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. Introduction
Let A denotes the class of functions of the form,

f@=z+ z a,z" (1.1

which are analytic and univalent in the unit disk U = {z : |z| < 1}. Let S be subclass of A, of functions univalent
in U and T be subclass of S, consisting of functions of the form,

g(@) =7 — Z by (b, =0) (1.2)

n=2
Goodman [2] introduced classes UCV and UST of uniformly convex and uniformly starlike functions. Further
Ronning studied classes UCV and UST (for more details see [3]). Among several interesting definitions given in
literature (See, [4], [5], [6], [7] and many others) we recall the following,
Definition 1.1
The function f(z) defined by Equation (1.1), which satisfies the condition,

2f ,
Re{ f(Z)_a}ZB 2@
f(2) f(2)
where, 0 < a <1, § = 0is called as B - Uniformly starlike function of order a.
The class of g — Uniformly starlike function of order « is denoted by g —S(a).
e Whenp=0,ie.if Re {%} > a, the function f(z) is called starlike of order a.
o  When =1, the function f(z) € UST
e  The function f(z) is called starlike, if both « and g are zero.
Definition 1.2
The function f(z) defined by Equation (1.1), which satisfies the condition,

Re{lﬂf, (Z)_a}Zﬁ 7@

f@ f @
where, —1 <a <1, B >0 is called B - Uniformly Convex function of order a.
The class of g - Uniformly convex function of order «a is denoted by g —K(a).

e Whenp=0,i.e. {1 + Z;TZ)} > a , if the function f(z) is called convex of order a .

e When g =1, the function f(z) € UCV

e  The function f(z) is called convex, if both  and f are zero.
The classes f —S(a) and g —K(a) were studied by Goodman, Ronning and Minda and Ma. (see [8], [2], [3], [4]).
Definition 1.3

The (Gaussian) hypergeometric function F(a,b;c;z) is defined as,
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- (@D,

F(a,b; C, Z) = nzomz

(1.3)

where, ¢ # 0,~-1,-2,--- and (X)n is the Pochhamar symbol defined using Gamma functions,
_IGetn) (1 ifn=0
(@ = Ix) {x(x +DE+2)..(x+n—1) if neN ={1,2,3,...}
Note:
(@)n =(a+n—21)(@)n-1, ()n = a(@a+1),-1 and (1)n = n! for all n > 1.

We note that, F(a,b;c;1) converges for Re(c—a—b) > 0 (see [1] [9]) and related to Gamma function defined by,
- (@ (b)y _ T(O)I(c —a—b) "
2, @D, e -l —b) .
Ruscheweyh and Singh [10] and others used continued fractions to find sufficient conditions for zF(a, b; c; z) to

be in S* («) for various choices of the parameters a, b and c. Silverman [11] gave necessary and sufficient
condition for zF(a,b;c;z) to be in S* (), the class of functions starlike of order « and K(a), the class of functions
convex of order a.
We shall introduce a new class of univalent functions:
Definition 1.4
The function f(z) defined by Equation (1.1), is said to be in class S(a, B, ), (-1 <A<1,a,>0and z € U),
if and only if,
{Zf(2)4-azzf”(2)+-ﬁz3f"(Z) } 2f'(2) + az’f ' (2) + Bz°f " (2)
Re —Ar > -
f(2) f(2)
When g = 0 the class S(a, 0,4) = S(4, o) as defined by B. Srutha Keerthi, B. Adolf Stephen, A. Gangadharan and
S. Sivasubramanian [1].
e Fora=p=0,the class S(0,0,1) is class of uniformly starlike function of order 4, Sy(2). (see [9]).
o Welet, St(a, ,2) =S(a, §, )NT.

F(a,b;c;1) =

1| (1.5)

Il. Main Result

In the present paper, we determine sufficient condition for zF(a, b; c; z) to be in the class S(a, S, 4) and also
give necessary and sufficient condition for zF(a, b; c; z) to be in the class St(a, £ ,4) with appropriate restrictions
on a, b, c. Furthermore we consider an integral operator related to the hypergeometric function.

