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Abstract: In the present paper, we find some fixed point theorems in Hilbert space satisfying rational type
contractive condition. Our result is extension and generalization of many previous known results.
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I Introduction

After the Banach’s fixed point theorems many researchers worked on Hilbert spaces for generalizing this
principle. Some generalization of Banach fixed point theorems were given by D.S. Jaggi [1], Fisher [2], Khare
[3]. Ganguly and Bandyopadhyay [4], Koparde and waghmode [5], Pandhare [6], Veerapandi and Anil Kumar
[7] investigated the properties of fixed points of family of mappings on complete metric spaces and in Hilbert
spaces.

Kannan [8] proved that a self-mapping T on complete metric space (X, d) satisfying the condition
d(x.v) < efd(x.Tx) + dly. Ty)}
Forall x.v € X where 0 < & = %has a unique fixed in (X, d.

Koparde and Wghmode [9] have proved fixed point theorem for a self-mapping T on a closed subset 5
of Hilbert space H, satisfying the Kannan type condition
ITx — Tyll? = afllx — Tx|I* + lly — Tyll%}
Forallz.y eSandx 2z y;0 = & c:%

1. Main Results

Theorem 2.1: Let C be a closed subset of Hilbert space .X and T be a mapping on X into it-self satisfying

Ny=Txll= 4+ Nz—Tell 24 -T2

L+ l=-T=lZ [l =-Tyll2

ITx—Tyll* = &

+ Blly = Tyll* + lly — T=lI*} + vllx — ylII? 2.1)
For all x.v € X, where @ f and ¥ are non-negative real with 4 + 38 +¥ = 1 . Then T has a unique fixed
point in .

Proof: For some x; £ X, we define a sequence { x,, }of iterates of T as follows

% = Txpxy = Txy,x3 = Txg wn i@ xyyy = Tx,, forn =0.1.23 ... For this consider
”-rr._+1 _-rr.” = ”T-rr. - Jw-]fr;—lll

Then from (2.1)

”xr,—l - T--rr_—lll2 + ”-rr, - 1w-rr,llz + ”-rr,—l - TI,;”E
1+ llxy = TPl — T4 |17

+yllxy, — xpq|?

-1 = 2all® + llag = 2001 117+ [y — 2044 I

lpp1 — 2 = & + Blxnsy — Ty 1% + llxesy — Ty l12)

lxpe1 — 2.1 = & + Blxnsy = 2 17+ sy — 20y 173

1 + ”-rr, _-rr;-|-1”2”-rr;_xr,”2
Xn — -rr.—lll2

+y

1A

efllxn_y — 2o l1® + llen — sy 1% + Nl — 2t 1 + lxpyy — 20172
+ By = Il + oy = 2t 12+ Ny g = 2173 + ¥llx, = 2012

||-rr;+1 - -rr;”2

1 - 20— Bzt — xll? = (26 + 28 + ¥)Ix, — xpy |12
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, Z2a+2f+vy 2
lxpyy — xall* = m”xr. — Tyl

I

||-r1;_+1 _-:":1;”2 = k”xﬂ _-]':1;—1”2

o +2 .5‘+,r

Where k = Continuing in the same way, we have

sy — 2% = k Iy — xoll?
Wheren =1,2,3,...... , For any positive integerm =z n =1

”-rr. _-]':1';:!”2 = ”-rr. _-:":f;+1||2 + ||-r1;_+1 _-:":1;_+2||2 + 4+ ”-rm—l - -rm”z
< k" llxy — xpll® 4+ K g — gl 4 o+ BT g — 2P

g — % |12 = (1 + Kk 4+ - + K™ Y|y — x17

Il — 20 [1* = lly — xgll* = 0asn — oo

1-k

Therefore { x,} is a Cauchy sequence in C. Since C is a closed subset of a Hilbert space X, there exists an

element u € £ which is the limit of { x,}. i.e.

u = lim x,
==

Now, further we have

llu — Tull® = [1(x — x,) + (x, — T

= llu — 2yl + llx, — Tull® + 2Relu — x4, x, — Tud

o — Tull® + oy =Ty P+l =T, I
1+ llxpy — T 12 lx — Tull?

+vllxyy —ull* + 2Relu —x,.x, — Tu)

Letting n — <2, so that x,_q, 2, — i, We get

| — Tul|? = (e + 268} ||lu— Tul|?

This implies u = Tu, since 3x + 28 << 1. Hence u is a fixed point of self-mapping T.

