0and X=—( in (2.4), we obtain:

t(t-1)

nn-m’m 4+t (_)m q m=g
= Z ( ](T which for N — o0 gives
~ Mm

0 qr(”'l) o (m+tj (_)mqm T2
f.(q)= = R (2.22)
(@) ;(—q;q)r m§_o m ) (-q),

1 1
Taking B=0,A=4, &, =Q,a, = f=-0,3, = iq2, a, = —ig2 and X =—0? in (2.4), we find:
: o m it D)

®,,(@)=>(~a:q?),q" —qZZ( | j( 697 Caalag 2,

r=0 m=0 t=0

which for N — oo gives
t(t-3)

o)=Y Faa?) g = Y [qu J( 6% ), (~aa)-a)rg 2 (223)

r=0 m=0,t=0

Taking A=2,B=0, &, =(,a, =—q,X=-1 # =0 in (2.2), we find:
t(t-1)
n r(r+1) N nem =
v, (@)=Y (-aa%).q 2 (- 6:92),. (- g:a)(-a)"q

—5 (a; ),

r=0
which, for N — oo gives

t(t-1)
® r(r+1) = (_ ma 2
v@=3(a)g: = 3 (9:0°),. Caa)(-a)"q 020
r=0 m=0,t=0 (q! q)t
Again taking A=2, & =(,a, =—(,B =0, =0q,X=—( in(2.4), we find:
t(t+1)
n (r+1)(r+2) n n-m(n2-n2 _\m m
¥.(@)=>(-aa)g * =g (@ia),.()"a

r=0 m=0 t=0 (q’ q)t
which, for , N — oo yields

t(t+1)
3 (r+1)(r+2) o (42:42) (Wa" 2
=Y (-qa)a 2 =q Y o*ia )m”(.) ]
= m=0,t=0 (a; Q)t

(2.25)

1
Taking A=1, &, =q,B =0,Xx= £ =Q? and then replacing g by % in (2.4), we get
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n qu2 n n-m (q q )mth (_)m q m+t? . -
Fonld)= (@9 hich, for n
Qn(q) ; q1 2 r m=0 t=0 (q’q)Zm (qz;qz)t e o - gives

© 2r? © 2.2 M o m+t?
Fo(CI):Z q _ Z (q q )m+t( )"q (226)

S(@a®), w5 (@a),(0%a%)
Taking A=B=0, X=0,y =q ", D+1forD,C+1forC, dp,; =q ", Ccig =q in (1.2), we get

o (O] RS I () R N
2[a), "% (@), [(@)k(a ") (227)

r=0 m=0 t=0
1 1
Now taking C=1, ¢, =(¢,D =4,d, =q2, d, =—q2, d, =q,d, =—q in (2.27), we obtain:
n q° n m ( )[ m+(m nht
Zon r+l. n
Al mmo<><>()
which, for N — oo gives
0 qr () 0 © ( )[ m+mt t
= =), (2.28)
Zc:)(q”l;q)r n%OtZ t

Il
o

(@) 0™ )thT
3 3

Again taking C=1, ¢, =¢,D =4,d, =q,d, =—q,d, =q5,d4 :—qE in (2.27), we get:

nom (gm qm+(1+t)—nt

= ; qr n
S R h Tt e
which, for n — oo, gives
i o w (_ )‘qm+t+1 )t

r=0 q r+l m=0t=0
1+t.
(@)n o q)mq 3
Mock Theta Function Of Order Seven:

1 1
TakingA=1, &, =(,B=2,b, :q2 b, =—q2%, =—-0q and X =—1 in (2.4), we obtain:
t(t-1)
N n nm m+t) (<)"q 2
Son(@)=2, ( m ] o)

“’1 m=0 t=0 (_ q)m(q;qz)m+t

(2.29)

which, for n — oo glves
t(t-1)

&o(m+t) ()'q 2
(2.30)
( ”1 ) ZO( J =), 0:0% ).
3
Again taking A=1, &, =0,B=2,b, —qz,b =—q2,f=—q and X =—Q? in (2.4), we get;

t(t-1)
- nn-mm4t ()mq2m+tq 2
Sin e q
wl)- ( lq}m ZOZ( J(—Q)m(q,q g

which for N — oo glves

r+1
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1y 2m+(t+l)(t+2)
(r+) = (m+t) (<)" 2
z )q — (2.31)
( q]r+1 m=ot-0\ M (_q)m(q’q )m+t+l
3 3
Finally taking A=1, &, =q,B =2,b, =q?,b, =—0?%, f = X=—(q in (2.4), we find:
o L) t(t+1)

(m+t) ()"q

S2n (_qE =Z:‘)Z m ( CI) (q q )m+t+l

t )" 2
m+ (-)q (2.32)

r+l
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