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I. Introduction 

There are many planning and/or decision making situations that can be properly represented by a multi- level 

programming model. In the real world, we often encounter decision making situations involving multiple decision 

makers (DMs). Especially in industrial or governmental decision making situations, those DMs have different 

interest and decision priority. A multi-level programming problem [MLPP] is one of mathematical optimization 

models for them. Most of the developments in MLP problems focus on bi-level linear programming as a class of 

MLPP. Bi-level nonlinear or fractional programming was studied in [3,5,9,10,14,16,18,19,26,27,30]. Three-level 

programming (TLP) is another class of MLP problems in which there are three independent decision-makers 

(DMs) . Each DM attempts to optimize his objective function and is affected by the actions of the other DMs. 

In this paper, we focus on multi-level linear fractional Programming problems (MLLFPPs), in which there exist 

a DM with linear fractional objective function at each level. MLP problems are characterized that a DM at a 

certain level of the hierarchy may have his objective function and decision space determined partially by other 

levels where each DM controls over some decision variables. So, the followers can take part of the system decision 

which be concerned by their control variables because they always try to optimize their objective functions but 

they must take the goal or preference of the leader into consideration. DM1 defines his objective function and 

decision variables, this information then constrains the DM2’s feasible space and so on. So, the preference 

information is delivered from the upper-levels to the lower-levels sequentially.  

Various approaches for MLPPs could exist according to situations which the DMs are placed in. Under the 

assumption that the DMs do not have motivation to cooperate mutually, a Stackelberg solutions is adopted as a 

reasonable solution for the situation. It is assumed that the DM at the upper level (leader) and the DM at the lower 

level (follower) completely know their objective functions and the constraints of the problem and they do not have 

any motivation to cooperate with each other, and the leader first makes a decision and then the follower specifies 

a decision so as to optimize the objective function of itself with full knowledge of the decision of the leader. Under 

this assumption, the leader also makes a decision such that the objective function of the leader is optimized. Then, 

a solution defined as the above mentioned procedure is called a Stackelberg (equilibrium) solutions, which has 

been employed as a solution concept for two-level mathematical programming problems [7, 16,22, 23].  

 During the past few decades, many methodological developments have been reported for multi-level 

programming problem (MLPP). However, these methods are proven to be computationally ineffective and can 

handle only simple MLLPs. Most  of  these  methods  are  based  on  concepts of  vertex  enumeration  and  

transformation  approaches.  The  former  is  to seek  a compromise  vertex  by  simplex  algorithm  based  on  

adjusting  higher  level  control variables.  It   is rather inefficient, especially   for  large  size  problems. The  later  
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involves  transforming  the  lower level  programming  problem  to  be  the  constraints  of  the  higher-level  by  

its  Kuhn-Thucker  (K-T)  conditions  or  penalty  functions,   because  non-linear terms appear in  constraints,  

the  auxiliary  problems  become  complex  and  sometimes unmanageable.  

To overcome the shortcomings of the traditional methods, the concept of membership function of fuzzy set theory 

was incorporated for large and complex hierarchical optimization problems. In a hierarchical decision making 

context, it has been realized that each DM should have a motivation to cooperate with the other, and a minimum 

level of satisfaction of the DM at a lower-level must be considered for the overall benefit of the organization. The 

use of the concept of membership function of fuzzy set theory to MLPPs for satisfactory decisions was first 

introduced by Lai [17] . Thereafter, Lai’s satisfactory solution concept was extended by Shih et al. [29] and a 

supervised search procedure with the use of max–min operator was proposed. Abo-Sinna [1] extended the fuzzy 

approach for multi-level programming problems of Shih et al. [29] for solving bi-level and three-level non-linear 

multi-objective programming problems. The basic concept of these fuzzy programming (FP) approaches is the 

same as implies that each lower level decision maker optimizes his/her objective function, taking a goal or 

preference of the first level decision makers into consideration. In the decision process, the membership functions 

of the fuzzy goals for the decision variables of all the decision makers are taken into consideration and an FP 

problem is solved with a constraint on an overall satisfactory degree of any upper levels. If the proposed solution 

is not satisfactory to any upper levels, the solution search is continued by redefining the elicited membership 

functions until a satisfactory solution is reached. 