+ Bl — Tull® + llu — Tx,_y 17}

Zlu-—x P+ &

Uniqueness: Let v € € be another fixed point of T such that v = u then

||v— I? = |ITv ,
i Tull 4 Ty = TL“II + llu — Toll*
=

- 1+ llv = Tell2llv — Tull?

v—ull®* < (a+ 8 +¥)v—ull?
Which is a contradiction; for & + & + ¥ < 1. Thus u is a unique fixed point of T in X

+ Bl — Tull® + llu — Toll*} + 9l — ull®

Theorem 2.2: Let C be a closed subset of Hilbert space X and T be a mapping on X into it-self satisfying

=Tyl =+ =Tl Z+ N -T2 .
ITx—Tyl|* = RSN R Bllly = Tyll* + lly — Tx[I*} + ¥llx — ylI* + éminfllx — Tyl% lly -
Tx|[*}

(22)

For all x,¥ € X, where &, 8.¥ and & are non-negative real with 4z + 38 +v¥ + 4 = 1. Then T has a unique
fixed point in X

Proof: For some x; £ X, we define a sequence { x,, }of iterates of T as follows

%y = Txpxy = Txy,x3 = Txg wnwn i@ xyyy = Tx,, forn=0.1.23 ... For this consider
||-r1;_+1 _-rr.” = ”T-rr. - J“--];-1;—1”
Then from (2.2)

”xﬁ,—l - T-rr_—l ”2 + ”-rr, - Txﬂ”? + ”-rr,—l - T--rr_”2

1+ |z, = Tl 2, — Tog_q |1
+¥llxy — xoog 1P + Gmingllx, — T g |12 |2y — T 1%

+ _E{”-rr.—l - Txﬂ—l ”2 + ”-rr_—l - T-rﬂ”z}

||-r1‘;+1 - xr.”z :—::

- ____________________________ _________________________|
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s = all” + Nty = oy 124 s =0 12
et =% n = Xn 4 Bl — w1 4 g — 21173

oyt — 217 = &
o " 1+ ”-rr. _-’:11+1||2”-r11_x11”2

+ ']"”-rr. — Xg_1 ”2 + amiﬂ{”xﬂ - xﬂ||2, ”xﬂ—l — X4l ”2}

I

a{”xﬂ—l - J:1;”2 + ”-rr. - -rr.-|-1 ”2 + ”'rﬂ, - -rr.—l ”2 + ”-rr.+1 - xﬂllz}

||-r1;+1 —J.',.L”E
+ By — 2ol + lxy = 2t 12+ Ny g — 2123 + ¥ llxn — 20 I

11— 2 — BHlxney — w1 = 2 + 28 + 9|z, — 2y |1

2a + 28 +v

_ 2
1 _ 20! —S ||-rr._ -rr.—]_”

||-rr._+1 - -rr.”2 :—:

||-r1;_+1 _-:":1;”2 -:_:: k”xﬂ _-]':1;—1”2

Where k = f_"—:;f Continuing in the same way, we have
l%ns1 — 2all* = K" My — wol?
Wheren =1,2,3,... ... , For any positive integerm =z n =1

”-rr. _-]':1';:!”2 = ”-rr. _-:":f;-|-1||2 + ||-r1;_+1 _-:":1;_-|-2||2 + -+ ”-rm—l - -rm”z
= KMl = xp P+ K™ ey = 2 17 4 o £ KT g — x|

”-rr. _xm”z = kf{]- +k++ |l-i:ﬂ?!_ﬁ_:l:]”-rl _'rI:l”2

Il — 20 |17 = lly — xgll* = 0asn — oo

1-k
Therefore { x,} is a Cauchy sequence in C. Since C is a closed subset of a Hilbert space X, there exists an
element « € £ which is the limit of { x,}. i.e.

u = lim x,
M—==

Now, further we have
llu = Tull® = Nl(u — %) + (2, = T)|I
= llu — xyl* + llx, — Tull® + 2Relu — x4, x, — Tud

o = Tull® + My =Ty P+ e =T 1P . .
T+ m —Trn e~ Tal? + Bl — Tull® + lle — Tx,, 117}

+¥llxgy — ull® + Sminfllx,_, — Tull?, llu — Tx,_, I*} + 2Relu — x ., — Tud

Letting n — ©2, so that a,_q, 2, — i, We get

llu — Tull* = (3 + 28 + &)lu — Tul?

This implies u = Tu, since 3 + 28 + & = 1. Hence u is a fixed point of self-mapping T.

< llu—x, P+ e

Uniqueness: Let v € C be another fixed point of T such that v = u then
v—ull? = ||Tr — Tyl
e — Tull® + llv — Toll® + llae — Twll®
14 llv — Twll2lly — Tull?
+ Smin{llv — Tull®, llu — Tvll*}
v—ull* <@+ 8 +v+8)lv—ull?
Which is a contradiction; for & + # + ¥ 4+ & = 1. Thus u is a unique fixed point of T in X.

Za + Bl — Tull® + lle — TolP} + 9l — ull®

Theorem 2.3: Let C be a closed subset of Hilbert space X and T be a mapping on X into it-self satisfying

Ny=Txl+Nx=TxllZ+ - TxlI?

