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Abstract: New subclasses of analytic functions, containing the linear operator obtained as a linear
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I Introduction.
Denote by U the open unit disc of the complex plane, U ={z€C :|Z| <1}. Let H(U)be the space of

holomorphic functions inU. Let A denote the family of functions in H (U) of the form

f(z)=z+iakzk. (1.1)
k=2

The author has recently introduced the following new generalized multiplier differential operator in [12].
Definition 1.1 Let me N, = N U{0}, # > 0, a real number such that + > 0. Then for f € A, a

new generalized multiplier operator Ig”ﬁ was defined by

of (2) + prt (2)

HT@D=1().1,,1(2)= g £ @) =1, 5,055 1(2).

a+pf
Remark 1.2 Observe that for f (z) given by (1.1), we have
T f@) =2+ A (a B, m)a, 2k, (1.2)
k=2
where
a+kB\"
A (a, B, m)=( ﬂj (1.3)
a+pf
We note that: i) 1, f(2)=Dgf(z), /=0 (See F. M. Al-Oboudi [1]), i)
(o sp0t(2)= 1" »(2), 1>-1 B>0 (See A Catas [3] and he has considered forl >0) and iii)

2. f()=1] f(Z),a > —1(See Cho and Srivastava [4]) and Cho and Kim [5]). D," f (z) was introduced
by Salagean [8] and was considered for m > Qin [2].

Definition 1.3 ([7]) FormeN,,f e A, the operator R™is defined by R":A—A,
Rf(2)=f(2), R f(2)=2zf (2),...(m+)R™ f(2) =z(R" f(z)) + mR™f(2),z V.
Remark 1.41f f (2) =2+ a,z" e A thenR"f(2) =2+~ B, (m)a,z", zeU, where
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(m+k—1)!
B, (m)=-—— 2 (1.4)
mi(k —1)!
The author has introduced the following operator in [13].

Definition 1.5 Let fe AmeN,=NuU{0},6>0,p€[01),8>0,a a real number such that
a+f>0. Deote by RIJ, ., the operator given by RIJ, TA—>A
Rlzﬂﬁ f(z)=@1-6)R" f(Z)+é]0r2ﬂ f(2),z eU.

The operator was studied also in [10] and [11]. Clearly Rl 7, ; = R™ and RI ]

— I m
a,B,1

a,fpr
Remark 1.6 If f (z) =z + Z:;z a, 2", then from (1.2) and Remark 1.4, we have

RIV, ;f(2)=2+> {1-6)B, (M)+A (o, f,m)}a, 2", z€U,
where A, (e, f,m)and B, (M) are as defined in (1.3) and (1.4), respectively.

We introduce new classes as below by making use of the generalized operator RI :,ﬂ«f .
Definition 1.7 Let feAmeN,=NuU{0},62>0,p€[01),>0,¢ a real number such

m

thater + 8> 0. Then f(z)isintheclass 3, , ; (o) if and only if
ZZ(RIT, F ()]
Re [2°(RI; ;5 f(2)) ] s pzeU. L3
2RI}, 5 T(2)
Definition 1.8 Let feAmeN,=NuU{0},6>0,p€[01),52>20, a real number such
thata + > 0. Then f(z)isintheclass /7, ; ; (o) if and only if

. [z(RI wps (D) ](H 2(RI7,, F (@)

p m , >p,zeU. (1.6)
RI a,p,o f (Z) (RI a,p,o f (Z)) J

Definition 1.9 Let feAmeN,=NuU{0},6>0,p€[01),5>0, a real number such
thata + > 0. Then f(z)isintheclass R ; ;(p) if and only if

Re{Zz[z(Rlz‘ﬁ,g f (z))']’ ] N
(R, (2)

In section 2 we study the characterization properties for the function f € Ato belong to the classes Szﬁﬁ (p)

(1.7

4% 5.5(p) and R, -(p) by obtaining the coefficient bounds. Distortion theorems of functions belonging

to these classes are obtained in section 3. Analytic functions with negative coefficients belonging to the above
classes are considered in section 4.

. Genelral Properties.
In this section we study the characterization properties following the paper of M. Darus and R. lbrahim [6].

Throughout this paper, unless otherwise mentioned we shall assume that A, (e, £, m) and B, (m)are as
defined in (1.3) and (1.4) respectively,.
Theorem 2.1 Letf e AmeN,=NU{0},62>0,p€[01),3>20,a a real number such that

a+p>0.i)If
> (k7 +k-2p){AL-5)B, () + A, (o, B, M¥a, | < 21 p), @y

then f (2) € 37 5 5 ().
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i) If
S {(2K? - (k+Dp)HA- 0)B, (M) + A, (@, A, )Y, | < 21— p), @2)

then f(z) € £7 , 5 (p).
i) If
Z{(k2 - p)H(A-6)B, (M) + A (o, B, m)}Ya, | <1-p, (2.3)

then  (2) € Sﬁmﬁ 5 () . The results (2.1), (2.2) and (2.3) are sharp.

