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1 -DUALS OF GENERALIZED DIFFERENCE SEQUENCE SPACES
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Abstract: Mikail Et. and R. Colak [1] have generalized difference sequence spaces. P. Chandra and B. C.
Tripathy [9] have introduced the concept of n-duals. Kizmaz [2] introduce the difference sequence spaces. We
have introduced the concepts of n-duals and determine n-duals of some difference sequence spaces.
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I Introduction
Let £., C, ¢y be the linear spaces of bounded, convergent and null sequences x = (x;,) with complex terms,
respectively, normed by
lxll, = supi [ x|
where ke N = {1,2,....}, the set of positive integers.
Kizmaz [2] defined the sequence spaces
Co(A) = {x =(x) : AX€ls },
cA) ={x=(x):Axec}, co(A)={x=(x;): AXecy}
Where Ax = (Axy) = (x, — xx41), and showed that these are Banach spaces with norm
[l = s |+ ]| ax]l.
After then Et [6] defined the sequence spaces
£o(A?) ={x = (x}) : A%x € £ },
c(A?)={x=(x) : A’x ec}, co(A?) ={x=(x):A%xec,y},
where A%x = (A%x;,) = (Ax, — Axg4,), and showed that these are Banach spaces with norm
[l = Lo [+ oz [ ]| 2% ][
M. Et and R. Colak [1] defined the sequence spaces
Co(A™) ={x = (xy) 1 A™X € £ },
c(A™) ={x=(xy):A™xec},
co(A™) ={x =(x;): A™x € Co}, WheremeN,
A%x = (x), Ax = (X~ Xpq1),
A"x = (A™x,) =(A™ 1x, — A™ 1 x,,,), and so that
AMx), = YpLo(—1)Y (r:)xkﬂz'
It is trivial that £.,(A™), c(A™) and co(A™) are linear spaces. It is also easy to show that these sequence spaces are
normed spaces with norm
Xl = = x|+l amx] . (L1)
1. Main Results
The sequence spaces £-(A™), c(A™) and c,(A™) are Banach spaces with norm (1.1)
Lemma 1.1.
(D) o (A™) © co(A™ ),
(ii) c@™) < c@am™,
({i)) Lo (A™) < £, (A™H),
and the inclusions are strict.
Proof. Letx €cy (A™). Since
| Am+1xk| = |Amxk - Amxk+1|

- ____________________________________________]
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< |amx | + [A™x, | =0, (kK= )

we obtain x € A™* (¢,). Thus ¢o(A™) © co(A™*1). This inclusion is strict since the sequence x = (k™), for
example, belongs to ¢, (A™*1), but does not belong to c,(A™).
The proofs of (ii) and (iii) is similar to that of (i).
Lemma 1.2.

() c(A™) c c(a™),

@ @™ < (8™,
and the inclusions are strict.
The proof is similar to that of Lemma 1.1.
Note. £.(A™), c(A™) and c,(A™) need not to be sequence algebra. We give a counterexample. It is well-known that
¢, is a sequence algebra .
Let x = (k), y = (k™ 1).Clearly x, y € ¢o(A™), x.y & co(A™) form > 2.

Let us define the operator.
D: £, (A™) - £, (A™)

asDx = (0,0, ..., Xpmy1s Ximaz ), Where x = (x4, X3, X3, ...).
It is trivial that D is a bounded linear operator on £.(A™). Furthermore the set
D[ts (A™)] =Dl (A™) = {x = (xy) : x €l (A™), x; = X, = -+ = X,,, = 0} is a subspace of
(™), and ||x|| = [[a™x]| , in DL.(A™).
Now let us define

A™ : Dl (A™) = Lo, ATx = y= (A" 1y — A xp ). (1.2)
It can be shown that A™ is a linear homeomorphism. Hence D¢.(A™) and ¢, are equivalent as topological spaces
[7]. A™and (A™)~! are norm preserving and ||A™ || = [[(a™)~* || = 1.

Let £, and [ D £,(A™)] denote the continuous duals of £, and D£,(A™) respectively.
It can be shown that
T:[D . (A™)] = €y
fA - fAO (Am)_l =f
is a linear isometry. So [D¢.. (A™) ] is equivalent to £., [7].
In the same way it can be shown that Dc(A™) and ¢, Dcy(A™) and ¢, are equivalent as topological spaces and [
Dc(A™) ] = [ Dco(A™) ] = &1, where
fr={x= () gz < © }.
2. Dual spaces of £,(A™) and ¢ (A™)
In this section we give 1 - duals of £,(A™) and c(A™). Also we show that these spaces are not perfect space relative
to n — dual.
Lemma 2.1.  supk™!|A™ x| <o implies  sup k™™ | x, | <oo.
Lemma 2.2. xef,(A™) implies sup k™™ | Xy | <0,
Definition 2.3. ([9]) Let X be a non — empty subset of o ( The space of all complex sequences) and r > 1. Then -
dual of X is define as.
X1={a=(ay): 3, |apx, |7 <oforallxeX}
A non- empty subset X of o is set to be perfect or n- reflexive if X7 = X.
Taking r = 1 in above definition we get a-dual of X.
Theorem 2.4. [ Dé(A™) " ={a=(ay) : Xp=1 k™ | a |r < o0},
Proof. LetUi={a =(a): X1 k™ | ay |r < o},
If a € Uy, then
k=1 |y xi |7 =Yk k™ lay ["(k™™ [x )7 < o0
for each x € D €, (A™), by Lemma 2.2
Hence a € [D £.(A™) ]".
Letae[D €. (A™) ]". Then X7, | A Xy, | " < oo foreach x e D £x (A™).
For the sequence x = (x;), defined by