L4 lz-TxllZ [l =-T¥llZ

2

ITx=Tyl* = @ +8{lly = Tyll* + lly = =17} + ¥llx — yII* + Smax{llx - Ty

Tx|[*}

y-

(23)

For all x.¥ € X, where o. #.¥% and & are non-negative real with 4 + 35§ + ¥ + 26 << 1 . Then T has a unique
fixed point in X

O
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Proof: For some x; £ X, we define a sequence { x,, }of iterates of T as follows

%y = Txpuxs = Txpoxg = Txpoee i@ 2y =Ty, forn =0,1L2,3.... For this consider
||x1‘;+1 _-rr.” = ”T-rr. - rxﬂ—l”
Then from (2.3)

lotnoy — Ty 12 + [l — T ll? + llxny — T I

1 + ”-rr. - Txr.llz ”-rr. - Txf.—l ”2
+ ']””-rr. - -rr.—l ”2 + IE'L':.-r:“;'-?‘:'[”-rr. - Txr.—l ”2, ”-rr.—l - T-rr.”:!}

oyt — 217 = & + Bl g = Top_g 1P+ Ny = T |17}

”-rr.—l _-rr_”2 + ”-rr. _-7:1;+1”2 + ”-rr.—l _-rr.+1”2

lp01 — 2. = + B8lxasy — 1P + Iy — 20y 173

1 + ”-rr, - xﬂ-l-l ”2 ”-rf; - xr, ”2
+ Tll-rn - -rr.—l ”2 + IE"':.-r:“;':':'[”-rr - -rr.llz-' ”-rr.—l - 'rﬂ+1 ”2}

I,

eelllxtpy — 2 l1® + oy — xagg 1% 4 oy — 20y 1%+ gy — 251123

+_E{||'rﬂ—1 _-rr.”2 + ”-rr. _-7:1;—1”2 + ||-r1-;+1 _-rr.llz} +T||-r1-; _-]:1;—1”2 + IE'h”xr.—l _-]:1;+1||2
xpps — 2 l1? = alllansy — xall? 4 oy — gt 1 4 o — xng 12 + gy — % l17)

+ Bllxsy — 2l + oy — wpmg 12+ gy — 3173 + vl — xoog 1P + 60130y — x4 117
+ ”-rf. — Tnpl ”2}

||x1;+1 - xf;,”2

A

1-2a— 8 —8Hlxpyy — %1 < 20+ 28 + v + 8Ylx, — x4 |2

20 + 28 +v+6
1-2a-f—6

||-r1;+1 —J.',.L”E 5 ”xﬁ _-rr.—lllz

I

||-r1;_+1 _-:":1;”2 = k”xﬂ _-]':1;—1”2

Ie+If+y+6

Where k = . Continuing in the same way, we have

1-2a—fF-8

||-r1;+1 _-rr_”2 = |l.‘:ﬂ”-rl - 'r[:'”2
Wheren =1,2,3, ... ... , For any positive integer m = n = 1

||xﬂ _xm”z = ”-r-r. _-:‘-1‘;-|-1||2 + ||x1‘;+1 _-r1‘;-|-2”2 + ”-rm—l - -]:1‘:41”2

= kMg — xp P+ K™ g — w4 o+ B g — 217

”-rr. _xm”z = kf{]- +k++ |l-i:ﬂ?!_ﬁ_:l:]”-rl _'rI:l”2

]

”-rr,_-rmllzg ||x1—.r[;.||2—-ﬂasn—~m

1-k

Therefore { x,} is a Cauchy sequence in C. Since C is a closed subset of a Hilbert space X, there exists an

element « € £ which is the limit of { x,}. i.e.

u = lim x,
==

Now, further we have
llu = Tull® = Nl(u — %) + (2, = T)|I
= llu — xyl* + llx, — Tull® + 2Relu — x4, x, — Tud

o = Tull® + My =Ty P+ e =T 1P . .
T+ m —Trn e~ Tal? + Bl — Tull® + lle — Tx,, 117}

+ 1r'||_ri,!_1_ —ull* + Em:ax{".rn_j_ — Tull %l — Txﬂ_,_”:}-l- 2Relu — XXy — Tu)

Letting n — ©2, so that a,_q. 2, — i, We get

llu — Tull* = (3 + 28 + &)lu — Tul?

This implies u = T, since 3x + 28 + & = 1. Hence u is a fixed point of self-mapping T.

< llu—x, P+ e

- _____________________________ ________________________|
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Uniqueness: Let # € € be another fixed point of T such that v # u then

llv—ull? = |ITv - Tull* )

e — Tull® + llv — Toll* + llu — Tvll*
= . .
1+ llv = Toll2llvy — Tull?

+ dmax{lly — Tull %, llu — Tell*}

+ Bl — Tull® + lle — TolP} + 9l — ull®

lv—ull!=@+8+v+&v—ul?

Which is a contradiction; for & + # + ¥ + & = 1. Thus u is a unique fixed point of T in X
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