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I.  Introduction 

The literature of ternary algebraic system was introduced by D. H. Lehmer [11] in 1932. He investigated certain 

ternary algebraic systems called triplexes which turn out to be ternary groups. The notion of ternary semigroups 

was known to S.  Banach. He showed by an example that a ternary semigroup does not necessarily reduce to an 

ordinary semigroup. In [14], M. L. Santiago developed the theory of ternary semigroups and semiheaps. He 

devoted his attention mainly to the study of regular ternary semigroups, completely regular ternary semigroups, 

bi-ideals and intersection ideals in ternary semigroups, the standard embedding of a ternary semigroup and a 

semiheap with some of their applications. In [12], W. G. Listercharacterized those additive subgroups of rings 

which are closed under the triple ring product and he called this algebraic system a ternary ring. He also studied 

the embedding of ternary rings, representation of ternary rings in terms of modules, semisimple ternary rings 

with minimum condition and radical theory of such rings.  D. Madhusudhana Rao, A. Anjaneyulu and A. 

Gangadhara Rao[1] in 2012 made a study on Γ-ideals in Γ-semigroups.  In 2011 [2] they studied about Γ-

radicals in Γ-semigroups.  VB Subramanyeswra Rao, A. Anjaneyulu, D. Madhusudhana Rao [15] studied about 

po-Γ-ideals in po-Γ-semigroups. 

 

II.  Lateral Ternary 𝚪-Ideal 

Definition II.1: Let T and Γ be two additive commutative semigroups.   T is said to be a Ternary 𝚪-semiringif 

there exist a mapping from T ×Γ× T ×Γ× T to T  which maps ( 1 2 3,  , ,  , x x x  )   1 2 3x x x  satisfying 

the conditions : 

i) [[a𝛼b𝛽c]γd𝛿e] = [a𝛼[b𝛽c𝛾d]𝛿e] = [a𝛼b𝛽[c𝛾d𝛿e]] 

ii)[(a + b)𝛼c𝛽d] = [a𝛼c𝛽d] + [b𝛼c𝛽d]   

iii) [a (b + c)βd] = [a𝛼b𝛽d] + [a𝛼c𝛽d] 

iv) [a𝛼b𝛽(c + d)] = [a𝛼b𝛽c] + [a𝛼b𝛽d] for all a, b, c, d∈ T and 𝛼, 𝛽, 𝛾, 𝛿∈ Γ. 

 Obviously, every ternary semiring T is a ternary Γ-semiring.  Let T be a ternary semiring and Γ be a 

commutative ternary semigroup.  Define a mapping T ×Γ× T ×Γ× T ⟶ T by a𝛼b𝛽c = abc for all a, b, c ∈ T 

and 𝛼, 𝛽 ∈ Γ.  Then T is a ternary Γ-semiring. 

Definition II.2: An element 0of a ternary Γ-semiring T is said to be an absorbingzero of T provided 0 + x = x = 

x + 0and 0𝛼a𝛽b = a𝛼0βb = a𝛼b𝛽0 = 0 a, b, x   T and 𝛼, 𝛽∈Γ. 

DefinitionII.3 : Let T be ternary Γ-semiring. A non empty subset ‘S’ is said to be a ternary sub𝚪-semiring of T 

if  S is an additive subsemigroup of T and a𝛼b𝛽cS for all a,b,cS and 𝛼, 𝛽∈Γ. 

NoteII.4 : A non empty subset S of a ternary Γ-semiring T is a ternary subΓ-semiring if and only if S + S ⊆ S 

and SΓSΓS   S. 

DefinitionII.5 : A nonempty subset A of a ternary Γ-semiring T is said to be left ternary 𝚪-ideal of T if (1) a, b 

∈ A implies a + b ∈ A.  (2) b, c   T, a A, 𝛼, 𝛽∈Γ implies b𝛼c𝛽a A. 

Abstract: In this paper we introduce the terms ternary Γ-semiring, commutative ternary  

Γ-semiring, left ternary Γ-ideal, lateral ternary Γ-ideal, right ternary Γ-ideal, ternary Γ-ideal, prime lateral 

ternary Γ-ideal, semiprime ternary Γ-ideal, irreducible ternary Γ-ideal and strongly irreducible ternary Γ-

ideal and characterize the ternary Γ-ideals and proved many results. 
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NoteII.6 : A  nonempty subset A of a ternary Γ-semiring T is a left ternaryΓ-ideal of T if and only if A is 

additive subsemigroup of T and TΓTΓA   A. 

