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Abstract: In the present work we consider a class of abstract Volterra type integral equations of second
kind. Sufficient conditions are obtained for existence and uniqueness of the solutions of this class integral
equations. Some applications of the obtained results to the integral inequalities involving maxima are given.
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I. Introduction

As an evergreen theme in the past few years the integral equations have proved to be of great use in several
applied fields, such as population dynamics, automatic control theory, dynamics of nuclear reactors. The main
application of the corresponding integral inequalities is that they provide explicit bounds of the unknown
functions, which are a very useful and important device in the study of many qualitative as well as quantitative
properties of solutions of nonlinear differential and integral equations. The techniques of the proofs of the
integral inequalities in general are based on the classical mathematical analysis and are leading up to virtuosity.
The major problem is that these proofs significantly depend of the number of independent variables and the
geometry of the domains of integration. A lot of information about the integral equations and inequalities can be
found in the monographs [1] - [5] and the comprehensive list of references therein. Many results about
differential equations and integral inequalities with maxima can be found in the fundamental monograph [6].
Note that the authors of [6] made substantial contributions in this field of investigations. The aim of this paper
is to extend the approach introduced for the linear case in the work [7] and partially developed for the nonlinear
one in [8]. The main idea introduced in [7] is to establish conditions under which the unique solution of the
equation (2.1) is an upper bound of all solutions of the inequality (2.2). In view of the applications it is
important to study also the cases when the domains of integration have different geometric forms.

The paper is organized as follows — in section 2 we introduce an abstract analogue of the Volterra equation and
its corresponding inequality. Section 3 is devoted to the study of the Volterra type equation (2.1) introduced
below. Section 4 includes the results concerning the corresponding integral inequality (2.2) and in section 5 are
given some applications of the results obtained in the previous sections to the integral inequalities with maxima.

Il. Preliminary Notes and Denotations

Let Q be a complete metric space with metric p, B, = 2° denotes the o —algebra of the Borel subsets of €2
and let ux:B, —[0,0] be a nontrivial, nonatomic o — additive Borel measure. We will denote by
U(xe)= {y eQ|p(x,y)< ,9} the open balls with a center pointx e Q, and radius ¢ > 0. If G is an arbitrary
subset of Q then 0G denotes the boundary of G and U (G, &) denotes the & —neighborhood of G .

Let B be a real Banach space with norm||.||,, B" be the Banach space of all linear bounded operators acting in
B with the norm ||.||.. and V = B be a cone in B . Then we can introduce a partial order in B associated with
the coneV ,i.e. u>v when u—v eV . We shall write u >V to indicate thatu—v eV , butu=v.

Denote by C(G, B) ,where G — Qis an arbitrary compact subset, the Banach space of all continuous maps
f:G—B withnorm || f[l;=sup . [l f(V)Is -

Definition 2.1. [8] The point x € Q will be called essential for the set G, if for each £>0 we have
#(GNU (x,£))>0. Otherwise the point x €  will be called nonessential.

We will denote by G* the set of all points x e G, which are essential for G and by G" the set G" =G\G”,
i.e. G” includes all nonessential points belonging to G .

Definition 2.2. [9] The sets G,H e B, , will be called x -equivalent GL“ H , if #(GAH)=0, where

GAH =(G\H)U(H \G) is the symmetric difference.
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Definition 2.3. [8], [9] The setG € B, is called x -dense, if each x € G is an essential point for the setG .
Definition 2.4. [9] We say that the set G = Qis M —star if for every x e G the inclusion M, < G holds.
Remark 2.5. From Definition 2.1. it follows, that for arbitrary G € B, with x(G)>0 every external or
isolated point of G is nonessential and every internal point is essential for G . Then it follows if x(G)=0 and
G = then G not include essential points. Moreover if the point x € Q is nonessential for the setG, then
there exists &, >0that (GNU(x,&,))=0.

Remark 2.6. It is simply to see that condition A3 implies that for each x € Q the setM is M —star set.

Moreover the union and the intersection of an arbitrary family of M —star sets are M — star set. The sets
KerM ={xe Q| u(M,)=0}and M =UMX are M —star sets too.

xeQ

Following [7] we introduce the map M : Q — 2%, which associates every point x € QO with a subsetM < 2°.

