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Abstract: In this paper, we solved cubic equation with the help of carden rule.
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1. Introduction
Roots of cubic equation x>+ px® +gx+r=0,say X,X,,X, are

If p>—pu>0,where f#=9pq-2p®-27r and,u=4(p2—3q)3

x1=u+v—E

_%{2p+3(u +v)}+\/;{4p2 -9(u +v)2}_4q

X, = 5
. —%{2p+3(u +v)}—\/§{4p2 -9(u +v)2}_4q
2

Where u and v are given by

If p>—pu<0,where f=9pq-2p®-27r and;z=4(p2—3q)3

X, :%,fpz -3q cosg—g

X, :E«}p2 -3q cos(zﬂﬂﬂ—E
3 3 3

X, :%,fpz —-3q 005(4”;9}—2

Where 6 is given by cos@ = L

B

Method and Proof. Consider a cubic equation in x of the form
X+ px® +gx+r=0 (1) where p,q and r are all real numbers

Putting x = y+h in equation (1), then
(y+h)3+ p(y+h)2+q(y+h)+r =0
y® +h?® +3y*h+3yh® + py> + ph® + 2pyh+qy +gh+r=0
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y*+(3h+ p)y2+(3h2+2ph+q)y+(h3+ ph2+qh+r)=0
Take 3h+ p =0, we get

h=_P

3
Putting the value of h in equation(2), then

2 2 3 3
43P P gy P _PAL o0
y [ o 3 T Tr e 3
’ 2p° _pq

SO PO T A VAP (e S B Y SO
y [q S)y (27 3 ()

Take y=u+v and using Carden Rule, then
y> =u®+v:+3uv(u+v)

y® =u® +Vv* +3uvy

y3—3uvy—(u3+v3):0 -++(4)
Equating equations (3) and (4), we get

pZ
-3uv=0q-——
a 3

3
u3+v3=w (6)

We write

-V = \/(u3 +v3)2 —4ud?

_ 3 2 2 3
:J(9pq 2p 27r) 4(p 3q)

729 729

, Using equations (5) and (6)

~ \/(qu—2p3 —27r)2 —4(p2 —3q)3

27
9pq—2p® —27r) —4(p>-3q)’
R L B L
27

From equations (6)and(7)
3
5y 9Pa-2pt=27r
27
\jg 2p*—27r) —4(p?-3q)’
o \(opa-2p*-27r) —4(p*-3q)
27

(2)
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o (9pq—2p3 —27r)+\/(9 pq—2p° —27r)2 —4( p’ —3q)3

27
_(9pq—2p3—27r)+\/(9pq—2p3—27r)2—4(p2—3q)3
4 54
. _(9pq—2p3—27r)—\/(9pq—2p3—27r)2—4(p2—3q)3
"= 27
, _(9pq—2p3—27r)—\/(9pq—2p3—27r)2—4(p2—3q)3
- 54

0 =ﬂ+\jﬂ2_ﬂ
54

Ve = ﬂ_\lﬁz_ﬂ
54

Where g =9pq—2p° —27r
and u = 4(p’ —3q)3

If #* — 12> 0, then u and v both are real

If p> — 12 <0, then u and v both are complex
Case 1. If f°> — >0, then

X=y+h

x=u+v—2
3

Let roots of cubic equation are x;, X,, X,, then one of roots of cubic equation is

p
=Uu+v-—
% 3

Since x, is a root of cubic equation x* + px* +gx+r =0
Hence x —x, is a factor of x* + px® +gx+r

Divide x* + px® +gx+r =0 by x—x, on both sides, we get
Quadratic equation X +(p+X, ) x-+(g+ px, +x) =0

(P+x)+(p+x) —4(a+ pr+x7)

X =

> , by Shridharacharya Method
_—(px) P 4% +2px —4q -4 px —4x]
2
_—(p+x) =P’ —2px -3%’ —4q
2

_—(p+x)£p’ +px —3py —3%° —4q

2
_=(p+x)x\p(P+x)-3%(p+x)-4q

2
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(p+x)%(p+x)(pP—3%)—4q
2
Putting the value of x,, then

_(p+u+v—gji\/(p+u+v—§)(p—3u—3v+ p)—4q

2

X =

—;(2p+3u+3v)i\/;(2p+3u +3v)(2p—3u—3v)-4q

2
_%{2p+3(u +v)}i\/;{4p2 ~9(u +v)2}_4q
2
—E{2p+3(u +v)}+\/::;{4p2 —9(u +v)2}—4q
2

Take x, =

—1{2p+3(u +v)}—\/;{4p2 ~9(u +v)2}—4q

and x, = ,

Case 2. If p> — <0

u® _BNF -k “5[22_#:£+—“’B 5£+i—“15_4ﬂ2: r(cos@+ising), say

2 _,u _
54 54 4
Where i =+/-1

Vo PNB —n \g_”:é_—\m;?lzé—i—w:r(cos@—isin@),say

54
Where i =+/-1
u=r"(cos@-+isin 0)%

=r’ {cos(2n7r+9)+isin(2n7z+9)}% , in general term
—rk {Cos(znz+gj+ iSin(2n2+ej}, by De Moivre’s theorem

v=r’(cos@—isin 0)%

=r’ {cos(2n;r+0)—isin(2n7r+0)}% , in general term

—rk {Cos(znz+6j_i5in[2nz+9j}’ by De Moivre’s theorem

Wheren=0,1,2

U+v=2r% cos[zmHgJ

X=Yy+h

x=u+v—2
3
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(v -3)"
27
o Jp*-3q
3

