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I. Introduction 

Let ℓ∞, c, 𝑐0  be the linear spaces of bounded, convergent and null sequences x = (𝑥𝑘) with complex terms, 

respectively, normed by  

                                  ║𝑥║
∞

 =  𝑠𝑢𝑝𝑘│𝑥𝑘│ 

where  k ϵ ℕ  = {1,2,….}, the set of positive integers.                                        

Kizmaz [2] defined the sequence spaces 

                        ℓ∞(∆) = {𝑥  = (𝑥𝑘) : ∆x ϵ ℓ∞ }, 

                   c(∆) = { 𝑥 = (𝑥𝑘) : ∆x ϵ c},      𝑐0(∆) = { 𝑥 = (𝑥𝑘) :  ∆x ϵ 𝑐0}, 

where ∆𝑥 = (∆𝑥𝑘) = (𝑥𝑘 – 𝑥𝑘+1), and showed that these are Banach spaces with norm 

                                 ║x║ = │𝑥1│+║∆𝑥║
∞

. 

After then Et [6] defined the sequence spaces 

                         ℓ∞(∆2)  = {𝑥 = (𝑥𝑘) : ∆2𝑥 ϵ ℓ∞ }, 

                   c(∆2) = { 𝑥 = (𝑥𝑘) : ∆2𝑥 ϵ c},      𝑐0(∆2)  = { 𝑥 = (𝑥𝑘) : ∆2𝑥 ϵ 𝑐0}, 

where ∆2𝑥  = (∆2𝑥𝑘)  =  (∆𝑥𝑘 −  ∆𝑥𝑘+1), and showed that these are Banach  spaces with norm 

                               ║x║
1
=│𝑥1│+│𝑥2│+║∆2𝑥║

∞
. 

M. Et and R. Colak [1] defined the sequence spaces 

                           ℓ∞(∆𝑚)  = {𝑥 = (𝑥𝑘) : ∆𝑚x ϵ ℓ∞ }, 

                             c(∆𝑚)  = { 𝑥 = (𝑥𝑘) : ∆𝑚x ϵ c}, 

                           𝑐0(∆𝑚)  = { 𝑥  = (𝑥𝑘) : ∆𝑚x ϵ c0},  where m ϵ ℕ, 

                                ∆0𝑥  =  (𝑥𝑘),        ∆𝑥 = ( 𝑥𝑘 –  𝑥𝑘+1), 

                               ∆𝑚𝑥  =  (∆𝑚𝑥𝑘)  = ( ∆𝑚−1𝑥𝑘 −  ∆𝑚−1 𝑥𝑘+1),  and so that 

                             ∆𝑚𝑥𝑘   =  ∑ (−1)𝑣𝑚
𝑣=0 (𝑚

𝑣
)𝑥𝑘+𝑣. 

It is trivial that ℓ∞(∆𝑚), c(∆𝑚) and c0(∆𝑚) are linear spaces. It is also easy to show that these sequence spaces are 

normed spaces with norm 

                               ║x║
∆ =   ∑ │𝑥𝑖│

𝑚
𝑖=1 +║∆𝑚x║

∞
.                                                                                    (1.1) 

1.  Main Results 

The sequence spaces ℓ∞(∆𝑚), c(∆𝑚) and 𝑐0(∆𝑚) are Banach spaces with norm (1.1) 

Lemma 1.1.  

                                  (𝑖)     𝑐0 (∆𝑚)   ⊂   𝑐0(∆𝑚+1), 

                                 (𝑖𝑖)     c(∆𝑚)    ⊂   c(∆𝑚+1), 

                                (𝑖𝑖𝑖)    ℓ∞ (∆𝑚)   ⊂   ℓ∞ (∆𝑚+1), 

and the inclusions are strict. 