DefinitionII.7 : A nonempty subset of a ternary Γ-semiring T is said to be a lateral ternary 𝚪-ideal of T if (1)  

a, b ∈ A ⇒a + b ∈ A.  (2) b, c  T, a A, 𝛼, 𝛽∈Γ⇒b𝛼a𝛽c   A. 

Note II.8: A nonempty subset of A of a ternary Γ-semiring T is a lateral ternary Γ-ideal of T if and only if A is 

additive subsemigroup of T and TΓAΓT   A. 

DefinitionII.9 : A nonempty subset A of a ternary Γ-semiring T is a right ternary 𝚪-ideal of T if (1) a, b ∈ A  

⇒a + b ∈ A.  (2) b, c   T , a A, 𝛼, 𝛽 ∈ Γ⇒ a𝛼b𝛽c   A. 

Note II.10: A nonempty subset A of a ternary Γ-semiring T is a right ternary Γ-ideal of T if and only if A is 

additive subsemigroup of T and AΓTΓT   A. 

Definition II.11: A nonempty subset A of a ternary Γ-semiring T is said to be ternary 𝚪-idealof T if   

(1) a, b ∈ A ⇒a + b ∈ A 

(2) b, c   T , a  A, 𝛼, 𝛽∈Γ⇒b𝛼c𝛽aA, b𝛼a𝛽c   A, a𝛼b𝛽c   A. 

NoteII.12 : A nonempty subset A of a ternary Γ-semiring T is a ternaryΓ-ideal of T if and only if it is left 

ternaryΓ-ideal, lateral ternaryΓ-ideal and right ternaryΓ-ideal of T. 

Definition II.13 : A ternary Γ-semiring T is said to be commutative ternary 𝚪-semiringprovided aΓbΓc = bΓcΓa 

= cΓaΓb = bΓaΓc = cΓbΓa = aΓcΓbfor all a, b, c   T. 

Definition II.14: An element a of a ternary Γ-semiring T is said to be an identity provided a𝛼a𝛽t = t𝛼a𝛽a = 

a𝛼t𝛽a = t tT, 𝛼, 𝛽∈Γ. 

Note II.15 : An identity element of a ternary Γ-semiring T is also called as unital element. 

Note II.16 :From this onwards T will denote a ternary Γ-semiring with an absorbing zero and a unit element 1 

unless otherwise stated. 

Theorem II.17 : The nonempty intersection of any family of lateral ternary Γ-ideals of a ternary  Γ-

semiring T is a lateral ternary Γ-ideal of T. 

Theorem II.18 : The union of any family of lateral ternary Γ-ideals of a ternary  Γ-semiring T is a lateral 

ternary Γ-ideal of T. 

Definition II.19 :LetT be a ternary  Γ-semiring and A be a non-empty subset of T. The smallest lateral ternary 

Γ-ideal of T containing A is called lateral ternary Γ-ideal of T generated by A. 

Definition II.20 : A lateral ternary Γ-ideal A of a ternary Γ-semiring T is said to be the principal lateral ternary 

𝚪-ideal generated by a if A is a lateral ternary Γ-ideal generated by  a  for some aT. It is denoted by M (a) 

(or) <a>m. 

Theorem II.21 : The lateral ternary Γ-ideal of a ternary  Γ-semiring T generated by a non-empty subset A 

is the intersection of all lateral ternary Γ-ideals of T containing A. 

3. PRIME LATERAL TERNARY 𝚪-IDEAL 

Definition III.1 : A lateral ternary Γ-ideal A of a ternary Γ-semiring T is said to be a prime lateral ternary𝚪-

ideal of T provided X,Y,Z are lateral ternary Γ-ideals of T and XΓYΓZ   A   X A or Y A or Z A. 

Definition III.2 : A lateral ternary Γ-ideal A of a ternary Γ-semiring T is said to be semiprime lateral ternary 𝚪- 

ideal provided X is a lateral ternaryΓ-ideal of T and (XΓ)n-1X  A for some odd natural number nimpliesX ⊆ A. 

Theorem III.3 : A lateral ternary 𝚪-ideal P of T is a prime lateral ternary 𝚪-ideal of T if and only if 

a𝚪T𝚪T𝚪b𝚪T𝚪T𝚪c⊆ P implies a∈ P or b∈ P or c∈ P, for any a, b, c∈ T. 

