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I Introduction
Denote by U the open unit disc of the complex plane, U ={z€C :|Z| <1}. Let H(U)be the space of

holomorphic functions inU. Let A denote the family of functions in H (U) of the form

f(z):z+iakz". (1.1)
k=2

The author has recently introduced the following new generalized multiplier differential operator in [15].
Definition 1.1 Let me N, = N U{0}, # > 0, a real number such thatx + > 0. Then for f € A, a

new generalized multiplier operator I(Tﬁ was defined by

Y t@)= 1)1, 1) =ADAL @)

LA @) =1, (2)).

a+pf
Remark 1.2 Observe that for f (z) given by (1.1), we have
" E@) =2+ A (e B, m)a, ¥, (1.2)
k=2
where
a+kB\)"
A (a, f.m) { 2] e
a+pf
We note that: i) I sp01(2)= D f(z), =0 (See F. M. Al-Oboudi [1]), ii)
I sp01(2)= f(Z), I>-1 >0 (See A. Catas [3] and he has considered forl >0) and iii)

I, f(2)= I;“ f(Z),a > —1(See Cho and Srivastava [4]) and Cho and Kim [5]). D," f (z) was introduced
by Salagean [9] and was considered for m > Qin [2].

Definition 1.3 ([8]) FormeN,,f €A, the operator R™ is defined by R"™:A—A,
R°f(z)=f(2),R* f(2)=zf (2),...(m+DR™ f(z2)=2z(R" f(z)) + mR™f(2),zeU.
Remark 1.4 If‘f(Z):Z+Z:O:=2<';1kZk € A, then Rmf(z):z+Z°kO:2 B, (M)a, z*, zeU, where

ANRSTEM 15-781; © 2015, AIJRSTEM All Rights Reserved Page 74


http://www.iasir.net/

S R Swamy, American International Journal of Research in Science, Technology, Engineering & Mathematics, 12(1), September-
November, 2015, pp. 74-78

B, (m) = % - (14)

The author has introduced the following operator in [16].

Definition 1.5Let f e Ame N, =N U{0},6 >0, f >0, areal number such that & + S > 0.

m

Denote by Rla’ﬂ”ﬁ , the operator given by Rlzﬂﬁ A A
RI;,sT(0)=Q-0)R"f(2)+a,,f(2),zeU.

a,fB,0

The operator was studied also in [11], [12], [13] and [14]. ClearlyRI 7', ; =R™and RI}, . =17 ,.

Remark 1.6 If f (2) =z + Z::z a, 2" , then from (1.2) and Remark 1.4, we have

RIZ, ;f(@)=2+>, {1-06)B (m)+A (o, f,m)}a, 2", z€U,
where A, (o, f,m)and B, (M) are as defined in (1.3) and (1.4), respectively.

We introduce new classes as below by making use of the generalized operator RI ;"M .
Definition 1.7 Let f e Ame N, =N uU{0},6>0,p€[01),0€(01], >0, a real number such
thator + 8 > 0. Then f(2z)isintheclass I , ; (o, p) if and only if

[Z2(RIJ 55T @)
2(RIg 55 (2))
[22(RI] 4 5f(2))]
e
2(RIg 5.5 (2) p‘

Definition 1.8 Let f e Ame N, =N uU{0},6>0,p<€[01),0(01], 5>0,a a real number such

<o,zeU. (1.5)

thata + > 0. Then f(z)isintheclass /7, , ;(o, p) if and only if

22[2(RIg 55 F ()T
[2(RI] 5 5T ()]
22[2(RIg 5,51 (2)) ]
[Z(RIg 5.5 (D)
Definition 1.9 Let f e Ame N, =N uU{0},6>0,p€[01),0(01], >0, a real number such

that o + > 0.Then f (2)isinthe class R ; ; (o, p) if and only if

(Z(RI(T,/Y,o'f @) Xl_" Z(RIZ 5,51 (2)) )_ 1

VRIT,51(2) (RID ;5 (2))

