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Abstract: New subclasses of analytic functions, containing the linear operator obtained as a linear
combination of Ruscheweyh derivative and a new generalized multiplier transformation have been
established. Sharp results concerning coefficients, distortion theorems of functions belonging to these
classes are determined. Furthermore, Functions with negative coefficients belonging to these classes are
also investigated.
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I Introduction.
Denote by U the open unit disc of the complex plane, U ={z€C :|Z| <1}. Let H(U)be the space of

holomorphic functions inU. Let A denote the family of functions in H (U) of the form

f(z):z+iakz". (1.1)
k=2

In [14], S R Swamy has introduced the following new generalized multiplier differential operator (See [12]
also).

Definition 1.1 Let me N, =NuU{0}, >0,y >0,ca real number such thata+ /3 >0. Then

for f € A, anew generalized multiplier operator 1" . was defined by

a.py
f(2)+ pef'(2) +2° (2
aﬂyf(z) f(2),1 aﬂyf(2)=a © ﬁzag.)ﬂ s ()’ > aﬂyf(z)_laﬂy(laﬂyf(z))
Remark 1.2 Observe that for f (z) given by (1.1), we have
aﬂyf(z)—z+2® (a,B,y,ma, z", (1.2)
where
(Dk(a’ﬂ’%m):(a+kﬁ+k(k—l)7J | w3
a+pf
We note that: i) 17 ,,f(z)=17,(z2) (23] i) 1,5 ,,f(2)=D;f(2), >0 (1)), iii)
,Hﬂﬂof(z)_lm f(2), I>-1, >0 (3] and it has been considered forl >0) and

W) 1 £(2)=D7, f(2),A > (u/(ue+1)), 1 > 0([5] and they have examined for 4 > u > 0).
Remark 13 i) I, , ., f(2)=D;,f(2), > u>0,was also studied by Raducanu in [6]. ii)

Dlm f (2) was introduced by Salagean [8] and was considered for m >0 by Bhoosnurmath and Swamy in [2].

ANRSTEM 16-345; © 2016, ANRSTEM All Rights Reserved Page 153


http://www.iasir.net/

Harshith et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, 16(2), September-
November, 2016, pp. 153-159

Definition 1.4 ([7]) FormeN,,f e A, the operator R"™is defined by R"™:A—A,
R°f(z)=f(2),R* f(2)=2f (2),...(m+DR™ f(2)=2z(R" f(z)) + mR™f(2),zU.
Remark 1.51f f(z) =z +z:;2 a,z“eA thenR"f(2) =z "'Zf:sz (m)a, z*, zeU, where
(m+k-1)!

mi(k =1
We now state the following new operator:
Definition 1.6 Let f e Ame N, =N U{0},6>0,£>0,y >0, areal number such that

a+f>0. DenotebyRI ], o, A A,
RI7, sT(@)=0L-0)R"f(2)+a,, f(2),zeU.
Clearlyi) RI7 ;s =RI ], ;[10]and [11], i) RI] ;o =R™ [7]andiii) RI ]

Q,(m) = (L4)

the operator given by Rl By

_|m

a.p.y 1131

a,p.yl

Remark 1.7 1f f(z) =z + zk:2 a, 2", then from (1.2) and Remark 1.4, we have
RIZ, sT(@) =2+, {1-6)Q,(M)+5D, (o, f,7.Mm}a, 2", 7€V,
where @, (e, B, 7,m) and €, (M) are as defined in (1.3) and (1.4), respectively.

Motivated by two papers of Swamy [10] and [11], we now introduce new classes, shown below:
Definition 1.8 Let f e Ame N, =N u{O},§ >0,p€[01),5>0,y >0, a real number such
thata + > 0. Then f(z)isintheclass 3 , ;(p)ifand only if

z°(RI), sf(z
Re[ i E:nﬂ” @)1 >p,zeU. (1.5)
2RI, s f(2)
Definition 1.9 Let f e AmeN,=NuU{0},6>0,p€[01),5>0,y >0, a real number such
thata + > 0. Then f(z)isintheclass (7, ,  ;(,0)if and only if

Re[”[z(R'? 5o T O] J pzeu 0o

[2(RI] ;5,5 T ()]
Definition 1.10 Let f e AmeN, =N U{0},06>0,p€[01),>0,7>0,a a real number such
thata + > 0. Then f(z)isintheclass N7 ; (o) ifand only if
. {z(mwmf(z))'][1+ Z(Rlé"ﬂmf(z))l"
RIZ,, . T(2) (RIZ,,f(2)
In section 2 we study the characterization properties for the function f € Ato belong to the

J >p,zeU. 7

classes 3y, 5 5(p) . €5 5,5(p) and R, (o) by obtaining the coefficient bounds. Distortion theorems

of functions belonging to these classes are obtained in section 3. Analytic functions with negative coefficients
belonging to the above classes are considered in section 4.