Proof.  Let 𝑥 ϵ 𝑐0 (∆𝑚). Since          

                                 │ ∆𝑚+1𝑥𝑘│ = │∆𝑚𝑥𝑘 −  ∆𝑚𝑥𝑘+1│ 
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                                                     ≤ │∆𝑚𝑥𝑘│ + │∆𝑚𝑥𝑘+1│ →0,  ( k → ∞) 

 

 

we obtain 𝑥 ϵ  ∆𝑚+1 (𝑐0). Thus 𝑐0(∆𝑚)  ⊂  𝑐0(∆𝑚+1). This inclusion is strict since the sequence 𝑥 = (𝑘𝑚), for 

example, belongs to 𝑐0(∆𝑚+1), but does not belong to 𝑐0(∆𝑚). 

The proofs of (ii) and (iii) is similar to that of (i). 

Lemma 1.2. 

                                 (𝑖)     𝑐0(∆𝑚)  ⊂   𝑐(∆𝑚), 
                                    (𝑖𝑖)      𝑐(∆𝑚)    ⊂    ℓ∞(∆𝑚), 

and the inclusions are strict. 

The proof is similar to that of Lemma 1.1. 

Note.  ℓ∞(∆𝑚), c(∆𝑚) and 𝑐0(∆𝑚) need  not to be sequence algebra. We give a counterexample. It is well-known that 

𝑐0 is a sequence algebra .  

Let 𝑥 = (𝑘),  y = (𝑘𝑚−1). Clearly 𝑥, y ϵ 𝑐0(∆𝑚),   𝑥. 𝑦 ∉ 𝑐0(∆𝑚)  for m  ≥ 2. 

        Let us define the operator. 

                                         D : ℓ∞ (∆𝑚) → ℓ∞ (∆𝑚) 

as D𝑥 =  (0, 0, … ,  𝑥𝑚+1,  𝑥𝑚+2, …), where 𝑥 =  ( 𝑥1,  𝑥2,  𝑥3, …). 
It is trivial that D is a bounded linear operator on ℓ∞(∆𝑚). Furthermore the set  

D[ℓ∞ (∆𝑚)] = Dℓ∞ (∆𝑚) = { 𝑥 = (𝑥𝑘) : 𝑥 ϵ ℓ∞ (∆𝑚), 𝑥1 =  𝑥2 = ⋯ = 𝑥𝑚 = 0} is a subspace of  

ℓ∞(∆𝑚), and ║x║
∆ = ║∆𝑚x║

∞
 in Dℓ∞(∆𝑚). 

Now let us define 

        ∆𝑚 : Dℓ∞ (∆𝑚) → ℓ∞,   ∆𝑚𝑥  =  y = (∆𝑚−1𝑥𝑘 − ∆𝑚−1𝑥𝑘+1).                                       (1.2) 

It can be shown that ∆𝑚 is a linear homeomorphism. Hence Dℓ∞(∆𝑚) and ℓ∞  are equivalent as topological spaces 

[7].  ∆𝑚 and (∆𝑚)−1 are norm preserving and ║∆𝑚║ = ║(∆𝑚)−1 ║ = 1. 

                 Let ℓ∞
’  and [ D ℓ∞(∆𝑚)]’  denote the continuous duals of ℓ∞  and Dℓ∞(∆𝑚) respectively. 

It can be shown that 

                                      T : [D ℓ∞ (∆𝑚)]’ →  ℓ∞
’  

                                                        f∆ →  f∆ o (∆𝑚)−1 = f 

is a linear isometry. So [Dℓ∞ (∆𝑚) ]’ is equivalent to ℓ∞
’   [7]. 

In the same way it can be shown that Dc(∆𝑚) and c,  D𝑐0(∆𝑚) and 𝑐0  are equivalent as topological spaces and [ 

Dc(∆𝑚) ]’ ≅ [ D𝑐0(∆𝑚) ]’ =  ℓ1, where 

ℓ1 = { 𝑥 =  (𝑥𝑘) :  ∑ 𝑥𝑘
∞
𝑘=1 <  ∞ }. 

2.   Dual spaces of 𝓵∞(∆𝒎) and c (∆𝒎) 

In this section we give η - duals of  ℓ∞(∆𝑚) and c(∆𝑚). Also we show that these spaces are not perfect space relative 

to η – dual. 