_ 2
and =tant Y~ P

tan 6= —‘W_ﬂz
1

s
C0S = ———
Jl+tan?6
cosf= ! =
1+’u;2ﬁ
B

X = 2r}/3 COS(MJ—B
3 3

X =§«pr -3q COS(M)—B

3 3
Putting n = 0,1, 2, we get roots of the equation x* + px* +gx+r =0

X, = Zprz -3q cosg—g

X
I

=
N
I
win wliny wli
©
N
|
w
S S
o o
o] o]
w w
7N\
N
N
+
ha
N
|

Working Rule: Consider a cubic equation in x of the form x®+ px* +gx+r =0,
where p,qandr are all real constants.

Find g and u

Where =9pq—2p°—27r
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and p=4(p’ —3q)3
If > — >0, then roots of cubic equation x*+ px*+gx+r=0

_ _pP
X =UHV—
_;{2p+3(u+v)}+\/;{4p2_9(u+v)2}_4q
X, =
2
1 1 2 2
_3{2p+3(u+v)}—\/3{4p -9(u+v) }—4q
X, =
2

Where u and v are given by

If B°— <0, then roots of cubic equation x*+ px* +gx+r =0

X :3“,2 _3q COSQ—B
3 3 3
X, =3~y’p2 —-3q 003(27”'9)—B
3 3 3
X, =Ea,fp2 -3q 005(47”&}—B
3 3 3
e

Where 6 is given by cosd = \/_
7]

Example 1. Solve x®—6x* +11x—6=0.

Solution. x* —6x*+11x—6=0

Equating with x* + px® +gx+r =0, we get
p=-6, =1, r=-6

L =9pg—2p*-27r

= 9x(—6)x11-2x(-6)’ —27x(-6)

=-594+432+162

=0

u=4(p*-3q)
= 4(36-33)’

=4x27
=108

[ — 11 =0-108 =108
B2 —u<0

X, :E«fp2 -3q cosZ_P
3 3 3
:2\/36—330052+2
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3 3

:icosg+2
3

Ng

X, =3~/p2 -3q COS(MJ—B
3 3 3
:gx/36—33005(2”3+0 +

:gﬁcos(zma .

3

ﬁc

X, = ;/pz -3q cos(
:2\/36—33 005(47[;9

ZE\ECOS[‘”[—HQ +

3

2 2r+6
= os[ 3 )+2
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X =3,%=1%x=2

Example 2. Solve x* —8x*+29x 52 =0.
Solution. x* —8x*+29x—52=0

Equating with x* + px® +gx+r =0, we get
p=-809=29, r=-52

L =9pg—2p°-27r
=9x(-8)x29-2x(-8)’ —27x(-52)
=-2088+1024 +1404

=340

u=4(p*-3q)
= 4(64-87)°
= 4><(—23)3

= -48668

[ — 1 =(340)" —(-48668) = 164268
BP—pu>0

0 :ﬂ+\jﬂ2—,u

54

_ 340++/164268

54
=13.8018498

u=2.398717474
V= ﬂ_\lﬂz —H
54

_340- /164268

54
— ~1.209257203
v =—1.065384141

p
=U+V——
X =u+ 3

=2.398717474—-1.065384141+ 2.666666667
—4
X, =4
—1{2p+3(u +v)}+\/1{4p2 -9(u +v)2} —4q
3 3
2

X, =
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_%{_1e+ 3(2.398717474-1.065384141)} + \/2{256— 9(2:398717474-1.065384141)" | 116

2

—%(—16 +3.999999999) + \/:13(256 ~15.99999999) ~116

TP /@_116
_ 3 3
2

_ 4+80-116
- 2

B 4+/-36
2

2

_4+6i

2
=2+3i

_%{2p+3(u +v)}—\/;{4p2 -9(u +v)2}_4q

X3 = 5

_% {~16+3(2.398717474-1.065384141)} - \/;{256 _ 9(2.398717474—1.065384141)2} 116
- 2

—é(—16+3.999999999)—\/;(256—15.99999999)—116
B 2

L) /@_ne
3 3

2
_4-\B0-116
2

4-736
2
4-6i
2
—2-3i

X =4,%, =2+3i, X, =2-3i.

Example 3. Solve 27x% +54x* +27x+4=0.
Solution. 27x® +54x* +27x+4=0

X342 x4 =0
27

O
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4
=2.q=1r=—
p q 27

L =9pq—-2p°—27r

=0x2x1-2x2% —27x—
27
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—18-16-4
-2
4 =4(p*-3q)
=4(4-3)°
B —pu=4—4=0
B —u=0
u3:ﬁ+\iﬁ2_ﬂ
54

=240
Y
w-t

27

-1
u=—

3
poBANB -

54

_2-0
- 54
V=t

27

-1
V=—

3
—us+v—P
X =U+v—o
__1.1.2

3 3 3
__4
% 3

1 1,

_{2p+3(u+v)}+\/3{4p -9(u+v) }—4q
X, =
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—%(4—2)+ %(16—4)—4

_%{2p+3(u +v)}—\/;{4p2 -9(u +v)2}_4q
2

el

2

X3:

_%(4_2)_ %(16—4)—4
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