 The main difficulty arises with the fuzzy programming approaches developed so far is that there is a possibility 

of rejecting the solution again and again by the leader and re-evaluation of the problem is repeatedly needed to 

reach the satisfactory decision, when the objectives of DMs are over conflicting. Unfortunately, there is a 

possibility that their method leads to an undesirable final solution because of inconsistency between the fuzzy 

goals of the objective function and the decision variables. A bibliography of the related references on bi-level and 

multi-level programming in both linear and non-linear cases, which is updated biannually, can be found in [34]. 

 However, compared to linear MLPPs, only few methodological developments have been reported for non-linear 

or fractional MLPPs (or MLLFPP). 

Fractional programming gains significant stature since many of the real world problems represented as fractional 

function are often encountered in the following situation: return on investment, current ratio, risk-assets to capital, 

actual capital to required capital, foreign loans to total loans, residential mortgages to total mortgages, for finance 

or corporate planning, debt-to-equity ratio etc. for production planning, inventory to sales, actual cost to standard 

cost, output per employee, and so forth. A cross-section of the hierarchical optimization problems is financial 

control, economical analysis, government regulation, organizational management, conflict resolution, network 

design, traffic assignment, planning for resource management, defense, transportation, etc. Large scale 

optimization problems can be described by static or dynamic systems. This system can be represented by either 

linear/non linear algebraic equations/ differentials equations.  

Fractional programming (FP) is a special case of nonlinear programming. Guzel and Sivri[15] presented Taylor 

series solution for multi-objective linear fractional programming problem (MOLFPP) in crisp environment. 

Toksarı [33] proposed Taylor series approach to fuzzy  MOLFPP. Thirwani and Arora [31] studied linear 

fractional bilevel programming problem (LFBLPP) in 1993. Thirwani and Arora [30] proposed an algorithm for 

the integer LFBLPP .  Mathur and Puri [19] stated that the optimal solution of the LFBLPP might occur at a non-

extreme point. Calvete and Galé [11] showed that the example posed by Mathur and Puri [19] is not well posed 

because the second level problem has multiple optima.  Calvete and Galé [10] developed an enumerative 

algorithm, which offers a global optimal solution to the bilevel linear/linear fractional programming problem. 

Arora et al. [5] presented an algorithm for LFBLPP when the follower controls few variables. Malhotra and Arora 

[18] used goal programming (GP) approach for solving LFBLPP. Alemayehu and Arora [3] discussed integer 

LFBLPP. Calvete and Galé [8, 9] discussed optimality conditions for LFBLPP.  Mishra and Ghosh [21] discussed 

interactive fuzzy programming (IFP) approach to bi-level quadratic fractional programming problem. Ahlatcioglu 

and Tiryaki [2] developed two different IFP algorithms for decentralized LFBLPP based on the technique of 

MOLFPP due to Chakraborty and Gupta [12] and Charnes and Cooper [13]. Mishra [20] discussed weighting 

method for LFBLPP by using analytical hierarchy process [28].  Abo-Sinna and Baky [1] discussed fuzzy goal 

programming procedure to bi-level MOLFPP by using the concept of MOLFPP due to Pal et al. [25]. 

  Toksarı [32] developed Taylor series approach for solving LFBLPP due to Guzel and Sivri [15] and Toksarı 

[33]. Toksarı [32] obtained the optimal solution which is the individual best solution of the lower level DM. In 

general, the individual best solution of LDM cannot be acceptable to the UDM. To overcome such problems, we 

use GP approach to LFBLPP by considering that DMs provide their preference bounds on the decision variables 

under their control. To compare the efficiency of our proposed approach distance function [30] is used. The 

performance of the proposed GP approach is experimentally validated by an example. 

When the objective functions of  each level DM of a MLPP are linear fractional in nature, then the MLPP is called 

multi-level linear fractional programming problem (MLLFPP). A usual linear fractional programming problem is 

a special case of a non linear programming problem, but it can be transformed into a linear programming problem 
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by using the variable transformation method by Charnes and Cooper [13].Mishra [20] presented weighting 

approach to solve bi-level linear fractional programming problem.We have extended and modified the weighting 

method [20,35] for solving MLLFPP  in this paper. In Weighting  method decision makers (DMs)  provide  their  

preference  bound  to  the  decision variables  that  is  the  upper  and   lower  bounds  to  the  decision variables  

they  control. We convert  the  hierarchical  system  into  scalar optimization problem (SOP)  by  finding  proper  

weights  using  the analytic  hierarchy  process  (AHP) [28,20,35]  so  that  objective functions  of  both levels  

can  be combined  into  one  objective function. Here  the  relative weights  represent  the  relative importance  of  

the  objective functions. A non-dominated solution set is obtained by this method. Perhaps the most creative task 

in making a decision is to choose the factors that are important for that decision. In the AHP we arrange these 

factors, once selected, in a hierarchical structure descending  from an overall goal to criteria, sub-criteria and 

alternatives in successive levels. 

