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I Introduction

The literature of ternary algebraic system was introduced by D. H. Lehmer [11] in 1932. He investigated certain
ternary algebraic systems called triplexes which turn out to be ternary groups. The notion of ternary semigroups
was known to S. Banach. He showed by an example that a ternary semigroup does not necessarily reduce to an
ordinary semigroup. In [14], M. L. Santiago developed the theory of ternary semigroups and semiheaps. He
devoted his attention mainly to the study of regular ternary semigroups, completely regular ternary semigroups,
bi-ideals and intersection ideals in ternary semigroups, the standard embedding of a ternary semigroup and a
semiheap with some of their applications. In [12], W. G. Listercharacterized those additive subgroups of rings
which are closed under the triple ring product and he called this algebraic system a ternary ring. He also studied
the embedding of ternary rings, representation of ternary rings in terms of modules, semisimple ternary rings
with minimum condition and radical theory of such rings. D. Madhusudhana Rao, A. Anjaneyulu and A.
Gangadhara Rao[1] in 2012 made a study on T-ideals in I'-semigroups. In 2011 [2] they studied about TI'-
radicals in I'-semigroups. VB Subramanyeswra Rao, A. Anjaneyulu, D. Madhusudhana Rao [15] studied about
po-T-ideals in po-I'-semigroups.

1. Lateral Ternary I'-l1deal
Definition 11.1: Let T and I" be two additive commutative semigroups. T is said to be a Ternary I'-semiringif

there exist a mapping from T xI'x T xI'x T to T which maps (X,, &, X,, 3, X;) — [Xl(ZXZﬁX3] satisfying
the conditions :

i) [[aabst]ydse] = [aafbstd] ] = [acbplcydde]]

if[(a + b)acA] = [aacAt] + [bacs]

iii) [acx (b + c)pd] = [aabpt] + [aact]

iv) [aabsl(c + d)] = [aabst] + [aabsd] forall a, b, c,de Tand «, £, », JET.

Obviously, every ternary semiring T is a ternary I'-semiring. Let T be a ternary semiring and I" be a
commutative ternary semigroup. Define a mapping T XI'x T XI'x T — T by aaebgt =abc foralla,b,c €T
and @, #€T. Then T is a ternary I'-semiring.

Definition 11.2: An element Oof a ternary I'-semiring T is said to be an absorbingzero of T provided 0 + x = x =
x + 0and Oczagb = acl0pb =ach0 =0V a, b,x € Tand &, Fer.

Definitionl1.3 : Let T be ternary I'-semiring. A non empty subset ‘S’ is said to be a ternary subI'-semiring of T
if Sisan additive subsemigroup of T and aabst €S for all a,b,ce S and «, FeT.

Notell.4 : A non empty subset S of a ternary I'-semiring T is a ternary subT-semiring if and only if S+ S S
and ST'STS C S.

Definitionll.5 : A nonempty subset A of a ternary I'-semiring T is said to be left ternary I'-ideal of T if (1) a, b
eAimpliesa+beA (2)b,c € T,a €A, & Al implies bacsa € A.
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Notell.6 : A nonempty subset A of a ternary I'-semiring T is a left ternaryl-ideal of T if and only if A is
additive subsemigroup of T and TTTTA C A.

Definitionll.7 : A nonempty subset of a ternary I'-semiring T is said to be a lateral ternary I-ideal of T if (1)
a,beA=a+beA (2)b,ce T,a €A, o, fel'=baast € A

Note 11.8: A nonempty subset of A of a ternary I'-semiring T is a lateral ternary I'-ideal of T if and only if A is
additive subsemigroup of T and TTAI'T C A.

Definitionl1.9 : A nonempty subset A of a ternary I'-semiring T is a right ternary I'-ideal of T if (1) a, b € A
=a+beA (2 b,ceT,aeA o Ffel=>aabst € A.

Note 11.10: A nonempty subset A of a ternary I'-semiring T is a right ternary I'-ideal of T if and only if A is
additive subsemigroup of T and ATTIT < A.

Definition 11.11: A nonempty subset A of a ternary I'-semiring T is said to be ternary I'-idealof T if
(1)a,beA=a+beA

Q) b,c e T,a €A @ fel=bacfac A baast € A aaht € A

Notell.12 : A nonempty subset A of a ternary I'-semiring T is a ternaryl'-ideal of T if and only if it is left
ternaryT-ideal, lateral ternaryl'-ideal and right ternaryT-ideal of T.

Definition 11.13 : A ternary I'-semiring T is said to be commutative ternary I'-semiringprovided aI'bI'c = bI'cl'a
=clalb =blralc=crblra=alcrbforalla b,c € T.