Lemma  2.1.     𝑠𝑢𝑝𝑘𝑘−1│∆𝑚−1𝑥𝑘│< ∞         implies   𝑠𝑢𝑝𝑘𝑘−𝑚│𝑥𝑘│  < ∞. 

Lemma  2.2.     𝑥 ϵ ℓ∞ (∆𝑚)      implies   𝑠𝑢𝑝𝑘𝑘−𝑚│𝑥𝑘│ < ∞. 

Definition  2.3.  ( [9] ) Let X be a non – empty subset of ω ( The space of all complex sequences) and r ≥ 1. Then η- 

dual of 𝑋 is define as. 

𝑋𝜂 = { a = ( 𝑎𝑘) : ∑ │𝑎𝑘
∞
𝑘=1 𝑥𝑘│𝑟  ˂ ∞ for all x ϵ 𝑋 }            

A non- empty subset 𝑋 of ω is set to be perfect or η- reflexive if 𝑋𝜂𝜂 =  𝑋. 

Taking r = 1 in above definition we get α-dual of 𝑋. 

Theorem 2.4.  [ Dℓ∞(∆𝑚) ]η  = { a = (𝑎𝑘) : ∑ 𝑘𝑚𝑟│𝑎𝑘
∞
𝑘=1 │𝑟 ˂  ∞ }.                                            

Proof.  Let U1 = { a  = (𝑎𝑘) : ∑ 𝑘𝑚𝑟│𝑎𝑘
∞
𝑘=1 │𝑟  ˂  ∞ }. 

            If a ϵ U1,  then 

∑ │𝑎𝑘
∞
𝑘=1 𝑥𝑘│𝑟  = ∑ 𝑘𝑚𝑟│𝑎𝑘

∞
𝑘=1 │𝑟(𝑘−𝑚 │𝑥𝑘│)𝑟    ˂  ∞  

for each 𝑥 ϵ D ℓ∞ (∆𝑚),  by Lemma  2.2 

Hence a ϵ [D ℓ∞(∆𝑚) ]η. 

         Let a ϵ [D ℓ∞ (∆𝑚) ]η. Then ∑𝑘=1  
∞ │𝑎𝑘𝑥𝑘│𝑟  ˂  ∞ for each  𝑥 ϵ D ℓ∞  (∆𝑚). 

For the sequence 𝑥 = (𝑥𝑘), defined by  

                                 𝑥𝑘 = {
0,

𝑘𝑚,
     𝑘 ≤ 𝑚
      𝑘 > 𝑚

               (2.41) 

We can write, 
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∑ 𝑘𝑚𝑟│𝑎𝑘
∞
𝑘=1 │𝑟  = ∑ 𝑘𝑚𝑟│𝑎𝑘

𝑚
𝑘=1 │𝑟+ ∑ │𝑎𝑘𝑥𝑘

∞
𝑘=1 │ 𝑟 ˂  ∞. 

This implies a ϵ U1. 

Theorem 2.5.       [D ℓ∞ (∆𝑚) ]η  =  [Dc(∆𝑚) ]η 

Proof.     Since  Dc(∆𝑚) ⊂ D ℓ∞(∆𝑚). 

     Therefore    [ Dℓ∞ (∆𝑚) ]η   ⊂ [ Dc(∆𝑚) ]η.               (2.51) 

Let a ϵ [ Dc(∆𝑚) ]η. Then ∑ │𝑎𝑘𝑥𝑘
∞
𝑘=1 │𝑟  ˂ ∞ for each 𝑥 ϵ Dc(∆𝑚). 

If we take the sequence 𝑥 = (𝑥𝑘), which is defined in (2.41), then we have 

∑ 𝑘𝑚𝑟│𝑎𝑘
∞
𝑘=1 │𝑟  = ∑ 𝑘𝑚𝑟│𝑎𝑘

𝑚
𝑘=1 │𝑟+ ∑ │𝑎𝑘𝑥𝑘

∞
𝑘=1 │𝑟  ˂ ∞. 