Proof. i) It suffices to show that the values of [z (RI " apo | )1 /2RIT 5.5 £ (2) lie in a circle centred at
1 with radius 1— p . We have

[2* (Rl F@)] “ [2*(RI],, f(2)]-2RI7,  f(2)|

2RI", f(2) |
3 > (K +k—-2){@-5)B, (M) + A, (o, B.m)Ya,|
=Y {A-9)B M+ A (e fmYa ]l

The last expression is bounded above by 1— p if
>k +k=2){(1-05)B, (m)+5A, (o, B, m)}a, | <
20-p)lL- 3 {Q-5)B, (m)+ A, (. B ), |).
22 (RI7,, T (@)1

which is equivalent to (2.1). Hence
| 2RI?,,f(2)

The proof of the second and third part of the theorem is similar and so omitted.
The assertions (2 1),(2.2) and (2.3) are sharp and extremal functions are given by

2RI7 , 5 T(2)

—l‘ <1- p, and the theorem is proved.

f(z2)=z+ 5 21-p) z¥,zeU,
i (kK™ +k-2p){1-0)B, (m)+5Ak(0!,Bm)}

f()=z+ i - 2= p) z¥,zeU
2 {(2k" = (k+1) p) HQA-5)B, (M) + A (., B, m)}

and

f(2)=2z fj 1=p 7% z7eU

2 (k* = p){(1-6)B, (M) + 5A (a, B, m)}

respectively.

Theorem 2.2 Let the hypothesis of the Theorem 2.1 i) ,ii) and iii) be satisfied. Then

i) la,| < 20=p) k>2.
(k2 +k —2p){L-5)B, (M) + A, (e, B, M)}’

i) Ja < 20=p) k=2
{(2k* - (k + D pH(1-0)B, (m) + A (o, S, m)}

i) [a,|< L-p

(k* = p){(L-5)B, (m)+3A, (o, B, m)}
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The following inclusion results can be proved using Theorem 2.1.
Theorem 2.3 Let0 < p, < p, <1.Then

aﬁé(pZ) < aﬁ,§(pl) i) fmﬁ,s(pz) - gaﬁ5(pl)and i) SRm,r)'(s(pz) - ERa,B&(pl)
1. Distortion theorems

Theorem 3.1 Letf e AmeN,=NU{0},62>0,p€[01),5>0,¢ a real number such that

a+ B >0.)If i[(k2 +k—2p)H(1-5)B, (M) + A, (a, B m}Ya,| < 2(1— p), then

17 §1/»|| <[RIZ, 1 @) <[2+2 pM|,zeu.
i1 S [(2K? — (K +1) p) A~ 5)B, (M) + A, (a, 5. m)}|ak| < 2(L— p), then
y-20) x»|| <[R1, 512 <[]+ p)||,zEu.

i) 1S (k2 - p){(A-5)B, (M) + A, (o, B, m)Ya, | <1— p, then

1-
-2 <|Ruz @]+ 2 2.
Proof i) Note that (5—2,0)2 {(1—5)8k (m)+ A, («, S, m)}|ak| <
k=2

i (k2 +k —2p){(L-6)B, (M) + A, (@, A m)]a,| <2(1- p).,

by Theorem 2.1. Thus Z (1-0)B, (m)+ A (a, B, m)}|ak|<

k=2

RIZ, . f(@)|<|z+ ;{(1—5)Bk (M) + A, (a, B, m)a,||2|"

—2’0) .Hence we obtain

<l +|z|2 i {1-5)B, (M) + A, (o, B, m)}fa,|

<|g)+ 28=P) 2.
5-2

Similarly
RIZ,, (@) 22 i {(1-5)B, (M) + A (@, £.m)a, 7"

> |z|—|z|22 {@-6)B, (M) + A, (, B, m)}a,|

A
5-2p
This completes the proof of (i). (ii) and iii) can be proved on similar lines.

Theorem 32 Let feAmeN,=Nu{0},6>0p€[01),3>0, a real number such

thater + 8> 0.10) If i[(k2 +k —2p){(1-5)B, (M) + A (a, B, m)}a, | < 2(1- p), then
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() 2|2~ 20 p) 72, 2eU
(5-2p){(M+1)(L-5)+ A, (a, f, )}
and
() <]+ 20 p) 2. 2eU.

G-2p{(m+1)A-6)+ A, (a, 5, M)}

i If i [(2k? - (k +1) p)I{(1— 6)B, (M) + A (@, B, m)}a, | < 2(1— p), then

() 2|~ 20 p) 7%,z
@-3p){(m+1)(@A-5)+ A, (o, f, M)}
and
() <2+ 2= p) 7?.zeU.
(8-3p){(m+1)(1-6) + A, (a, £, )}
i 1f i[(k > p)H(A-5)B, () + A (@, A m)Ya, | <1 p, then
1(2)| 2|2~ L-p 2.z eU
(4= P +1)A-5)+ oA, (. 5, m)}
and
£ (2)| <]+ L-p 2° zeU.

