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Abstract: Rhotrices can occur with functions as their elements. As a result of this, we need to understand
how to differentiate and integrate a rhotrix with respect to an independent variable that is present in a
function. This paper will introduce to us the fundamental operations of differentiation and integration of
rhotrices.
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I. Introduction
The concept of mathematical arrays that lies in some way between two-dimensional vectors and (2 x2)-
dimensional matrices and matrix-tertions and noitrets were discussed in [1], as a result of this Ajibade in [2]
introduced an object which is in some way between (2x2)-dimensional

a b c
El (ﬂ and (3x 3)-dimensional | d e f | matrices, and he called such an object a rhotrix. Algebra of
g h i
rhotrices where initially introduced in [2] by Ajibade. Let R and Q be two rhotrices such that
a f
R=(b h(R) d)ado=(9g h@Q) ]j (€
e k
Ajibade in [2] defined the addition of these two rhotrices R and Q as:
a+f
R+Q=(b+g h(R)+h(Q) d+]j ),
e+k

and their multiplication as:
ah(Q) + fh(R)
RoQ={bh(Q)+gh(R)  h(R)h(Q)  dh(Q)+ jh(R)
eh(Q) +kh(R)

Another multiplication method for rhotrices called row-column multiplication was introduced by Sani in [3] in
an effort to answer some questions raised by Ajibade. Using the rhotrices R and Q as defined in (1), Sani in [3]
illustrated the row-column multiplication of rhotrices as:

af +dg
RoQ=(bf +eg h(R)h(Q) aj+dk
bj + ek
A generalization of the row-column multiplication method for n-dimensional rhotrices was given by Sani in [4].
That is: given n-dimensional rhotrices R :<ai1jl,cllk1> and Q, :<b . ,d,2k2> the multiplication of R and

2 )2

Q, is as follows:
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R” OQ” =<ai1J1 |1k1> <b|sz d| k2> <Z (a' J1b'2J2) Z (C1k1d 2k2)> t= (n+l)/2
=1 ok =1

The method of converting a rhotrix to a special matrix called ‘coupled matrix” was suggested by Sani in [5]. The
system R, x = b for which R,, is an n-dimensional rhotrix, x the unknown n-dimensional rhotrix vector and b
the right-hand-side rhotrix vector was introduced by Aminu in [6], in this article, Aminu discuss the necessary
and sufficient condition for the solvability of systems of the form R, x = b, if a system is solvable it was shown
how a solution can be found. To the best of the author’s knowledge, no work has been done on integration and
differentiation of rhotrices. So it is the primary aim of this paper, to introduce to us how to integrate and
differentiate rhotrices.

Il. Rhotrix Differentiation
If the elements of a rhotrix R,, are functions of a variable ¢, then the rhotrix is called a rhotrix function of t.

Ry =R,(8) = (aij(t)t cu (6))

The differential coefficients of R,, with respect to “t” is deﬁned as

d
2 Fn(© = (a0, 5 Czk(t)>

and its nth order derivative with respect to tis deflned as
dTL n n

WRn(t) (dtn az](t) dtn
Therefore the elements of the differentiated rhotrix = o R, (t) are the derivatives of the corresponding elements
of R,,(t). That is

— (1)), forn =123, ..

d
. a'11 (t)
d d
aazl(t) d 11(t) Eau (t)
d d d d d
aasl(t) acﬂ(t) d 22 (t) aclz (t) aa-ls (t)
d d d
—R ()= —a,(t —a,(t
a 2 (1) dtau() dtan()
d d d d
aan-z (t) Ect—lt—z (t) aat—lt—l(t) act—ZI—l(t) aa{—Zt (t)
d d d
a A, (t) E Cisia (t) a Ay (t)

d
E a, (t)
where ¢ — 2L

Theorem 1 2(Derivative of the sum of two rhotrices)
Let R,(t) and B,(t) be two rhotrices, each with differential elements. Then

d d
2 B0 + B(O] = R (6) + B (0.
Proof
It follows immediately from the definition of the sum of two rhotrices.
Theorem 2 (Derivative the product of two rhotrices)