‘z(RI,',n,/i,(sf (@) ){l‘l‘ 2(RIg 56 f @) )+ 1-— 2p‘

VRIT, () (RIT ;51 (2)

Let T denote the subclass of A consisting of functions whose non-zero coefficients, from second on, are

<o,1€U. (1.6)
+1-2p

<o,zeU. (%))

negative; that is, an analytic function f isin T if and only if it can be expressed as f (2) =z — Z?:z a, z*,
a, 20,zeVU.iff €T, thenRI}, ;f(2) =2 —Ziz{(l—é')Bk (M) + A (a, B,m)¥a, 2%, where

A (a, f,m)and B, (m)are as defined in (1.3) and (1.4), respectively. We denote byTSZﬁﬁ (o,0),
TG 5 5(0,p)andTRY , (0, p), the classes of functions f(z) € T satisfying (15), (1.6) and (L.7)

respectively.
In this paper, sharp results concerning coefficients and distortion theorems for the cIassesTS;"ﬁﬁ (o,p),

T(3 5 5(0,p)and TR , (0, p) are determined. Throughout this paper, unless otherwise mentioned we

shall assume that A, (e, £, m) and B, (M) are as defined in (1.3) and (1.4) respectively,.
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1. Coefficient bounds.
In this section we study the characterization properties following the papers of V. P. Gupta and P. K. Jain [6, 7]
and H. Silverman [10].

Theorem 2.1 A function f isin T3] ; (o, p) if and only if

i{k(k +1)A+0)+20(1-2p)-2H{(1-05)B, (M) + A, (a, f,m)}a, <4o(l-p). (2.1)
Trk;ezresult is sharp.

Proof. Suppose f satisfies (2.1).Then for |z| <1, we have
[2*(RIL, T (@2)] —2RI], T (2)| -0l (RI],, T (2) ] +20-2p)RI] , ; F (2)|=
‘— Y, (k(k+1) = 2){1-56)B, (M) + A (a, B, M)}a, 2| -
o ‘4(1— p)— > (k(k+1)+2(1-2p)){-5)B, (M) + oA, (a, B, m)}a, 2"
D, k(k+1)-2){L-6)B, (M) + A (o, f,m)}a, —4o(l-p)+
Y0 (k(k+2) +21-2p)){(L~ 5)B, (M) + oA (a, B,m)}a, =
Z:;Z[k(k +1)(1+0)+20(1-2p)-2{(1-0)B, (M) + A (e, f,m)}a, —4c(l-p) <0.

Hence, by using the maximum modulus theorem and (1.5), f € TSZ’M (o,p).

For the converse, assume that
2RI 55t (@NT
‘ 2RI, 1) ‘ |
[22(RI] 4 sf ()]
2R17 551 (2))

Since Re(z) <|z|forall z €U, we obtain
Re >, Kk +1)-2){@-05)B, (M) + A (a, B, m)}a, "
4o(l-p) - o(k(k+1)+2(1-2p)){L-5)B, (M) + A, (a, B,m)}a, z¢

Choose values of z on the real axis so that ([z° (Rlaﬁbf(z))] I2R17, f(2)) is real. Upon

clearing the denominator in (2.2) and letting z —1through real values, we have the desired
inequality (2.1).

>, (k(k+1)=2){(1-5) B (m)+Ay (o, B, m)}ay ¢ |

= > -|<o,zeU.
|400-p)- 3, o (K(k+1)+20-2p){(1-0)8, (m)+oh, (e, a2 |

+1-2p

<o. (22

4o(1-p) 7k
{k(k +1)(+0)+20(1-2p)-2H{(1-0)B, (M) + A (a, S, m)}

The function f,(z) =

k > 2, is an extremal function for the theorem.