(4-p{(Mm+1){A-5)+ A, (a, S, m)}
Proof i) In virtue of Theorem 2.1, we have

(5-2p){(M+D)(A-3) + A, (o, B, MY fa, | <

0

> (K +k—2p){L-5)B, (M) + A (., B M), | < 2(1- p).

k=2

Thus i|ak| < 2= p) .So0 we get
2 (5-2p){(M+1)(1-56) + A, (a, B, 6)}

@<z +[7" Y [a ] <7+
k=2

On the other hand

f(z 22—220@ a, | >|z|—
@l 2 2 Do) + oy (e, 3
This completes the proof. The proof of (ii) and iii) are similar.

2(1-p) |Z|2.
(6-2pH{(m+1){A-6)+ A, (a, B, M)}

V. Functions with negative coefficients
Let T denote the subclass of A consisting of functions of the form f (z) =z - Zak z,a,>0.
k=2
We denote by T3] ; 5(0). TLG 55 (p)and TR ; (o), the classes of functions f(z) €T satisfying

(1.5),(1.6) and (1.7) respectively. We study the coefficient estimates, distortion theorems and other properties of
these classes, following the paper of H. Silverman [9].

For functions inT , the converses of Theorem 2.1 is also true.
Theorem 4.11) A function f(z) e Tisin T3] ; ;(,0) ifand only if
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0

> (k? +k—2p){L-5)B, (M) + A (e, B, m)}a, <2(1- p). (4.1)
ii) A function f(zk)_zeT isin T¢ ;5 (p) ifand only if

3 (2k7 — (k+D) p) {2~ 8)B, () + A, (o, £ m)a, <2(1- p).. (42
iii) A function f(kz_)zeT isin TR , s (o) ifand only if

Z(kz - A= 8)B, (M) + A, (2, B, m)fa, <1-p. @3

The results are sharp.
Proof i) In view of Theorem 2.1, it suffices to prove the only if part. Assume that

Re{[f(m;ﬁ,mz»']} e 22-Y"" {(1-5)B, (M) +A, (o, B, m)k(k+1)a, 2"
= >
2RI}, 5 T(2) 22-3"" {(1-6)B, (m)+A, (o, B.m)}2a, 2"

letting Z — 1" through real values in (4.4), we obtain

2- 3 {(1-6)B, (M) + A, (cr, B, MMK(K +1)a, > 2,)[1—5;{(1—5)5k (M)+ A, (@, B, M)}, j

Hence we obtain (4.1), and the proof is complete. The proof of ii) and iii) are similar.
Finally, we note that assertions (4.1), (4.2) and (4.3) of Theorem 4.1 are sharp, extremal functions being

(4.4)

f(z):z—i . 1=p ¥, zeU
iz (k™ +k=2p){(1-6)B, (M) + A, (o, B, m)}
f(z):z—i 1=p K zeU

= {(2k* = (k +1) p)H(1~6)B, (M) + 5A, (e, B, m)}Z
and

o 1-p K. ze
fO =2 e oa-om,me o @ pmy -
respectively.

Our coefficient bounds enable us to prove the following.
Theorem 42 Let feAmeN,=Nu{0},6>0p€[01),3>0, a real number such

thata + 3 > 0.i) If Afunction f(z) e Tisin T3] ; () then

()22~ 20 p) 72, 2eU
(5-2p}{(M+1)(1-6) + A, (a, £, m)}
and
() <]+ 20 p) 2. 2eU.
(5-2){(M+1)(1-6) + A, (o, £, m)}
ii) If A function f(z) € Tisin T7 , ;(p) then
() 2|2~ 2= p) 7,z eU
(8-3p){(M+1)(A-5)+ A, (@, B, M)}
and
() <2+ 20 p) 7?.zeU.

@-3p){(m+1)A—-5) + A, (ar, B, M)}
iii) If A function f(z) e Tisin TR ; ;(0) then
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£ (2)| 2|2 L-p 2 zeU
(4= p){(m+1)(L—-5) + A, (o, 5, m)}
and

£ (2)| <[]+ L=p 27 zeU.
(4= p){(M+1)A-5) + A, (, ,m)}

Remark 4.3 The bounds of i) and ii) of Theorem 4.2 are sharp since the equalities are attained for the functions

2(1-
f(z)=2- d=p) 22 (z=4r),
G-2pH{(m+1){A-6)+ A, (a, B, M)}
1-—
f(z)=2- L 22 (z==r)and
@-3p){(m+D(@A-5)+ A, (a, f,m)}
1-—
f(z2)=z- P 2% (z = #r) respectively.
(4= pHA(Mm+1)A-5)+ A, (a, B, m)}
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