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Abstract: Zadeh defined a Z-number associated with an uncertain variable X as an ordered pair of fuzzy
numbers (A,B).Computation with Z-numbers is a topic which is both interesting as well as useful. In this
paper we study the problem of applying hedges to the first component of Z-numbers .
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I. Introduction

Zadeh introduced the concept of Z-numbers in 2011[5]. Zadeh defined a Z-number associated with an uncertain
variable X as an ordered pair of fuzzy numbers (A,B).The first component is the restriction on the values which
X can take while the second component is the measure of certainty of the information. Z-numbers are very
useful in modeling verbal arguments. Computation with Z-numbers is a topic which is both interesting as well
as useful. Yagers [4] and Shankar K Pal [3] have initiated research in this topic. However a lot remains to be
done.

In this paper we study the problem of applying a hedge to the first component of Z-number. More precisely, if
the Z-valuation “X is (A,B)” is known the aim is to compute the Z-valuation “X is (C,D)” where C is got by
applying an hedge to A.

. Preliminaries
Definition 1: Fuzzy Set
A fuzzy set A defined on a universe X may be given as:
A ={(x,us(x))/x € X} where u,: X—[0,1] is the membership function of A. The membership value u,(x)
describes the degree of belonging of x € X in A [7].
Definition 2: Restrictions
A restriction may be viewed as generalized constraint. Suppose A is a fuzzy set and X a variable. The statement
R(X) : X'is A'is referred to as a possibilistic restriction ([10],[8]).Here A plays the role of possibility distribution
of X.
The statement " R(X) : X is A" is to be understood as" The Possibility (X=u) is u,(u) "where u, is the
membership function of A and u is a generic value of X.
When X is a random variable, the probability distribution of X plays the role of probabilistic restriction on X
([10],[2]). A probabilistic restriction is expressed as:
R(X) : Xisp f, where f is the p.d.f. of X.

That statement "R(X) : X isp f" is to be understood as" Prob(u=X=u+du) = f(u)du"
Zadeh [9] has given the following definition for the probability of a fuzzy event:
Definition 3 : Fuzzy event probability
Let X be a random variable taking real values and A a fuzzy set defined on the real line. The fuzzy event
probability of " X is A" is

FEP(X€A) = [ u,(w)p(u)du
Definition 4: Z-number
Zadeh [5] defines Z-number as follows:
A Z-number is an ordered pair of fuzzy numbers Z = (A,B), associated with a real-valued uncertain variable X,
with the first component A, a restriction on the values which X can take and the second component B, a measure
of reliability of the first component.
Note: Though Zadeh has defined a Z-number to be an ordered pair of fuzzy numbers (A,B) the components A
and B may not be fuzzy numbers in the strict technical sense. Rather A should be considered to be a fuzzy
subset defined on the real line and B should be considered to be a fuzzy set defined on the interval [0,1].
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Definition 5: Z-valuation

A Z-valuation is an ordered triple (X,A,B) where A and B are fuzzy numbers[5]. A Z-valuation is equivalent to
an assignment statement "X is (A,B)", where X is an uncertain variable. A is a restriction on the values which X
can take and B is referred to as certainty([8],[6]).

Z-valuation (X,A,B) may be viewed as a restriction on X defined by

FEP(XisA)isB

More explicitly

Possibility( FEP(xeA) =u ) = ug(u)

Definition 6: Z-restriction

A Z-restriction is expressed as

R(X): XiszZ

where Z is a combination of possibilistic and probabilistic restriction defined as([10],[8])
Z:EEP(Xis A) is B in which A and B are fuzzy numbers

Equivalently, a Z-valuation (X,A,B) is a Z-reatriction on X.

(X,AB) = Xis (A,B)

Definition 7: Linguistic Hedge
Linguistic hedges ([12],[1]) (or simply hedges) are special linguistic terms by which other linguistic terms are
modified. Linguistic terms such as very, more or less, fairly, or extremely are examples of hedges. They can be
used for modifying fuzzy predicates , fuzzy truth values, and fuzzy probabilities.
A linguistic hedge, H, may be applied to a fuzzy set by using an unary operation, h defined on the unit interval
[0, 1].
An unary operation, which is an increasing bijection, representing a linguistic hedge is called modifier.
If uy(w) is the membership function of a fuzzy set A then a linguistic hedge H can be applied to A by using the
appropriate modifier h and defining

pra) = h(u,(w))
Example
For example, the hedge ‘very’ is often interpreted as the unary operation h(a) = a? while the hedge ‘fairly’ is
interpretated as h(a) = Va(a € [0,1]).
Note
If h(a) < afor all a € [0,1], the modifier is called strong; if h(a) > a for all a € [0,1], the modifier is called
weak. The modifier h(a) = a forall a € [0,1], is called an identity modifier[1].
Every modifier h satisfies the following conditions:
1.h(0) =0 and h(1)=1;
2. h is a continuous function;
3. if h is strong, then h™ is weak and vice versa;
4. given another modifier g, compositions of g with h and h with g are also modifiers and, moreover, if both h
and g are strong(weak), then so are the compositions.