We will say that the conditions (A) hold if for the map M : Q — 2% the following conditions are fulfilled:
Al. For every point x € Q the set M_is compact.

A2. For each ¢ >0 and every x e Q2 there exists 6 >0 such that for each y e Q with p(y,x) <& we have that
#(MAM )<z

A3. For every x e 2, the inclusion M, = M, holds foreachy e M, .

A4, There exists X, € Q such that u(M, )=0.

Definition 2.7. Every map M :Q — 2% for which the conditions (A) hold will be called Volterra type (VT
map). We say that a VT map M is u -dense if the sets M are u -dense for eachx Q.

Denote by M the set of al VT maps and by M, the set of all x-dense VT maps. For each M € M denote
with M ={M | x € Q} the set of all sets which are values of the map M . We introduce partial order in the set
M as follow: M™ < M if we have that KerM ™ < KerM .

Let M,M™ eM be arbitrary maps and consider the equation

00 = OO+ [W0 Y Ty, + [ QU F(y)dp, 2.1)
and the corresponding inequality

9(x) < p(X)+ [W(x Y)g(y)da, + [ QY. a()dp, (2:2)

X

where the operatorsQ: QxQxB —-B, W:QxQ—»B" and f,g,peC(M_,B),xeQ .

Remark 2.8. If the operator Q is continuous in the set QOxM_xB and the operator-valued function
W:QxQ— B is continuous in QxM, , then the Bochner integrals in (2.1) and (2.2) exist on each
M eM” and M, €M . ([10], Chapter 3).

For each map M € M we define its associated map M * for each x € Q by the relation M/ = (MX)“.

Remark 2.9. From Lemma 3.11 and Lemma 3.14 of [8] it follows, that for every map M €M its associated
map M“ is u-dense, i.e. M“eM and for each x € Q we have that u(M“AM ) =0. Thus without loss of
generality we can use for every x e Q as a domain of integration instead M _ its x -equivalent domain M/

which is u -dense.

I1l. Main Results
In our discussion below we will assume that for the operator Q:QxQxB — B and the operator-valued

function W : QxQ — B” are fulfilled some of the following conditions:
(S1) The operator Q: QxQx B — B is continuous in the set 3xM_, xB and the operator-valued function

W :QxQ— B is continuous in QxM,,.
(S2) For each xeQand every f e C(M,B), there exist numbers 5(M_, f)>0 and L(M_, f,5) >0such that
for every function geC(M,,B) for which || f-gl, <o , the following inequality holds:

sup  [|Q(s, Y, F(Y)—Q(s, Y, a(Y) k< L(M,, £,0) | f —gl, -

(5,y)eM My
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(S3) For every x e Qand arbitrary r >0, there exists a constant L(M_,r) >0, such that for every two functions
f.ge{f eC(M,,B)[|| f ||, <r} the following inequality holds:
sup  [1Q(s, Y, F(¥))—Q(s, Y, g(M) =< LM, ") || f =gl -

(s.y)eM,xM,

(S4) For each M -star continuum Q, < Q there exists a number L(€2,) >0, such that for every two functions
f,, f, e C(CX,B) and for each x € Q3, the following inequality holds

1QGs, y, () —Q(s, Y, L, (M) <L) I f.(y) = F.(N) [le.-

Consider the operators K and W, defined by the equations

KF () = p()+ [ Q(x,y, F(y)dy, 31

W.E(x) = [W(x ) f(n)da, | (3.2)

and the operator T defined by

Tf (x) = KF (X) +W. f (X) (3.3
where f,peC(Q ,B). As we mentioned above in Remark 2.8, if the condition S1 holds, then the Bochner
integrals in (3.1) and (3.2) existoneach M €M™ and M, e M .
Remark 3.1. Obviously if for each M -star continuum Q, — Q the operator-valued function W is continuous
in Q, xQ, then for it the conditions (S3), (S3) and (S4) hold.

Lemma 3.2. Let the following conditions be fulfilled:
1. The conditions (S1) and (S2) hold.

2. Q is a connected metric space and 0 < () <.

3. The maps M,M” e M, and the relation M" <M holds.

Then the operator T defined by the equality (3.3) maps C(Q2.,B) into C(Q., B) continuously for each
peC(.,B).

