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Abstract: In this paper we investigate the Hyers-Ulam stability of the following functional equation
Fr (g, e, a(ag) + B(by), oo xp) = Hy (1, oo, Xgy ooy X)) + BSHi (x4, ..., by, ... x,) I topological vector
spaces, where F, H are functions defined on a groups with values in a topological vector spaces.
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I. Introduction and Preliminaries

In 1940 S.Ulam [6] proposed the general Ulam stability problem: Let G,be a group, G, a metric group with the
metric d. Given ¢ > 0, does there exists & > 0 such that if a function h: G; — G, satisfies the inequality
d(h(xy) —h()h()) < 8, (x,eGy),
then there is a homomorphism H: G; — G,with
d(h(x),H(x)) <eg (xeGy)?

D. H. Hyers [3] gave a partial affrmative answer to the question of Ulam in the context of Banach spaces. In
1950, a generalized version of Hyers' theorem for approximate additive mappings was given by T.
Aoki [2]. In 1978, Th. M. Rassias [5] extended the theorem of Hyers by considering the unbounded cauchy
difference inequality

ICe + ) = fG) — f)Il < e(llxlP + lylIIP)  (e=0,p€[0,1) (1.1)

Recently, Adam and Czerwik [1] investigated the problem of the Hyers Ulam stability of a generalized
quadratic functional equation in linear topological spaces. Najati and Moghimi [4] investigated the Hyers-
Ulam stability of the functional equation

fCx+y)+f@x—y)=flx+y)+flx—y)+2f(2x) - 2f(x)
in quasi-Banach spaces.

Let G be an abelian group and throughout this paper let X be a sequentially complete Hausdorff topological
vector space over the field Q of rational numbers. A mapping f : G — X is said to be quadratic if and only if it
satisfies the following functional equation

f+y)+flx—y) =2f(x)+2f(y) forall x,y € G.

A mapping f: G — X is said to be additive if and only if it satisfies f(x+y) = f(x) + f(y) forallx,y €G.

Let G; ,i =1,2,..,n be an abelian groups and throughout this paper let X be a sequentially complete
Hausdorff topological vector space over the field Q of rational numbers.

Definition 1.1. A mapping F,: G, X G, X ... X G, = X is called is additive mapping respect to kth variable if
Fr(xq, ooy ag + by, oo, x) — Fre(q, oony Gy v X)) — Fe(xq, oo, by, ooy x) = 0
forallx; € G; (i=12,..,n).
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Definition 1.2. For 8 # 0,a + § < 1 and s € (0,1] a mapping Fy: G; X G, X ... X G, = X is called is s-convex
type respect to kth variable whit the following notation if
DF (ay, by) = Fi(xq, ... ,a(ay) + B(by), ... ,x,)
—a5F (%1, ey Ay oo s X)) — BEF (X4, e Dg s e, X)
for all ai, b, € G, and x; € G; (i=12,..,n).

for given sets A, B € X and a number k € R, we define the well known operations
A+ B :={a+ b:aeA, beB}, kA :={ka:acA}.

We denote the convex hull of a set U € X by conv(U) and by U the sequential closure of U. Moreover it is well
know that:

(1) If A,B <X are bounded sets, then A + B conv(A) and A are bounded subsets of X.

(2) If A.B © X and a, BeRR, then a conv(A) + B conv(B) =conv(aA + BB).

We define fis s ,n-additive function if f(xq, .., 7, .., Xp) = 75 (X1, ooy Xpgy wer X)),
forallx; € G; (i=12,..,n)andallr € Q.

I1. Main Results

We start with the following lemma.
Lemma 2.1. Let G4, ..., G, be a abelian groups and B € X be a nonempty set. If the functions
F,H:G, X G, X ... G, — X satisfy
F (x4, ..., aay + Bby, ..., x,) (2.1
—a’Hy (xq,..., 0, oo, X)) — BSHy (%4, oo, by, oo, X)) € B
forallx; € G; (i=12,..,n). Then
DF (ay, by) € conv(B) + 2conv(—B) — (a® + B)H, (x4, ...,0, ..., Xp,) (2.2)

DH(ay, b,) € conv(B) + (i)s(ﬁSHk(xl, w0, 00, x,) + covn(—B) (2.3)
forallx; € G; (i =12,...,n).

Proof. Putting b, = 0 in (2.1), we get
Fio(Xq, o, @O, ooy X)) — @S Hg (X4, oo, Qg ooy X)) € B¥Hi (X4, ...,0, ..., x,) + B
aSF, (X1, o, Qpy ey X)) — @SH (X4, oor, gy ooy X)) € BSH (x4, ...,0, ..., x,) + B (2.4)

forall x € G. If we putting a; = 0 in (2.1), then we have
F (xq, oo, Bbyy ooy X)) — BSHi (X4, woe ) by, ooy Xp) € @*Hy (x4, ...,0, ..., x,) + B
BSF (X1, oy iy ooy X)) — BSH (X4, ey Biy ey X)) € @SHy (x4, ...,0, ..., %) + B (2.5)

forall y € G. It follows from (2.5) and (2.1) that

DF (x,y) = Fi (x4, ..., aay + Bby, ..., xp,)
—a Hy (X1, oo\ Qy ey X)) — BSH (%4, vy Dy oo, X))
—[a®F(xq, o, Qpgy e, X)) — @Hi (%4, e, Qy ey X))
—[B F (X1, e gy ooy X)) — BSH (X1, ooy By vny X))
€ conv(B) + 2conv(—B) — (a® + B*)H, (x4, ...,0, ..., Xp,)