To establish main result we need following Lemmas.
LEMMA 2.1

The function f(z) defined by Equation (1.1) is in the class, S(a, B, A), (-1 <A <1, a,f>0andz e U), ifand
only if,

Z(Zn + 2an(n— 1)+ 2n(n— D(n— 2)— 3+ ADan| < 1-1 2.1)
PROGF:
By using Equation (1.1), we can write,
zf'(2) + azf"(2) + Bz°f""(z) _Z+X(n+an(n—1) + pn(n - 1)(n - 2))a,z"

2.2
7 T T @
Substituting right hand side of above Equation (2.2) in Inequality (1.5),
{Z + Z(n +an(n—1)+ pnn—1)(n — 2))anz" }
Re -1
z+ Ya,z"
- Z+ Z(n +an(n—1)+ pnn—1)(n— 2))anz" L
- z+ Ya,z"
that is,
Re {Z + Z(n +an(n—1)+ pnn—-1)(n — 2))anz” B 1} 12
z+ Ya,z"
- Z+ Z(n +an(n—1)+ pnn—1)(n— 2))anz" L
- z+ Y a,z"
Using the fact that, Re(z) < |z| and as f(z) is defined in unit disc U = {z : |z| < 1}, letting z — 1- we get,
2¥(m+an(n—1)+pn(n—1)(n—2) — 1)|ay,| <1-1 23)

1+ Xla,l
Upon simplifying we get,
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Yo,2n+ 2an(n— 1)+ 2n(n— 1)(n— 2)— 3+ Djan| < 1-21
which is the required result.
For = 0 we get results of B. Srutha Keerthi, B. Adolf Stephen, A. Gangadharan and S.
Sivasubramanian [1], [Lemma 2.1, p497].
COROLLARY 2.1
The function f(z) defined by Equation (1.1) is in the class, S(a, 0,2), (-1 <A<1,a = 0 and z €U), if and
only if,

Z(Zn + 2an(n— 1)— 3+ Djan| < 1-1
n=2
LEMMA 2.2
The function g(z) defined by Equation(1.2) is in the class St(a, B, A) (-1<A<1,0,>0andz € U), ifand
only if,

Z(Zn + 2an(n— 1)+ 2n(n— D(n—2)—1-Db, < 1-21 (2.4)

n=2
Prof of this Lemma is easily obtained by appropriate rearrangements in Inequality (2.1) above. As stated above,
for = 0 we get results of [1], [see Lemma 2.2, p497].
COROLLARY 2.2
The function g(z) defined by Equation (1.2) is in the class St(a, 0, 1) (-1 <A <1, a, and z € U), if and only if,

Z(2n+ 2an(n—1)— 1- b, < 1—1

Using Lemma 2.1 we derive the foIIowmg theorem for (Gaussian) hypergeometric function.
THEOREM 2.1
Ifa, b >0, c >atb+3, then the function, zF(a, b; ¢; z) is in the class S (o, B, A) if and only if,
F@r(c—a-b)[ 2 ab(1+ 2a) +ﬁd+$ﬂ@h@h B(a)3(b)3 1l <2
Fc—a)l(c—-b)|A-DH\(c—a—-—b—-1) (c—a—-b—-2), (c—a—b—2), -
PROOF:
From the Equation (1.3)

(@A)nn_1+ (@nB)n

L ©a(Dn L @a(n

) (a)n(b)n @ns Bt ,
zF(a,bic;z) = ”Z< NN Z Ot Dy

Therefore ZF(a, b; c; z) isiin the class S («, ,B /1) if and only if, (using Equatlon (2.1)),

F(a,b;c;z) =

z(Zn + 2an(n— 1)+ 2Bn(n— D(n— 2) = 3+ 2) |% <1-2 (2.5)
L.H. S of above Equation (2.5),
) Z (@ (),
=) 2n+1)+ 2an(n+ 1)+ 28n+nn— 1) — 3+/1)W
_ & (@) (@n(B)n
< 2(1+20()Z ORONES +3,8)Zn( =D e
(a )n(b)n (a)n(b)n
t28 Z ne= Ve @, TEH Z ©n(Ds

Using Definition (1.3) and 5|mpI|fy|ng we get,
- I )l'(c—a-=>b)|{ 2ab(1+ 2a) 2(a +3B)ab(a+1)(b+1)
_F(c—a)l"(c—b)[<(c—a—b—1) (c—a—-b—-—1D(c—a—-b—-2)