This implies that a ϵ [D ℓ∞ (∆𝑚) ]η 

Therefore [Dc(∆𝑚) ]η  ⊂  [D ℓ∞ (∆𝑚) ]η                                                    (2.52) 

From (2.51) and (2.52) we get 

                                            [Dℓ∞ (∆𝑚) ]η  = [ Dc(∆𝑚) ]η 

Theorem 2.6.    [ℓ∞ (∆𝑚) ]η  =  [D ℓ∞ (∆𝑚) ]η 

Proof.     Since Dℓ∞ (∆𝑚) ⊂  ℓ∞ (∆𝑚). Then 

[ℓ∞ (∆𝑚) ]η  ⊂   [ D ℓ∞ (∆𝑚) ]η                                                                                                                       (2.61) 

Let a ϵ [D ℓ∞ (∆𝑚) ]η and let 𝑥 ϵ ℓ∞ (∆𝑚). 

Frome Lemma 2.2 we have 

∑ │𝑎𝑘
∞
𝑘=1 𝑥𝑘│𝑟  = ∑ 𝑘𝑚𝑟│𝑎𝑘

∞
𝑘=1 │𝑟[ 𝑘−𝑚𝑟│𝑥𝑘│𝑟  ]  ˂ ∞. 

  Hence a ϵ [ℓ∞ (∆𝑚) ]η. 

  Therefor  [ D ℓ∞ (∆𝑚) ]η  ⊂   [ ℓ∞ (∆𝑚) ]η                                                              (2.62)  

   From (2.61) and (2.62) we have 

                                        [ℓ∞ (∆𝑚) ]η  =  [ D ℓ∞ (∆𝑚) ]η 

Theorem 2.7.     [ c(∆𝑚) ]η  =  [ Dc(∆𝑚) ]η 

Proof.    Since  Dc (∆𝑚)  ⊂   c (∆𝑚). 

∴       [c(∆𝑚) ]η  ⊂     [ Dc (∆𝑚) ]η                                                                             (2.71) 

  Let a ϵ [Dc (∆𝑚) ]η  and let 𝑥 ϵ c(∆𝑚). 

Frome Lemma 2.2 we have . 

∑ │𝑎𝑘
∞
𝑘=1 𝑥𝑘│𝑟  = ∑ 𝑘𝑚𝑟│𝑎𝑘

∞
𝑘=1 │𝑟  [ 𝑘−𝑚𝑟│𝑥𝑘│𝑟 ]  ˂  ∞. 

For 𝑥 ϵ c(∆𝑚)  ⊂  ℓ∞ (∆𝑚). 

Hence a ϵ [ c(∆𝑚) ]η  

Therefore  [Dc(∆𝑚) ]η  ⊂ [ c(∆𝑚) ]η                                                                       (2.72) 

From (2.71) and (2.72) 

                                                  [ c(∆𝑚) ]η   =   [Dc(∆𝑚) ]η. 

Theorem  2.8.    Let X =  ℓ∞  or c. Then 

                           [X(∆𝑚) ]η = { a  = (𝑎𝑘) : ∑ 𝑘𝑚𝑟│𝑎𝑘 
∞
𝑘=1 │𝑟  ˂ ∞}. 

Proof.    Proof follows from Theorem 2.5, 2.6 and 2.7.  

                                 Hence    [ℓ∞ (∆𝑚) ]η  = [ c(∆𝑚) ]η.   

Corollary  2.9.    For  X =  ℓ∞  or c, then 

                          [X(∆)]η = { a  =  (𝑎𝑘) : ∑ 𝑘𝑟│𝑎𝑘
∞
𝑘=1 │𝑟  ˂ ∞}. 

Proof.   Take m =1 in Theorem 2.8. 

Corollary  2.10.    For  X =  ℓ∞  or c, then 

                            [X(∆2) ]η  = { a  = (𝑎𝑘) : ∑ 𝑘2𝑟│𝑎𝑘
∞
𝑘=1 │𝑟  ˂ ∞}. 