II. Multi-level linear fractional programming problems (MLLFPP) 

MLLFPP can be defined as a p-person, nonzero sum game with perfect information in which each player moves 

sequentially from top to bottom and having linear fractional objective functions. Consider a p-level programming 

problem of maximization-type objective function at each level. 

 Mathematically, MLLFPP can be formulated as follows: 
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Here, S is the non empty convex constraint set;  M is the total number of constraints.  

iA  is the iNM    matrix  ),......,2,1( pi   ;  

 B is M component column vector;  
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We also assume that   osxbxbxb ipipii  .....2211 ,   ),......,2,1( pi   for all Sx . 

 

This system has interacting decision making units within a hierarchical structure where each level performs its 

policies after knowing completely the decisions of superior levels.  

 

III. Weighting method 

Decision-making is the process of selecting a possible course of action from all the available alternatives. 

Although few optimization tools are available for MLLFPP , the efficiency of these techniques depends to a great 

extent on the nature of the mathematical formulation of the problem. Some of these traditional techniques, which 

give accurate results are computationally expansive and become inefficient for a large domain. Weighting method 

has been widely studied, experimented and applied in many fields in engineering worlds. Not only does Weighting 

method provide an alternate method to solving problem, it consistently outperforms other traditional methods in 

the most of the problem link. Weighting  method has no special requirement for the characters and  differentiability 

of the function. Perhaps the most creative task in making a decision with the hierarchical decision making  with 

the hierarchical decision making situations is to choose the factors that are important for that decision. The basic 

idea of assigning weights to the various objective functions, combining these into a single objective function and 



Savita  Mishra, American International Journal of Research in Science, Technology, Engineering & Mathematics, 16(2), September-

November, 2016, pp. 169-177 

AIJRSTEM 16-349; © 2016, AIJRSTEM All Rights Reserved                                                                                                          Page 172 

parametrically varying the weights to generate the non-dominated set was first proposed by Zadeh in 1963. 

Mathematically, the weighting method can be stated as follows: 

 

)(.......)()(minmax/ 2211 xzwxzwxzw pp        (2) 

          Subject to Xx  where X  is the feasible region. Thus, a multiple objective problem has been 

transformed into a single objective optimization problem for which solution methods exist. The coefficient pw  

operating on the 
thp  objective function, )(xz p , is called the weight and can be interpreted as “the relative 

weight or worth” of that objective function when compared to the other objectives. These weights can be obtained 

by Analytic Hierarchy Process (AHP) [20,24,28,35]. AHP is a mathematical technique developed for 

incorporating multi criteria decision making and designed to solve its complex problems. AHP and similar 

methods often use pairwise comparison matrices for determining the scores of alternatives with respect to a given 

criterion, or determining values of a weight vector. AHP can be conducted in three steps: 

*perform pairwise comparisons, 

* assess consistency of pairwise judgments, 

* compute the relative weights and then, it enables DM to make pairwise comparisons of importance between 

objectives according to the scale [24].  

Because human is not always consistent, the theory of AHP does not demand perfect consistency and allows some 

small inconsistency in judgment and provides a measure of inconsistency. Before computing the weights based 

on pairwise judgments, the degree of inconsistency is measured by the Consistency Index (CI)[24]. Perfect 

consistency implies a value of zero for CI. 

If the weights of the various objectives are interpreted as the representing the relative preference of some DM, 

then the solution to (2) is equivalent to the best compromise solution, i.e., the optimal solution relative to a 

particular preference structure. Moreover, the optimal solution to (2) is a non-dominated solution provided all the 

weights are positive. Allowing negative weights would be equivalent to transforming the maximizing problem to 

a minimizing one, for which a different set of non-dominated solutions will exist. The trivial case where all the 

weights are zero will simply identify Xx  as an optimal solution and will not distinguished between dominated 

and non-dominated solutions. Thomas Saaty [28], developed the AHP, it becomes a useful tool for estimating 

judgment elements by quantifying subjective decisions. It is used to derive relative weights of decision elements 

and then synthesize them to obtain the corresponding weights for alternatives and criteria. It is a building block 

for decision making.  