Definition 11.14: An element a of a ternary I'-semiring T is said to be an identity provided acast = teafa =
astfa=tVteT, a fel.

Note 11.15 : An identity element of a ternary I'-semiring T is also called as unital element.

Note 11.16 :From this onwards T will denote a ternary I'-semiring with an absorbing zero and a unit element 1
unless otherwise stated.

Theorem 11.17 : The nonempty intersection of any family of lateral ternary I'-ideals of a ternary I'-
semiring T is a lateral ternary I'-ideal of T.

Theorem 11.18 : The union of any family of lateral ternary I'-ideals of a ternary I'-semiring T is a lateral
ternary I'-ideal of T.

Definition 11.19 :LetT be a ternary I'-semiring and A be a non-empty subset of T. The smallest lateral ternary
I'-ideal of T containing A is called lateral ternary I'-ideal of T generated by A.

Definition 11.20 : A lateral ternary I'-ideal A of a ternary I'-semiring T is said to be the principal lateral ternary

I-ideal generated by a if A is a lateral ternary I'-ideal generated by {a} for some aeT. It is denoted by M (a)

(or) <a>n.

Theorem 11.21 : The lateral ternary I'-ideal of a ternary I'-semiring T generated by a non-empty subset A
is the intersection of all lateral ternary I'-ideals of T containing A.

3. PRIME LATERAL TERNARY I'-IDEAL

Definition 111.1 : A lateral ternary I'-ideal A of a ternary I'-semiring T is said to be a prime lateral ternaryI-
ideal of T provided X,Y,Z are lateral ternary I'-ideals of Tand XI'YTZ C A = X CAorY CAorZ CA.
Definition 111.2 : A lateral ternary I'-ideal A of a ternary I'-semiring T is said to be semiprime lateral ternary I'-
ideal provided X is a lateral ternaryT-ideal of T and (XI')™*X < A for some odd natural number nimpliesX € A.

Theorem 111.3 : A lateral ternary I-ideal P of T is a prime lateral ternary I'-ideal of T if and only if
alTLTTbI' TITIcc P implies a€e P or be P or ce P, forany a, b, ce T.

Proof: Suppose that P is a prime lateral ternary I'-ideal of T. Let alTI'TIbI'TI'TI'cc P, for a, b, ¢ €T.
ThenTTral TTTTbI'TITICITE P = (TralT)[(TTI'T)I'(TI'cI'T) € P. Since TrarT, TrbI'T and TIcI'T are
lateral ternary T'-ideals of T, P is prime lateral ternary I'-ideal of T. Therefore Tl'aI'TS P or TTbI'TE P or
TIrcI'TE P and hence a€ P or be P or ce P.

Conversely suppose that P is a lateral ternary I'-ideal such that al TTTTbI'TI'TI'c< P implies a€ P or be P or ce
P. Let A, B and C are any three lateral ternary I'-ideals of T such that ATBI'C < P. Suppose if possible AZ P,
BZ P, CZ P. Then there exists a, b, csuchthatae Aanda¢P,beBandbégPandceCandcgP. ac A/ b
€B,ceC= al'bl'cc ATBI'C € P. Now alTI'TTbI'TTTI'cc ATBTC S P =a€PorbePorceP. ltisa
contradiction. Therefore AC P or BS P or C< P and hence P is a prime lateralternary I'-ideal of T.

Theorem I11.4 : A lateral ternary I'-ideal P of T is a semiprime lateral ternary I'-ideal of T if and only if
alTTTrar TrTrac P implies a€ P for any a€ T.

Proof: Similar to theorem 3.3.

Theorem I11.5: If P is a prime lateral ternary I'-ideal of a commutative ternary I-semiringT, then (P:a) =
{ xe T/xraryc P for some y € T} is also a prime lateral ternary I-ideal of T for any a€ T\P.

Proof:Let P be a prime lateral ternary I'-ideal of Tand (P :a) = {xe T / xI'al'yc P fory € T}. Letx, ye (P :a).
Therefore xI'aI'xcP,yTalryc P, xI'al'yc P and yr'aI'xc P. (x + y)l'al'(x +y) = xI'al'x + yral'y + xI'al'y + yIal'xc
P=(x+y) e (P:a). Letxe (P:a),s, te T. ThenxI'alI'sc P, xI'al'tc P =(sI'xI't)[alal'x = (x['al's)['(x'al't)=P
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= sI'xI't< P and hence (P : a) is a lateral ternary I'-ideal of T. Let A, B and C are any three lateral ternary I'-
ideals of T such that ATBI'C < (P :a), then (AIBI'C)lal'yc P and Alalyc P, Braryc P, Craryc P
= Ac (P:a)orBc (P:a)or Cc (P:a). Therefore (P :a) is a prime lateral ternary I'-ideal of T.