1. General Properties.
In this section we study the characterization properties following the paper of M. Darus and R. lbrahim [4].
Throughout this paper, unless otherwise mentioned we shall assume that

S (a,By,0,m=1-0)Q, (M) +D, (a,B,7,m), where D (a,f,7,m) and Q,(M)are as
defined in (1.3) and (1.4) respectively.

Theorem 2.1 Let f e Ame N, =N U{0},6>0,p€[01),5>0,7 >0, a real number such that
a+B>0.0)If
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S K +k-2p)¢, (o By, 5.mfa, | < 21 p), @
then f (2) € SE’M’& (p).
i) 1f
D ACK ~ (4 D), (e, B, 7.6,y | < 20 ) @2)
then f (2) efmﬁyb(p)
iii) If
Z(kz—p)ék(a,ﬁ,%&m)laklSl—p, (2.3)

then f (2) € iRmﬂ .5 (). The results (2.1), (2.2) and (2.3) are sharp.

Proof. i) It suffices to show that the values of [2° (R, f (2))1/2RI] 5.5 T (2) lie in a circle centred
at 1 with radius 1— o . We have

R, F@T | 2RI, f@)] -2RI], ()
| 2RID, (D) B 2RI", f(2) |
Y (K +k=2)¢ (@, By, 5, m)ay]
2[1_Zfzzgk(a1ﬂa7’5’m)|ak|]

The last expression is bounded above by 1— p if
S LK +k-2¢, (@ By o ma | < 20- - X7 (e By omfa, )
[Z*(RI],, s T(@)]

which is equivalent to (2.1). Hence -
| 2RI7, f(2)

The proof of the second and third part of the theorem is similar and so omitted.
The assertions (2.1),(2.2) and (2.3) are sharp and extremal functions being

<

—L‘ <1- p, and the theorem is proved.

_ S 2(1-p) k 5o
@2 2t @prom 25V
f()=2+3 2=p) 2 7eU

2 {(2k* ~(k+D)p)¥ (e, B.7,6,m)

and

f(z)_z+ - 1-p z¥,zeU
iz (K" =) (a, B,y,6,m)

respectively.

Theorem 2.2 Let the hypothesis of the Theorem 2.1 i) ,ii) and iii) be satisfied. Then

) |a<— 20-p) k=2
(k™ +k=2p)¢\ (a, B,7,6,m)

i) |a<—s 20=p) k=2
{(2k* = (k +D) p}¥ (@, B,7,6,m)

i) |a< 1-p k>2.

(k? p)gk(aﬁ75m)

The following inclusion results can be proved using Theorem 2.1.
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Theorem 2.3 Let0 < p, < p, <1.Then
i)SS,ﬂ,m (p,) < Sz,ﬁ,y,b‘ (0,) i) gmﬂyé(pZ) - E a frs (/0,) and iii) S}{aﬂ}/b (0,) c m(xﬂyé (01).

1. Distortion theorems

Theorem3.1Letf e Ame N, =NuU{0},6>0,p<€[01),5 >0,y >0, areal number such that

a+ B >0 i(k2 +k=2p), (a0 By, 8. M| < 2L p). then

|z| |z| _‘Rlaﬁygf(z)‘<|z|+

'0|z|2,2eU.

—-p

i1 S I2K2 - (k+ D) (@ By, 6 ), | < 21— p), then
-2 p)|| <[Riz,, @<+ 25 /’)|z| zeU.

iii) ) If i(k2 - p)si (e, By, 6,m)a, | <1- p, then
k=2

1_p m 1—p
|Z|_ 4_p|z|2 S‘Rla,ﬂ,yﬁf(z)‘ S|Z|+ 4_p|Z|2,Z clU.
Proof i) Note that

(6- 2p)i4k (@, B,7,6,ma,| < i(kz +k=2p)C, (@, f.7,8,ma,| < 21 p)

by Theorem 2.1. Thus z;k (a,B,y,0, m)|ak| < .Hence we obtain

1-p)
2p
RIT,f(2)]<|q+ S ¢ (e By mfa7f

k=2

<|e|+[4"Y ¢ (e By 5.m)a,
k=2

<|g+ 122

Similarly
RIT, 1@ 2|4 - & (@ 87,5, m)a, [z

2|Z|—|Z|Zi§k(a,ﬁ,%5,m)|ak|

>[2]-2=L[ef"

3-p
This completes the proof of (i). (ii) and iii) can be proved on similar lines.
Theorem 3.2 Let fe AmeN,=NU{0},6>0,p<[01),>0,y>0,a a real number such

thata + 8> 0.1) If D (k* +k—2p), (a, B.7,6,m)|a,| < 2(1- p), then
k=2

£ (2)| 2|2 - 1-p 2, zeU
(3= PAM+DA-5)+ 5D, (a, £, 7, )}
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and