Proof. Take m = 2 in Theorem 2.8. 

                         Hence   [ℓ∞ (∆2) ]η  = [c(∆2) ]η 

Theorem  2.11.   Let X stand for ℓ∞  or c. Then 

                        [ X (∆𝑚) ]ηη =   { a = (𝑎𝑘) : 𝑠𝑢𝑝𝑘   𝑘
−𝑚𝑟│𝑎𝑘│𝑟 ˂ ∞}. 

Proof.    Let U2  = { a  =  (𝑎𝑘) : 𝑠𝑢𝑝𝑘   𝑘
−𝑚𝑟│𝑎𝑘│𝑟 ˂ ∞}. 

                      If a ϵ U2  and 𝑥 ϵ [X (∆𝑚) ]η . Then 

∑ │𝑎𝑘𝑥𝑘│𝑟∞
𝑘=1  = ∑ 𝑘𝑚𝑟│𝑥𝑘

∞
𝑘=1 │𝑟  𝑘−𝑚𝑟│𝑎𝑘│𝑟  

                         ≤  ∑ 𝑘𝑚𝑟│𝑥𝑘
∞
𝑘=1 │𝑟𝑠𝑢𝑝𝑘   𝑘

−𝑚𝑟│𝑎𝑘│𝑟  ˂ ∞. 

Hence a ϵ [X(∆𝑚) ]ηη. 

 Now suppose that a ϵ  [𝑋(∆𝑚) ]ηη and a ∉ U2. Then we have 

                    𝑠𝑢𝑝𝑘   𝑘
−𝑚𝑟│𝑎𝑘│𝑟  = ∞. 
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Hence there is strictly increasing sequence [𝑘(𝑖)] of positive integers   𝑘(𝑖) such that  │𝑎𝑘(𝑖)│𝑟  >  𝑖𝑚𝑟 [𝑘(𝑖)]𝑚𝑟 .  

We define the sequence x by. 

                                       𝑥𝑘 = {0,

│𝑎𝑘(𝑖)│−1,        𝑘 = 𝑘(𝑖)
𝑘 ≠ 𝑘(𝑖)

 

Then we have  

∑𝑘=1    
∞ 𝑘𝑚𝑟│𝑥𝑘 │

𝑟= ∑𝑖=1    
∞ [𝑘(𝑖)]𝑚𝑟  │𝑎𝑘(𝑖)│−𝑟 ≤  ∑𝑖=1

∞ 𝑖−𝑚𝑟˂ ∞. 

Hence 𝑥 ϵ [𝑋 (∆𝑚)]𝜂  𝑎𝑛𝑑  ∑𝑘=1 
∞ │𝑎𝑘𝑥𝑘│𝑟 =  ∑ 1 = ∞. 

This is contradiction to a ϵ [𝑋(∆𝑚)]𝜂𝜂.  Hence a ϵ U2. 

                          Therefore    [ℓ∞ (∆𝑚)]𝜂𝜂 = 𝑐(∆𝑚)]ηη. 
Corollary  2.12.    For 𝑋 =  ℓ∞   or c, then 

                               [𝑋(∆2)]𝜂𝜂 = { a  =  (𝑎𝑘 ) :  𝑠𝑢𝑝𝑘   𝑘
−2𝑟│𝑎𝑘│𝑟  ˂ ∞}. 

 Proof.  Take m = 2 in Theorem  2.11, we have 

                                         [ℓ∞(∆2)]𝜂𝜂 = 𝑐(∆2)]𝜂𝜂. 
Corollary 2.13.  The sequence spaces ℓ∞(∆𝑚) 𝑎𝑛𝑑 𝑐 (∆𝑚) 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑝𝑒𝑟𝑓𝑒𝑐𝑡 𝑠𝑝𝑎𝑐𝑒 relative to η- dual. 

Proof.  Proof is trivial as 𝑋𝜂𝜂 ≠ 𝑋 𝑓𝑜𝑟 𝑋 =  ℓ∞(∆𝑚) 𝑜𝑟 𝑐(∆𝑚). 
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