Extension Principle
Suppose the possibility distribution of X is known. To compute the possibility distribution of Y =f(X) we have
to use the extension principle.
A general version of the extension principle was described in[11]. In this version, we have
Y =f(X)
R(X): g(X) is A (constraint on u is p, (g(u)))

R(Y): uy (v) = supypa(9(u))

subject to
v=fw N
For a function with two arguments, the extension principle reads:

Z=f(X,Y)
R(X): g(X) is A (constraint on v is u,(g(w)))
R(Y): h(Y) is B (constraint on v is vz (h(u)))
R(Z): uz(W) = supy,, (1x(9(U)) Ay (h(¥))), /A =min
subject to

w = f(u,v)
1. Computation of Z-valuation involving hedges
Suppose “X is (A,B)” is a known Z-valuation. That is it is given that 'FEP[ X is A] is B'. So the membership
functions u, and ug are known.
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FEP (X A) =f u, (wp(w)du and

us(w = [ g Wpdu) = pg(v) is known.
Let C be a fuzzy set obtained by applying a hedge to A. So we have
(@) = h(pya(w))
where h is the appropriate modifier.
Letw =FEP (X £ C) = [ uc (w)p(u)du .The problem is to compute u,(w).
By extension principle,

pp(w) = Sug#B(V)
subjectto v = [, (Wp(w)du
and w = [ uc Wp@)du .
Here the supremum is required to be taken over the set of all possible probability density functions p. In other
words for any value of w, to compute u,(w) , we have to solve a variational problem. This problem may be
pretty much impossible to solve unless some information regarding the nature of the 'p' is available.
Example 1:
Suppose X isz (A, B) where
10 —u
paW) = ——, 8 <u <10
ug(v) = 0.3 <v <0.35
We Wisz'I to compute the z-valuation X isz (C, D) for C = H(A) where the hedge is represented by the modifier
h(a) = a“.
Assume that it is known that the underlying probability density function of X is known to be the uniform
distribution given by
p(w) = % 10 — g <u s10+§
However the parameter L is not known.

Then FEP (X€A)=v = [, Wp@du=[" . (10'”) ldu= <
2

10— 2 16

N2
Also pc(u) = (wTu) , 8<u <10

10
Sw= f e (Wp(wdu
8

10 [10-u\21 12
= [ 1 -du= —
10-7\ 2 L 9%

By extension principle,

upw) = *Pup(v) 1)
subject to v = [ s (Wp(u)du = = @)
and w= [uc Wp)du = L 3)

96

In equation (1) the supremum is to be taken over all possible probability density functions 'p' subject to
conditions (2) and (3). In essence the supremum is to be taken over all possible values of parameter L subject
to (2) and (3).However using equations (2) and(3) we get

12 8 (L2 8 ,
W= =% 53 (1_6) =3V
Thus pp(w) =1 if 0.3 <v <£0.35
thatis up(w) = 1 if 0.24 <w <0.327
Example 2:
Let Xisz (A, B) where

uld<uc<l
ma = {,

—u,l<u<?2
ue@) = |

10(v —0.7),0.7 <v < 0.8
10(09 —v),08<v <09

We wish to compute the z-valuation X isz (C, D) for C = H(A) where the hedge is represented by the modifier

h(a) = Va.

Assume that it is known that the underlying probability density function of X is known to be the normal
distribution given by

-(x-1)2

1 —_ 7
p(u) = pval AL

Thatis X ~ N(1,52) where the parameter ¢ is not known.
Then v= [u, Wp)du = fol up(u)du + f12(2 —u)p(u)du
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and w = [ pc (Wpw)du

1 2
= f \/up(u)du+ f V@ —-uw)pw)du

= fol(l -(1- u))% p(wdu + flz(l —(u-— 1))% p(uw)du

= folip(u)du+ %fol up(w)du + flz (1 —%) p(wdu + ff%p(u)du

where the binomial theorem has been used to approximate the integrand.

Thus w

~ 1 r2 v
=~ [ p(Wdu + >

2

Since X is a normal random variable with mean 1 and variance o2

fozp(u)du = Prob(0 < x < 2)

=2Prob(0 <1<l
g g

-1 . .
Here z = xT is a standard normal variate.

Therefore pwW) = “Pup(v) (4)
Subjecttow = Prob (0 <z<2)+2 and )
v= folup(u)du+ ff(z —uw)p(u)du (6)

The above equations are not so easy to solve. However an approximate solution can be obtained by using
numerical methods.

V. Conclusion

In this paper the procedure for applying a hedge to the first component of z-number is given. The procedure has
been illustrated by appropriate examples. The second example shows that, even after simplifying assumptions
are made regarding the underlying probability density function, computations involving z-numbers are
complicated. So further study is required to see what other simplifying assumptions can be made in order to
make the problem more tractable.
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