It (2)| <]+ 1-p 2 zeU.
B-pHM+1D){A-5)+ D, (a, 5,7, M)}

i1t 3 [(2K2 - (k +1)p)C, (@ B, 7. 5. m)lay | < 20— p), then

1£(2)| 2|2~ 20=p) 7%,z U
(8-3p){(M +1)(1-5) + 50, (a, B.7.m)}

and

1 (2) <[]+ 20=p) 77 zeU.
(8-3p){(M +1)(1-5) + 50, (a, B,7.m)}

iii) If i(k2 - p)s, (e, By, 8,m)a, | <1- p, then

k=2

£ (2)| 22| 1-p 2%,z eU
(4= P +D)(A=38) + 5D, (o, £, 7, m)}
and

£(2)| <]+ 1-p 772U
(4= PH(M+D(A-8) + 5D, (a, B, 7,m)}

Proof i) In virtue of Theorem 2.1, we have

(6-2p){( +D(L- )+ 50, (e, f.7.MFY Ja, <

S (K2 +k-20)¢, (@ B.y.5.m)a, | < 20— p).

Thus i|ak| < 2= p) .So we get
S 6= 200+ DA-8) + 30, (e, .7,0)}
2 1-p 2
B P T ES RS P ety il
On the other hand
AN B 1-p 2
B Y O RS T By Gl

This completes the proof. Proofs of (ii) and iii) are similar.

V. Functions with negative coefficients
Let T denote the subclass of A consisting of functions of the form f (z) =z —Z:akzk,ak > (0.We denote
k=2
by TS, 5,5(0) . TLY 5 s(P)and TRY (o), the classes of functions f(z) €T satisfying (1.5),(1.6)

and (1.7) respectively. We study the coefficient estimates, distortion theorems and other properties of these
classes, following the paper of H. Silverman [9].

For functions inT , the converses of Theorem 2.1 are also true.
Theorem 4.11i) A function f(z) € Tisin T3], ;(p) ifand only if

S (K +k—2p)¢, (@, B.7,8,m)a, <21~ p). @1)
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ii) A function f(z) eTisin T¢7 ;. (p) ifand only if

Z(Zkz _(k+1)p)é/k (a,ﬂ,y,d,m)ak S2(]-_,0) (4.2)
k=2

iii) A function f(z) eTisin TRY , ;(p) ifand only if
> (k? = p)Sy(a, By, 6, m)a, <1-p. 4.3)
k=2

The results are sharp.
Proof i) In view of Theorem 2.1, it suffices to prove the only if part. Assume that

[*RIZ,,, F@)T) _[22-20 k(k+DS, (@ 7,6, m)a, 2"
Re ~ =Re - >p.
2RI, 5T(2) 21-%"" 20, (o, By, 6, ma z*
letting Z — 1" through real values in (4.4), we obtain
Z_Zk(k +1)¢ (@, B,y,6,m)a, = Zp(l_zgk (o, B,7.,6, m)akj'
k=2 k=2

Hence we obtain (4.1), and the proof is complete. The proof of ii) and iii) are similar.
Finally, we note that assertions (4.1), (4.2) and (4.3) of Theorem 4.1 are sharp and extremal functions are

(4.4)

o S 2(1-p) k 5o
@ 2 @prom 25
f)=2-3 2L=p) “7eU.

(@K — (kDR (@ By om)
and
1-p ey ,

f(z)=z- 3 5 z°,
iz (K™ —p)Ci(a, B,y,6,m)

respectively.

Our coefficient bounds enable us to prove the following.
Theorem 42 Let meN,=NuU{0},6>0,p€[01),>20,y>0, a real number such

thataz + 3 > 0.i) If A function f(z) e Tisin T3, , () then

()27~ L-p 27,z
(3= PHM+D)(A-8) + 80, (@, B, 7,m)}
and

f@)|<[+ 1-p 2F\zeU.
B-p{(M+1)1-05)+P,(a, B, 7, M)}

ii) If A function f(z) eTisin TL7 ; (p) then

1£(2)| 2|7 - 20=p) 72,z eU
(8-3p){(M +1)(1-5) + 50, (a, B.7.m)}

and

1(2) <[]+ 20-p) 7? zeU.
(8- 3pH(m+1(A-06) + b, (. 5,7, M)}

iii) If A function f(z) e Tisin TR , () then

£(2)|2]2]- 1-p 7%,z eU
(4= PH(M+D)(A-8) + 5D, (o, B, 7, m)}
and
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1-p 2
@l G i aa-o) r @ prmp 2V

Remark 4.3 The bounds of i) and ii) of Theorem 4.2 are sharp since the equalities are attained for the functions

f(z)=z— 1=p 72 (z=+r),
B-pAM+DA-)+ 5D, (e, B, 7. M)}

f(z2)=2- 24-p) 22 (z==r)and
8-3p){(m+1)A-6) + D, (a, B,y m)}

f(z)=2— 1=p 2 (7= +r),

(@— P+ D) (A=) + 6D, (ar, f. 7 M)}
respectively.
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