Proof: Suppose that P is a prime lateral ternary Γ-ideal of T.  Let aΓTΓTΓbΓTΓTΓc⊆ P, for a, b, c ∈T.  

ThenTΓaΓTΓTΓbΓTΓTΓcΓT⊆ P ⇒ (TΓaΓT)Γ(TΓbΓT)Γ(TΓcΓT) ⊆ P.  Since TΓaΓT, TΓbΓT and TΓcΓT are 

lateral ternary Γ-ideals of T, P is prime lateral ternary Γ-ideal of T.  Therefore TΓaΓT⊆ P or TΓbΓT⊆ P or 

TΓcΓT⊆ P and hence a∈ P or b∈ P or c∈ P. 

Conversely suppose that P is a lateral ternary Γ-ideal such that aΓTΓTΓbΓTΓTΓc⊆ P implies a∈ P or b∈ P or c∈ 

P.  Let A, B and C are any three lateral ternary Γ-ideals of T such that AΓBΓC ⊆ P.  Suppose if possible A⊈ P, 

B⊈ P, C⊈ P.  Then there exists a, b, c such that a ∈ A and a ∉ P, b ∈ B and b ∉ P and c ∈ C and c ∉ P.  a∈ A, b 

∈ B, c ∈ C⇒ aΓbΓc⊆ AΓBΓC ⊆ P.  Now aΓTΓTΓbΓTΓTΓc⊆ AΓBΓC ⊆ P ⇒a ∈ P or b ∈ P or c ∈ P.  It is a 

contradiction. Therefore A⊆ P or B⊆ P or C⊆ P and hence P is a prime lateralternary Γ-ideal of T. 

Theorem III.4 : A lateral ternary 𝚪-ideal P of T is a semiprime lateral ternary 𝚪-ideal of T if and only if  

a𝚪T𝚪T𝚪a𝚪T𝚪T𝚪a⊆ P implies a∈ P for any a∈ T. 

Proof: Similar to theorem 3.3. 

Theorem III.5: If P is a prime lateral ternary 𝚪-ideal of a commutative ternary 𝚪-semiringT, then (P:a) = 

{ x∈ T/x𝚪a𝚪y⊆ P for some y ∈ T} is also a prime lateral ternary 𝚪-ideal of T for any a∈ T\P. 

Proof:Let P be a prime lateral ternary Γ-ideal of Tand (P :a) = {x∈ T / xΓaΓy⊆ P for y ∈ T}.  Let x, y∈ (P :a).  

Therefore xΓaΓx⊆P,yΓaΓy⊆ P, xΓaΓy⊆ P and yΓaΓx⊆ P.  (x + y)ΓaΓ(x + y) = xΓaΓx + yΓaΓy + xΓaΓy + yΓaΓx⊆ 

P ⇒ (x + y) ∈ (P :a).  Let x∈ (P :a), s, t∈ T.  Then xΓaΓs⊆ P, xΓaΓt⊆ P ⇒(sΓxΓt)ΓaΓaΓx = (xΓaΓs)Γ(xΓaΓt)⊆P 
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⇒ sΓxΓt⊆ P and hence (P : a) is a lateral ternary Γ-ideal of T.  Let A, B and C are any three lateral ternary Γ-

ideals of T such that AΓBΓC ⊆ (P :a), then (AΓBΓC)ΓaΓy⊆ P and AΓaΓy⊆ P, BΓaΓy⊆ P, CΓaΓy⊆ P 

⇒ A ⊆ (P :a) or B⊆ (P :a) or C⊆ (P :a).  Therefore (P :a) is a prime lateral ternary Γ-ideal of T. 
Definition III.6: A lateral ternary Γ-ideal A of a ternary Γ-semiring T is said to be an irreducible lateral ternary 

𝚪-ideal if X ∩ Y ∩ Z = A implies X = A or Y = A or Z = A, for any lateral ternary Γ-ideals X, Y and Z of T. 

Definition III.7 : A lateral ternary Γ-ideal A of a ternary Γ-semiring T is said to be a strongly irreducible 

lateral ternary 𝚪-ideal if X ∩ Y ∩ Z = A implies X ⊆ A or Y ⊆ A or Z ⊆ A, for any lateral ternary Γ-ideals X, 

Y and Z of T. 
Theorem III.8 : Every semiprime and strongly irreducible lateral ternary 𝚪-ideal is a prime lateral 

ternary 𝚪-ideal of T. 