2Bab(a+ 1D+ D(a+2)(b+2)
+(c—a—b—1)(c—a—b—2)(c—a—b—3)>+1_/1]_(1_/1)
Which bounded above by 1—4, which is true if and only if,
I )l'(c—a—->b) 2 ab(1+ 2a) (@ +3B)ab(a+ )b+ 1)
F(c—a)[‘(c—b)[(l—A)((c—a—b—1) (c=a—-b—-1D(c—a-b-2)
Bab(a+ 1)(b+ 1D(a+2)(b+2) > ]
+11<2
(c—a—-b—-—1D(c—a—-b—-2)(c—a—b—3)
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that is,
F@r(c—a-b)[ 2 ab(1 + 2a) N (a +3B)(a),(h), N B(a)3(b)s +1l <2
Fc—a)T(c—-b) |-\ (c—a—b—-1) (c—a—-b—-2), (c—a—b—2); -
which proves the theorem.
Clearly for g = 0 we get Theorem 2.1 of [1], p499.
COROLLARY 2.3
If a, b >0, ¢c > a+ b+3, then the function, zF(a, b; ¢; z) is in the class S(a, 0, A) if and only if
I )(c—a—-»b) 1 2ab(1+2a)(c—a—-b—-2)+a(a+1)(b+1) <
F(c—a)[‘(c—b)[ 1-MD(c—a-b—-1D(c—a—-b—-2) ]_
Similarly using Lemma 2.2, we derive the following theorem for (Gaussian) hypergeometric function.
THEOREM 2.2
Ifa,b>-1, ab <0, ¢ > a+b+3, then the function, zF(a, b; c; z) is in the class St(a, B, A) if and only if,
F(c+ Dl (c—a—-b)] 2(1+2a) 2@+ 3B8)(a+ 1) +1)
I['(c —a)T(c —b) [(C—a—b—1)+(c—a—b—1)(c—a—b—2)
2B(a+ )b+ 1D)(a+2)(b+2) 1—/1] <0

(c—a—b—1)(c—a—b—2)(c—a—b—3)+ ab
that is,
5 B(a);(b); + (@ +3B)(a),(b),(c—a—b—-3)+ab(1+2a)(c—a—b— 3)2]

1-2
<(c—a—-b-3); (2.6)
PROOF:
Using the conditions on a, b, ¢ and Equation (1.3), we have,

ab"(a+ 1)y (b + 1), M= g |g| z (a+1D)p b+,
c
n=2

zF(a,b;c;z) =z+—
@hGa) =24 2 e Do CF Da My
Therefore zF(a, b; c; z) is in the class St(a, S, ) if, (using Equation ( 2.4))

2n+ 2 1)+ 2 1 2)—1 A(a+1)"‘2(b+1)"‘2< “la-a
nZz( n+ 2an(n= 1)+ 2= D= 2) = 1= <[] (1 -2)
that is,
- (a+D,(b+1), c
;(2(11 +2)+ 20+ 2+ D+ 2nlnt D +2) = 1=D o< |£| 1-2)
that is,
- (a+1),0b+1),
nZO[(z H@(n+ 1) + Qe+ 60n(n+ 1)+ 260+ Drln =D +1 -] o
< |£| (1-2)
By using Definition 1.3 (Equation 1.4 ) and simplifying we get,
F'c+ Dl (c—a—-b)[ 21+ 2a) 2@ +3B)(a+1)(b+1)
Ic —)c—b) [(c—a—b—l) T Ce—a—b-Dc—a-b-2)

2B(a+ Db+ D(a+2)(b+2) 1-2
(c—a—b—1)(c—a—b—2)(c—a—b—3)+ ab ]

c C
- —(-N< |£|(1—/1)

that is,
I'(c+ 1DIr'(c—a—->b) 2(1 4+ 2a) 2@ +38)(a+1)(b+1)
Tc— QI —b) [(c—a—b—l)+(c—a—b—1)(c—a—b—2)
2B(a+ 1)+ D(a+2)(b+2) 1-2 c c
(c—a—b—1)(c—a—b—2)(c—a—b—3)+ ab ]+|£|(1_A)S |£|(1_A)
that is,
I'(c)l'(c—a—>b) 2(1 4+ 2a) 2@ +38)(a+ 1)+ 1)
F(c—a)l"(c—b)[(c—a—b—1)+(c—a—b—1)(c—a—b—2)
2B(a+ 1)+ D(a+2)(b+2) 1-2 <0
(c—a—-b—-—1(c—a—-b—-2)(c—a—-b—-3) ab]_
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that is,
5 B(a);(b); + (@ +3B)(a),(b),(c—a—b—3)+ (1 +2a)ab(c —a—b —3),
1-2

<(c—a—-b-3);.

Which proves the theorem.
Clearly for = 0 we get Theorem 2.2 of [1], p500.