xk:{ 0, ksm (2.41)

k™, k>m
We can write,
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S k™ [ [T = S k™ | a |7+ By | | 7< oo
This implies a € Us.
Theorem 2.5. [D€s (A™) " = [Dc(a™) "
Proof. Since Dc(A™) c D £.(A™).
Therefore [ D¢, (A™)]" < [ Dc(A™) . (2.51)
Letae [ Dc(A™) . Then X2, | A Xy, | T <o for each x € Dc(A™).
If we take the sequence x = (x;), which is defined in (2.41), then we have
S k™ ag |7 = Xk a [T+, | |7 <o,
This implies thata € [D £, (A™) |"
Therefore [Dc(A™) " < [D 6. (A™) " (2.52)
From (2.51) and (2.52) we get
[Dé. (A™) " =[Dc(a™)
Theorem 2.6. [£e(A™) " = [D €. (A™) N
Proof. Since D&, (A™) c £ (A™). Then
[l (A™) " € [D Lo (A™) 7 (2.61)
Letae [D €. (A™) " and let x € £, (A™).
Frome Lemma 2.2 we have
Yy laex |7 =3 k™ | ag [T ™ |x |71 <o
Hence a € [£. (A™) M.
Therefor [D €. (A™) " € [£o (A™) " (2.62)
From (2.61) and (2.62) we have
[l (™) ]" = [D & (A™) 1
Theorem 2.7.  [c(A™) " = [ Dc(A™) "
Proof. Since Dc (A™) c c (A™).
[c@™)]" c [Dc(A™)]" (2.71)
Letae [Dc (A™) ]" and let x € c(A™).
Frome Lemma 2.2 we have .
k=1 |akxk |T :ZI?:lkmr'ak |T [k |xk |T] < oo.
For x ec(A™) c £, (A™).
Henceae [ c(A™) "
Therefore [Dc(A™) " c [ c(A™) " (2.72)
From (2.71) and (2.72)
[c(@a™)]" = [Dc(a™)]".
Theorem 2.8. Let X = ¢, orc. Then
[X@™ " ={a = (@) : k™ | a |7 <o},
Proof. Proof follows from Theorem 2.5, 2.6 and 2.7.
Hence [{o (A™)]" =[c(A™)]".
Corollary 2.9. For X = £, orc, then
X" ={a = (@) : Tz, k" | ap |7 <0}
Proof. Take m =1 in Theorem 2.8.
Corollary 2.10. For X = ¢, orc, then
[X@%) " ={a = (a) : B k2 | ap |7 <o}
Proof. Take m =2 in Theorem 2.8.
Hence [£.(A%)]" =[c(A?)]"
Theorem 2.11. Let X stand for £ or c. Then
[X (@™ ™ = {a=(a):sup, k™™ |, |" <o},
Proof. LetU, ={a = (ay):sup, k=™ | a |T <0},
IfaeUand x e [X (A™)]". Then
Y Lo |7 =Tk | [ e | a7
< T k™ [ [Tsupye kT @[T <o
Hence a e [X(A™) M.
Now suppose thata € [X(A™)]™ and a ¢ U,. Then we have
sup, k=™ | a |T = o0.
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Hence there is strictly increasing sequence [k(i)] of positive integers k(i) such that |ak(i) |r > (™ [k()]™.
We define the sequence x by.

_lap!™ k=@
k 0, k# k(i)
Then we have
Tier k™ e [T= 22, kO™ [ars | < 220 < oo,
Hence x € [X (A™)]" and Y-, |akxk |T =Y1=oo,
This is contradiction to a € [X(A™)]™. Hence a € U,.
Therefore  [£4, (A™)]" = c(A™)]™.
Corollary 2.12. ForX = ¢, orc,then
[X@)]" ={a = (a): sup k™" |a|" <o}
Proof. Take m =2 in Theorem 2.11, we have
[£e (AD)]™ = c(a%)]™.
Corollary 2.13. The sequence spaces €., (A™) and c (A™) are not perfect space relative to n- dual.
Proof. Proofistrivial as X™ # X for X = £,(A™) or c(A™).
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