Let R,(t) and B,(t) be two rhotrices which are conformable for multiplication and each with differential
elements. Then

d
2 [Bn OB O] =R (t) RO+ (t) Ry (8)

Proof
It follows immediately from the definition of the rhotrix product of two rhotrices as defined in [2].
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Example 1
Find = Rs (), given that
t2
sint 2t —t*+t?
Ri(t)=( t° 2t°+t cost 2 e?
sint t t+1

1
Solution
itz
dt
isint i2t i(—t3+t2)
dt dt dt
d d d d d d
—R.(t) = —t* —(2t>+t) —cost —2 — e
dt 5(t) dt dt( ) dt dt dt
iSint it i(t+1)
dt dt dt
d,
dt
2t
cost 2 —3t? +2t
=( 3t> 4t+1 -sint 0 2e”
cost 1 1
0
Theorem 3

Let R,,(t) be a rhotrix whose entries are differentiable, that is R,,(t) is a differentiable rhotrix. Then

d -1 -1 d -1
TRt () = =R (®) 2 Ru(DRT(0)
Proof
By the definition of the inverse of a rhotrix, we have

RN (ORy () =1 @
Differentiating both sides of (2), we get

R‘l(t)iR () +iR‘1(t)R t)=0
d o d
_Rnl(t)Rn(t) = _Rnl(t)ERn(t)

dt

d 1.4 -1

ERn ®) = —Ry (t)ﬁRn(t)Rn @®)
I11. Rhotrix Integration

Just as we can find the derivative of a rhotrix R,, with respect to an independent variable ¢, we can as well find
the anti-derivative or the definite integral of R,,. The integral of R,,(t), either definite or indefinite, is obtained
by integrating each element of R,,(t). Thus

b b b b
f Rn(t)dt=[ f <ai,-(t),clk(t)>dt]=[< f ay (0, f clk(t>dt>]

and

| Ratorde = [ [ @@, cu@ae] = [¢] (@ d, [ uter an)]

Therefore, we have
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[au (bt
fan®dt e, ®dt  [a,(t)adt
Jaudt  feu®dt  [a,@®dt  [e,®dt  [a (bt

jRn(t)= jaﬂ(t)dt Iam(t)dt
[a.dt e . @dt [a . ®dt [c,,@Odt [a,(tdt

[a@dt [e ., ®dt  [a®dt
2 Ot

Theorem 4
Let R, (t) and B,(t) be rhotrices. Then

J[Rn(t) + B,(t)] dt = fRn(t) dt + f B, (t) dt.
Proof

It follows immediately from the definition of the sum of two rhotrices.
Example 2

Find [ Rs(t) dt; where R (t) is as defined above in example 1.
Solution

t2
sint 2t —t°+t?
_[Rs(t)dt=J t* 2t +t cost 2 e? ) |dt
sint t t+1
1
I(tz)dt
[Ginydt  [2dt (> +t*)dt
= J@)dt [E+ndt [ostydt  [(@dt  [e*)dt
j(sint)dt J'(t)dt J.(t+1)dt
j(l)dt

t3
ERAY!
—cost+c, tP+c, L+l
2t

=( t 28 | 1 i
=\ T+C; S +5+C, sint+c, 2t+c, S+
—cost+c, GS+c, LHt+g

t+C,
Theorem 5
For any rhotrix R, (t),
tr ( f R, (6) dt) - f tr (R, (0)dt)
Proof

~

tr ( f R,(0) dt) _ Z ( f (aij(t),clk(t))dt)

[y

t
i=11

1l
[

i1l
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t t-1 t t-1
N[ ay®. ) autenar
i=11=1 j=1 k=1
t ot t-1t-1
=[O ay@. )Y cwon e
i=1 j=1 =1 k=1
t t-1
f Q@ Y cutonae
=1
= f tr(R,(t)) dt
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