Theorem 2.2 A function f isin T¢7 , (o, p) if and only if
i{Zk2 L+o0)+(k+)(c@-2p)-DH@-05)B, (M) + A (a, B, m)]a, <do(l-p). (2.3)
'Ik';]Ze result is sharp.
Theorem 2.3 A function f isin TR7 , ; (o, p)ifand only if
i{k2 1l+0)+o@l-2p)-{@1-5)B, (M) + A (o, B, M, <20c(1-p). (2.4)
k=2

The result is sharp.
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The proofs of Theorem 2.2 and Theorem 2.3 are similar to that of Theorem 2.1 and so omitted. Extremal
functions are given by

f,(z)=2- 4ol p) 2% k>2
{2k* L+ o)+ (k+1)(c(L—2p) -B{(@1-5)B, (M) + oA (a, B, M)}
and
f,(2) =z 20(1=p) k>2
{(K*+0) +oL-2p) ~BH{L-5)B, (M) + A (e, /,m)}
respectively.
Corollary 2.4
i) 1ffeT3],(0,0)
then a, 4o(l-p) Kk >2,with  equality

{k(k +)(1+0)+200-2p) - 2H(1-5)B, (M) + A, (r, B, M)}’
only for the functions of the form f,(z).
iy 1ffeTly , (c,p)

then a, 4= p) k > 2, with
{(2k (1+0) +(k+D(c(1-2p) -DH(A-5)B, (M) + A (a, B,m)}
equality only for the functions of the form f, (z) .

i) If f e TR, , (0, p)

20(1—
then a,< (L= p) ,K > 2, with equality only for

{(k*@+0)+0@1-2p) ~B{(1~5)B, (M) + 5A (, B, M)}
the functions of the form f,(z).

1. Distortion theorems

Theorem 3.1 If a function f(z) eTisin TS} ; ;(o, p) then

1£(2)| 2|7~ oll=p) 7?,zeU
AL+o0@2-p)){M+D)A-0)+ A, (a, f,m)}

and

(@) <[]+ oll=p) 7* zeU.
L+ 0@ )M +1(A-6) + A, (@, f,m)}

Proof In view of Theorem 2.1, we have

40+ 5(2- p){M+1)(AL-8) + A, (o, £ M)ID 2, <

i{k(k +1)(1+0) + 201 2p) — 2H(L- 8)B, (M) + oA, (o, B, m)}a, < 4do(l—p).

Thus Zak o= p) .So we get
&%= T 02— UM+ DA 0) + oAy (@ . 0)}
od-p) 2
@) <[zl éak£|z| o= )im+Da-0) =A@ g my
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On the other hand

2% B oldl-p) 2
@R 2o 2 e - - G pmy

Theorem 3.2 If a function f(z) € Tisin T¢7, , (o, p) then

(2] 2]~ dol=p) 7.2 U
G+ o@1-6p){M+1)A—5)+ A, () f,m)}
and
do(l-p)
G+ o11-6p){(m+ 11— 3) + oA, (a, f,m)}

Theorem 3.3 If a function f(z) e Tisin TRY , (o, p) then

[T (2)| <[]+ |Z|2,Z€U.

1 (2)| 2]~ 20(=p) 7?,zeU
B+0G-2p){(M+DA-35)+ A, (o, f,m)}

and

() <[]+ 20(1=p) 7?2
B+0(B-2p){(Mm+1)A1-0)+ A, (a, B, m)}

The proofs of Theorem 3.2 and Theorem 3.3 are similar to that of Theorem 3.1.

Remark 3.4 The bounds of Theorem 3.2 and Theorem 3.3 are sharp since the equalities are attained for the

do(l-
functions f(z)=z- (L= p) z? (z=4r)and
(6+0(l1-6p){(Mm+1)(1-05)+ A, (a, B, M)}
20(1-
f(z)=z- d-p) 2% (2 = %r) , respectively
B+0(B-2p)){M+1)QA-35) + A, (o, ,m)}
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