Definition 111.6: A lateral ternary I'-ideal A of a ternary I'-semiring T is said to be an irreducible lateral ternary
T-ideal if XN Y NZ=AimpliesX=AorY =AorZ=A, for any lateral ternary I'-ideals X, Y and Z of T.
Definition I111.7 : A lateral ternary I'-ideal A of a ternary I'-semiring T is said to be a strongly irreducible
lateral ternary T-ideal if X N Y N Z=Aimplies X S AorY € Aor Z € A, for any lateral ternary I'-ideals X,
Y and Z of T.

Theorem 111.8 : Every semiprime and strongly irreducible lateral ternary T-ideal is a prime lateral
ternary I'-ideal of T.

Proof: Let P be a strongly irreducible and a semiprime lateral ternary T'-ideal of T. For any lateral ternary I'-
ideals A, B and C of T, (ATBI'C) € P.An B n C is a lateral ternary I'-ideal of T. Hence (ANBNC)*=(ANB
NCIIANBNCI(ANnBNC)< AIBIC < P. By P is a semiprime lateral ternary I'-ideal, An B n C c P.
Therefore A< PorB S P or C € P, since P is a strongly irreducible lateral ternary I'-ideal. Thus P is a prime
lateral ternary I'-ideal of T.

Definition 111.9 : A proper lateral ternary I'-ideal A of a ternary I'-semiring T is said to be a maximal lateral
ternary I'-ideal if there does not exist any other proper lateral ternary I'-ideal of T containing A properly.
Theorem 111.10: Any maximal lateral ternary I'-ideal of T is a prime lateral ternary I'-ideal.

Proof: Let M be any maximal lateral ternary I'-ideal of T. To show that M is a prime let al TTTTbI'TT'TI'cc M.
Suppose that a, b¢ M. Tral'TI'TIbI'T is a lateral ternary T'-ideal of T which contains a, b. By M is a maximal

lateral ternary I-ideal, M + TTal'TITIbI'T=T. As1€T,1=m+ Z s,a;afto X ybey;, then
i=1

lacpc=(m+ ZSiaiaﬂitiﬁi X,7:bey)acpc € M + TTal TI'TTOI TI'TIcl'cE M + al TI'TIbI' TT'TIc € M.
i=1

Therefore ce M. Hence M is a prime lateral ternary I'-ideal.

Theorem I11.11: If L is a lateral ternary I'-ideal of T and a is a honzero element of T such that a¢ L, then
there exists an irreducible lateral ternary I-ideal P of T such that L € P and a¢ P.

Proof: Let & be the family of all lateral ternary I'-ideals of T containing | and not containing an element a. Then
£ is nonempty as L €. This family of all lateral ternary I'-ideals of T forms a partially ordered set under set
inclusion. Hence by Zorn’s lemma there exists a maximal lateral ternary I'-ideal P in £. Therefore L < P and
a¢ P. Now, to show that P is an irreducible lateral ternary T'-ideal of T, let A, B and C be any three lateral
ternary I'-ideals of T such that ANBNC = P. Suppose that A, B and C are contained in P properly. Since P is a
maximal lateral ternary T-ideal in 2, we get a€ A, a€ B and ae C. Therefore a € ANBNC = P which is an
absurd. Thus, either A=P or B =P or C =P. Therefore, P is an irreducible lateral ternary I'-ideal of T.
Theorem 111.12: Any proper lateral ternary I'-ideal of T is the intersection of irreducible lateral ternary
I-ideal of T which contain it.

Proof: Let L be any proper ternary I'-ideal of T and {Aa }aeA be a family of irreducible lateral ternary I'-ideals

of T which contain L, where A denotes the indexed set. Then clearly L < ﬂ A, . To show ﬂ A clL

ael aeA

Suppose that ﬂ Aa c L. Therefore, there is an element ae ﬂ Aa such that a¢ L. Then by the theorem
aeA aeA

I11.11, there exist an irreducible ternary I'-ideal Psuch that L € P and a¢ P. This establishes the existence of
irreducible lateral ternary I'-ideal P such that a¢ P and L < P. Therefore a¢ ﬂ A for every a¢ L. Hence, by

aeA

the contra positive method ﬂ A, c L. Therefore ﬂ A =L

aeA aeA
1. Conclusion
In this paper mainly we studied about lateral ternary I'-ideals in ternary I'-semirings.
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