Moreover,we have
DH(x,y) = Fi(xq, ..., aay + Bby, ..., x,)

—a Hy (X1, e, Qy ey X)) — BSH (%4, vy Dy oo, X))

—[Fie(x1, oo, @@y + Bbyey oy %) — Hy (x4, oy Ay By s s Xn)

€ conv(B) + (i)s(ﬁsHk(xl, «,0, .., x,) + covn(—B)
Theorem 2.2. Let G4, ..., G, be an abelian 2-divisible groups and B =X be a bounded set. Suppose that the
functions F, H: G; X G, X ... X G, — X satisfy (2.1) for all x; € G; (i = 1,2, ...,n). Then there exists exactly one
additive function A: G; X G, X ... X G, = X such that
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A — Fo (g, o) Gy oy X)) €= CD A(Cxy) — Hg (x4, ooy gy ey X)) € %CD (2.6)
forall x; € G; (i = 1,2, ...,n) Moreover ,the function A is given by

Alxy) = le Fk(xl,.. L2 Xy ey X)) = llm Hk(xl,.. L 2" X gy vy X))

forall x; € G; (i = 1,2, ...,n).Moreover ,the convergence of the sequences are uniform on
X € Gi (l = 1,2, ...,Tl)

Proof .By Lemma 2.1,we get (2.2).setting b, =0 ain (2.2), we get
Fr (g, oo, @@y e, X)) — @SHig (X4, oo, Qg vey X)) € BSHi (X4, ...,0, ..., x) + B = O, (2.7)
forall x; € G; (i =1,2,...,n). Therefore by replacing a,, byﬁ in (2.7) and multiplying both sides (2.7) to

o™ we have
ag ag
as"F (Xl, “"ﬁ' ...,Xn) - aS(’“'l)F(xl, ...,W, ...,xn) eED (28)
SO
ag ag
as"F (Xl, ﬁ' ,Xn) — (Zs(m+1)F(X1, ...,W, ...,Xn)
— k j+1 Ak
=3l asl F(xq, .., &, ...,xn)_aSU"’ IF (x4, =D e X)]
eXinat o
astm
cl o (2.9)

B

forall x; € G; (i = 1,2,...,n) and all integers n > m = —1. Since B is bounded, we conclude that conv (B — B)
is bounded. It follows from (2.9) and boundedness of the set conv(B — B) that the sequence
{a*"F(xq, .. .x,)} is (uniformly) Cauchy in X for all x; € G; (i = 1,2, ...,n) Since X is a sequential

complete topological vector space, the sequence

) sn"

alpha®*F (x4, ..., S’;, ..., Xy)} is convergent for all x; € G; (i = 1,2, ...,n) and the convergence is uniform on
G. Define

. Ay
A;:Gy X Gy X .. X Gy 2 X, A;(xy) = limo*"F (xl, —— ...Xn).

)
n—-om oSt

Since conv(B — B) is bounded, let a;, = by, = x, it follows from (2.2) that
D A;(ax, by) = llmaS"DF ( k) _

sn’ asn

for all ay, by € Gy.So A;(xy) is additive (see [4]).Letting m=—1 and n — o in (2.9),we get

S—1 __
Ai(xy) — Fr(xq, o, Qgy o, X)) € aB

d (2.10)

forall x; € G, (i =1,2,...,n).Similarly as before applying (2.3) we have an additiv mapping
Ay (x): G X Gy X ... X G, — X defined by A,(x;,) = llmaS”H(xl,. . X,,) wich is satisfying

as—1 =,
A, (x,) — Hp(xy, ..., vy Xp) E—— 2 0] (2.11)

(] sn"

Where ®':= conv (B)+ (i)s(ﬁsHk(xl, ey by, oo, x) +conv (=B) for all x; € G; (i =1,2,...,n). Since B is
bounded, it follows from (2.5) that A, (x;) = A,(x;). Letting A(xy) := A,(x;), we obtain (2.6) from (2.10) and
(2.12).

To prove the uniqueness of A(x;), suppose that there exists another additive function

A'(x): Gy X Gy X ... X G, — X satisfying (2.6). So

A'(x) — A(xy,) [A (x) — F(xl,. ,as’;,...xn)] +[F (xl,. ,as'jl,...,xn)—A(xk)]
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forall x; € G; (i = 1,2, ...,n).since A'(x;) and A(x;) are additive , replacing a, by QL implies that

sn+1
n+s-1

A'(xk) - A(xk) € T(E

forall x; € G; (i = 1,2,...,n). and all integers n. since @ is bounded, we infer A=A. This completes the proof of
theorem.
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