IV. Method for generating non-dominated solutions 

A preferred (best) solution is a non-dominated solution which is chosen by the DM his self that is lies in the region 

of acceptance of all DMs. Non-dominated solution is to design the best alternative by considering the various 

interactions within the design constraints that best satisfy the DM by way of obtaining some acceptable levels of 

quantifiable objective functions. This method be distinguished with; a set of quantifiable objective functions, a 

set of well-defined constraints and a process of obtaining some trade-off information, between the stated 

quantifiable objective functions. The most common strategy for finding non-dominated solutions of MLP 

problems is to convert it into a SOP. DMs provide their preference and converting MLP problem into a SOP by 

finding vector of weights for objectives.  

 A non-dominated solution is one in which no one objective function can be improved without a simultaneous 

detriment to at least one of the other objectives of the vector maximum problem (VMP). A given multiple objective 

mathematical problem which contains only maximization type objective functions is called the VMP. A feasible 

solution Xx *
 (decision space) is a non-dominated solution to the VMP iff there does not exist any other 

feasible solution Xx such that ),()( * xzxz pp  Pp ,.....2,1  and  ),()( * xzxz pp   for at least one p  

A non-dominated solution is one for which there is no other solution giving equal or greater values of each and 

every objective function. But in even the smallest problem, the number of non-dominated solutions generated may 

be infinite. This is because all points on the line joining two non-dominated and extreme points are themselves 

non-dominated. A preferred solution is a non-dominated solution which is chosen by the DM, through some 

additional criteria, as the final decision. As such it lies in the region of acceptance of all the criteria values for the 

problem. A preferred solution is also known as the ‘best’ solution. 

The most common strategy for finding non-dominated solutions of a multi-level problem is to convert it into a 

scalar optimization problem (SOP). This class of method does not require any assumption or information 

regarding the DMs utility function.  

V. Weighting method for multi-level linear fractional programming problems 

In the weighting problem )(wp  in the absence explicit preference structure, the strategy is to generate all or 

representative subsets of non-dominated solutions from which a DM can select the suitable solution.  
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Let a linear fractional MLPP be represented as:   
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is strict local optimum if strict inequality holds in a neighbourhood of 
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By using the AHP pairwise comparison process, weights or priorities are derived from a set of judgments. While 

it is difficult to justify weights that are arbitrarily assigned, it is relatively easy to justify judgments and the basis 

(hard data, knowledge, experience) for the judgments.  suppose already the relative weights of p-objective 

functions are known, for p-level hierarchical objective functions a complete pairwise comparison matrix A can be 

expressed as; ][ ijaA   ,   pji ,...2,1,   is a matrix of size pp   with the following properties; 
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After the normalized matrix, N of pairwise comparison matrix A for a hierarchical p-level structure is designed, 

the normalized principal eigen vector (priority vector) can be obtained by some ways such as averaging across the 

rows where, it shows the relative weights for objectives. The weighting problem is to find the p-dimensional 

weight vector ),....,( 21 pwwwW   such that the appropriate ratios of the components of W reflect or, at least, 

approximate all the 
ij

a  values ),...2,1,( pji   given by DMs.  

Then, the weighting problem for multi-level ( p-level) linear fractional programming problem is formulated as 

follows: 
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         PU  and  PL  are the upper and lower bounds of decision vector provided by the respective DM. Finally the 

linear fractional programming problem (4), with a single objective function is solved. Here the weighting 

coefficients convey the importance attached to an objective function. Suppose that the relative importance of the 

both objective functions is known and is constant. Then the preferred solution is obtained by solving )(wp where 

0' swP  are the weighting coefficients. The swP '  are normalized since, 



p

n

nw
1

1  .   

        This method can be used to generate non-dominated solutions by utilizing various values of w . In such a 

case the weighting coefficients w  do not reflect the relative importance of the objective functions in the 

proportional sense, but are only parameters varied to locate the non-dominated points. 

 

VI. Discussion 

MLP problems are characterized that a DM at a certain level of the hierarchy may have his objective function and 

decision space determined partially by other levels where each DM controls over some decision variables. So, the 

followers can take part of the system decision which be concerned by their control variables because they always 

try to optimize their objective functions but they must take the goal or preference of the leader into consideration. 

DM1 defines his objective function and decision variables, this information then constrains the DM2’s feasible 

space and so on. So, the preference information is delivered from the upper-levels to the lower-levels sequentially. 