I11. Integral Operator
In this section, we obtain similar type of results in connection with a particular integral operator G(a, b; c; z)
acting on F(a ,b; c; z) as follows:

( )n 1(b)n 1
G(a,b; c; z fFabctdt—z+27" 3.1
(@bie; )= | K ) ©na (D G-
THEOREM 3.1
Ifa, b>1, and, c > a+ b+ 3, then the function, G(a, b; c¢; z) defined by Equation 3.1 is in the class S(a, B, A)

if and only if,

F'(c)[(c —a—Db) 2aab 2Bab(a+1)(b+1) B-M(c—a-bh)

I'(c —a)l(c —b) (c—a—b—l)+(c—a—b—1)(c—a—b—2)_ (a—1DB-1)
Bz o4 3.2
MRS RS ¢

PROOF:

By Lemma 2.1, G(a, b; c; z) defined by Equation 3.1 is in the class S(a, g, 4) if and only if,

Z(2n+ 2an(n— 1) + 2pn(n— D — 2) — 3+ 2) Dot @l ) (3.3)
e (©n-1(1)y
. Left Hand side of above Equation 3.3
- Z(Zn + 2an(n— 1)+ 2pn(n— D(n— 2) — 3+ 2) | Dot Blnos
= (©n-1(1)y
(@)n(b)n (@)n(b)n (@)n(b)n (@)n(b)n
., T Z ERONE z ENONEE [Z ©nDner ]
F(C)F(c —a—>b) 2aab 2Bab(a+1)(b +1) B—-MND(c—a—-Db)
=F(c—a)F(c—b) (c—a—b—1)+(c—a—b—1)(c—a—b—2)_ (a—1DB-1 ]
B-MD(—-1) (-2
(a—1DB-1)

Which is bounded above by (1-4), hence G(a, b; c; z) is in the class S («, g, 4) if and only if, Inequality 3.2 is
satisfied, that proves the theorem.
THEOREM 3.2

Ifa, b>—1,ab <0, ¢c > a+b+3, then the function, G(a, b; c; z) defined by Equation 3.1 is in the class
St(a, B, A) if and only if,

F'c+ DIl (c—a—-b—-1) 2B(a+1)(b+1) (A+A)(c—a—-b—-1),

[—(C—a— - 1)+ 2a
ab

T'(c — a)T(c — b) (c—a—b—-2)  (a—1,(b-1),
1+MD(-1),
(@-D,6-1,"° G4
PROOF:
Using the conditions on a b, ¢ we have,
ab (@+Dp b+ 1)y, o= (@+Dpo(b+ 1)y, n
Claben =zt Z C+DuoDn ~ 7 Z C+ DuoDn

Therefore G(a, b; c; 2) is in the class St(a, B, 2) if and only if, (using Lemma 2 2)
(@+Dpp(b+ Dpp
(c+ Dp_2(Dy

Z(2n+ 2an(n— 1)+ 2fn(n— D — 2)— 1—A) < |a—cb| 1-2

=2
Left hagd side of above inequality is
C (@a+ 1), (b + 1y
(C + 1)n(1)n+2

- Z(Z(n +2)+ 2a(n+2)(n+ 1) + 28n(n+ DR +2) — 1-2)

n=0
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o (a+ 1), +1), o (a+1),0b+1), S (a+ 1,0 +1),
O N G A G VN €D M S DN ) M
 (a+ 1), + 1),

L e+ DpDr

:F(c+1)F(c—a—b—1)[%((:_(1_[)_1)+2a+2[>’(a+1)(b+1)

-1+21)

I'(c —a)l(c—b) (c—a—-b-2)
A+MD(c—a-b)(c—a—-b—-1) 1+ MDc(c-1) 1—1 c
- aba—Db -1 ]+ab(a—1)(b—1)_( M
_Tle+Dr(c—a-b—-1)[2 2B(a+ 1) +1)
h I'(c —a)T(c —b) [%(c—a—b—1)+2a+ (c—a—b-2)
A+MD(c—a-b)(c—a—-b—-1) 1+ MDc(c-1) c
- aba—Db -1 ]+ab(a—1)(b—1)+(1_” 5]

Which is bounded above by |£| (1 — 2), hence we get the inequality 3.4, which completes the proof.

Remarks:
In above results,
e For B =0, we get results of B. Srutha Keerthi, B. Adolf Stephen, A. Gangadharan and S.
Sivasubramanian of [1].
e  For choice of a = = 0, we get results of N.E. Cho, S.Y. Woo and S. Owa [9].
Acknowledgements: The authors are thankful to referees for their valuable suggestions.
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