Proof: Let P be a strongly irreducible and a semiprime lateral ternary Γ-ideal of T.  For any lateral ternary Γ-

ideals A, B and C of T, (AΓBΓC) ⊆ P.A∩ B ∩ C is a lateral ternary Γ-ideal of T.  Hence (A ∩ B ∩ C)3 = (A ∩ B 

∩ C)Γ(A ∩ B ∩ C)Γ(A ∩ B ∩ C) ⊆ AΓBΓC ⊆ P.  By P is a semiprime lateral ternary Γ-ideal, A∩ B ∩ C ⊆ P.  

Therefore A ⊆ P or B ⊆ P or C ⊆ P, since P is a strongly irreducible lateral ternary Γ-ideal.  Thus P is a prime 

lateral ternary Γ-ideal of T.  

Definition III.9 : A proper lateral ternary Γ-ideal A of a ternary Γ-semiring T is said to be a maximal lateral 

ternary 𝚪-ideal if there does not exist any other proper lateral ternary Γ-ideal of T containing A properly. 

Theorem III.10: Any maximal lateral ternary 𝚪-ideal of T is a prime lateral ternary 𝚪-ideal. 

Proof: Let M be any maximal lateral ternary Γ-ideal of T.  To show that M is a prime let aΓTΓTΓbΓTΓTΓc⊆ M.  

Suppose that a, b∉ M.  TΓaΓTΓTΓbΓT is a lateral ternary Γ-ideal of T which contains a, b.  By M is a maximal 

lateral ternary Γ-ideal, M + TΓaΓTΓTΓbΓT = T.  As 1 ∈ T, 1 = m+ 
1

n

i i i i i i i i i

i

s a t x b y    


 , then  

1

1 ( )
n

i i i i i i i i i

i

c c s a t x b y cm c        


  ⊆ M + TΓaΓTΓTΓbΓTΓTΓcΓc⊆ M + aΓTΓTΓbΓTΓTΓc ⊆ M.   

Therefore c∈ M.  Hence M is a prime lateral ternary Γ-ideal. 

Theorem III.11: If L is a lateral ternary 𝚪-ideal of T and a is a nonzero element of T such that a∉ L, then 

there exists an irreducible lateral ternary 𝚪-ideal P of T such that L ⊆ P and a∉ P. 

Proof: Let 𝔏 be the family of all lateral ternary Γ-ideals of T containing I and not containing an element a.  Then 

𝔏 is nonempty as L ∈𝔏.  This family of all lateral ternary Γ-ideals of T forms a partially ordered set under set 

inclusion.  Hence by Zorn’s lemma there exists a maximal lateral ternary Γ-ideal P in 𝔏.  Therefore L ⊆ P and 

a∉ P.  Now, to show that P is an irreducible lateral ternary Γ-ideal of T, let A, B and C be any three lateral 

ternary Γ-ideals of T such that A∩B∩C = P.  Suppose that A, B and C are contained in P properly.  Since P is a 

maximal lateral ternary Γ-ideal in 𝔏, we get a∈ A, a∈ B and a∈ C.  Therefore a ∈ A∩B∩C = P which is an 

absurd.  Thus, either A = P or B = P or C = P.  Therefore, P is an irreducible lateral ternary Γ-ideal of T. 

Theorem III.12: Any proper lateral ternary 𝚪-ideal of T is the intersection of irreducible lateral ternary 

𝚪-ideal of T which contain it. 

Proof: Let L be any proper ternary Γ-ideal of T and  A 
 be a family of irreducible lateral ternary Γ-ideals 

of T which contain L, where Δ denotes the indexed set.  Then clearly L ⊆ A



.  To show  A



⊆ L.  

Suppose that  A



⊂ L.  Therefore, there is an element a∈ A



 such that a∉ L.  Then by the theorem 

III.11, there exist an irreducible ternary Γ-ideal Psuch that L ⊆ P and a∉ P.  This establishes the existence of 

irreducible lateral ternary Γ-ideal P such that a∉ P and L ⊆ P.  Therefore a∉ A



for every a∉ L.  Hence, by 

the contra positive method A



⊆ L.  Therefore A



= L. 

III. Conclusion 

In this paper mainly we studied about lateral ternary Γ-ideals in ternary Γ-semirings. 
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