This is in accordance with a hierarchical system where the upper level DM is the main decision maker. Each unit 

independently maximizes or minimizes its own benefits, but is affected by the action of other units through 

externalities. Compared with the traditional methods, the method has the following merits: 

1 .Proposed approach does not require any assumption or information regarding the DMs utility function.  The 

method has no special requirement for the characters of the function and overcome the difficulty discussing the 

conditions and the algorithms of the optimal solution with the definition of the differentiability of the function. 

2. This method can be used to generate non-dominated solutions by utilizing various values of w .AHP gives the 

relative weights to form a super objective function. 

3. This paper demonstrates the merit of this technique in deciding optimal solution of multi-level linear fractional 

decision-making  problem taking into consideration the various constraints and complexities representing the real 

situation.  

4. The main advantage of the proposed weighting approach is that the possibility of rejecting    the solution again 

and again by the fuzzy approach and re-evaluation of the problem repeatedly, by redefining the elicited 

membership functions, needed to reach to the satisfactory decision does not arise. 

 

VII. The Numerical Results 

In this section we present numerical example to demonstrate the solution procedures by proposed weighting 

method to solve  MLLFPP.The following example considered by Dey and Pramanik  et al.[14] is again used to 

demonstrate the solution procedures and clarify the effectiveness of the proposed approach. Consider the 

following Tri-Level Linear Fractional Programming Problem (TLLFPP)[14]: 
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 2w  = 0.309    and   3w  = 0.110 as: 

 

 

 

008.3329.0930.0749.1max P   and 3.0P  

Thus,   Consistency Index (CI) = (3.008-3)/3-1 = 0.008/2 = 0.004 ; 

Random Index (RI) = 1.98(3-2)/3 = 0.66 which gives  

  Consistency Ratio (CR) =  CI/RI = 0.004/0.66 = 0.006.   

The weighting problem is therefore formulated as: 
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
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tosubject  ;72 321  xxx        ;432 321  xxx     ;122 321  xxx     ;32 21  xx  ,350 1  x

 ,201 2  x  ,300 3  x   0,0 21  xx ,     03 x . 

The non-dominated solution set is generated by parametrically varying the weights and is tabulated below:           

321 ,, www  321 ,, xxx  )(wP  

0.1,0.4,0.5 2.60,1.23,0.57 1.4 

0.1,0.5,0.4 2.60,1.23,0.57 1.4 

0.2,0.3,0.5 2.60,1.23,0.57 1.4 

0.3,0.4,0.3 2.60,1.23,0.57 1.4 

0.4,0.4,0.2 2.60,1.23,0.57 1.4 

0.5,0.3,0.2 2.60,1.23,0.57 1.4 

0.581,0.309,0.110 2.60,1.23,0.57 1.4 

0.6,0.3,0.1 2.60,1.23,0.57 1.4 

0.7,0.2,0.1 2.60,1.23,0.57 1.4 

0.9,0,0.1 2.60,1.23,0.57 1.4 

0.9,0.1,0 2.60,1.23,0.57 1.4 

Solution of the above problem obtained Dey and Pramanik  et al.[14] using fuzzy mathematical programming is: 
Approach Decision variables  Objective  values  

FGP model(1) 01 x  22 x  03 x  5.21 z  286.12 z  667.03 z

 

FGP model(2) 01 x  22 x  03 x  5.21 z  286.12 z  667.03 z
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The proposed weighting approach gives the solution as: 
Approach Decision variables  Objective  values  

Non-dominated Weighted Solution 
Approach 

60.21 x  23.12 x  3x =0.57 53.21 z  78.02 z   77.03 z  

Which is very close or improved to the results obtained by the existing methods Dey and Pramanik  et al[14].The 

solution by this approach is more reasonable and modified as each control variable has some non-zero value. 

 

VIII. Conclusion 

Solving MLLFP problems is, generally, a very difficult goal. In these particular optimization problems, the 

objectives often conflict across a high-dimensional problem space and may also require extensive computational 

resources. In general, MLLFPP is a non-convex optimization problem; therefore, there is no general algorithm to 

solve it. This problem can be non-convex even when all functions and constraints are bounded and continuous.  

In this paper we consider the solution of a multi-level linear fractional programming problems by Weighting 

method. The Weighting method determines a subset of the complete set of non-dominated solutions. From this 

subset the DM chooses the most satisfying solution, making implicit trade-offs between objective functions based 

on some previously un-indicated or non-quantifiable criteria. We also observe that even though we vary the weight 

vector, the solution remains more or less the same. Thus the non-dominated solution set reduces to a point 

(almost).The numerical result shows the proposed algorithm is feasible and efficient, can find  optimal solutions 

with less computational burden.  
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