Proof: The proof that the operator K defined by the equality (3.1) maps C(Q.,B) into C(Q.,B) continuously
for each p e C(€,,B) is completely analogical of the proof of Lemma 4.1 in [8] and will be omitted.

Condition (S1) and condition 3 of Lemma 3.2 implies that there exists a constant W, (€2.) > 0 such that for each
xeQ, and y e M the following estimation holds

W10 s < J:IIW(X, W NI E W) lled 2, <W( Q)M I, <Wo () (@) NI T, (3.4)

where f e C(M_,B) is arbitrary. Then (3.4) implies that the operator W, defined by the equality (3.2) maps
C(2.,B) into C(£.,B) continuously and therefore from (3.3) it follows that the operator T maps C(<2., B) into
C(€2.,B) continuously for each p e C(Q,,B) .0

Let xeQ be an arbitrary point and Q. < Q is arbitrary M -star continuum. Then for every f e C(Q2.,B)
there exist two points s, s!" € Q, such that || f(s")|l,= rsnglln Il f(s)ll, and]| f(s)|l.= rpgxll fS) -

Definition 3.3. A continuous function F:Q — B is called an extension of the function f eC(€,,B) if
F(s)= f(s) for each seQ, . If in additional for some extension F(s) and each seQ the inequalities
I (™)< F@s) <l f(s?) |l hold, then such an extension will be called middle extension.

Definition 3.4. We say that the equation (2.1) has a local solution in some M -star set Q, — Q for some
p e C(Q.,B)if there exist a point X, € Q, with y(Mxp) >0 and a function f eC(MXp,B) which satisfies the

equation (2.1) for eachs e Mxp. If p,feC(Q2,B) and f satisfies the equation (2.1) for each x € Q, then we

say that f isa solution of (2.1) inQ, c Q.

Theorem 3.5. Let the following conditions be fulfilled:
1. The conditions (S1) and (S3) hold.
2. Conditions 2 and 3 of Lemma 3.2 hold.

Then for every xeQ such that M, \KerM = and for every pe C(M; UM ,B) the equation (2.1) has at
least one local solutionin M UM, .
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Proof: Let KerM < Q (the case when KerM =Q is trivial). For each x e Q, from Lemma 3.16 [8], it follows
that KerM NM, =, KerM"NM_ = and then condition 2 implies that KerM M = Jalso. Theorem

3.18 [14] implies that there exist a point y, € oKerM (1M and a sequence{y,}._. = M \KerM~, such that
Inimp(yn,yo) =0. Then for the sequence {x:(M, )} we have that x(M ) >0 for each nel] and if the set

{uM, )| (M, ) >0}, s finite then the statement of Lemma 3.2 follows from Lemma 4.1 [8].
Let us consider the case when the set {&(M )| (M, ) >0}

nell

is infinite. Then there exists a subsequence
.} <V} =M, \KerM™ , such that #(M, )>0 for each kel and condition 2 implies that
lim (M, )=0.

Let us denote A =M UM , A = M;“k Ul\/lynk kel , P=max_, [l p@)ls » Q :fytig||Q(s,y,OB)||B. For

each k el let us define the operators T, by the following equality
T.H(8)=p(©)+ [W(s, ) F(y)du, + [ Qs y. F(y)dp,, (35)

where p,f eC(A,B)andse A . For every function f eC(A,B) and each kel from Lemma 4.3 [8] it
follows that there exists a middle extension, F, € C(A,B)suchthat || F ||, = f ], -

Let r>P be an arbitrary number and for every r>P and each kel introduce the sets
U ) ={f|feCA.B)Ifl,<r} ., UM={FR|feU (N} and U,(r)={F|FeC(A,B)|Fl. <r} .
Then for each k e[/ we have that U, (r) cU (r).

From Lemma 3.2 it follows that for each k e[l the operator T, maps C(A ,B) into C(A , B) continuously and

k

from (3.4) and (3.5) for each f €U, (r) it follows that the inequality
IT. < Psup [IW (S, Y) (1) 1,1, +5p [11Q(5. ¥, (1) ~Q(5.%,0)+Q(. ¥, 0}, 0, < 5
<P+ (AW, (A) + LA TR L, +Qq) < (AW, (A) +L(A, )Ir +Q,)
holds, where W,(A)=W,(M,)+W,(M) and L(A,r)=L(M,,r)+L(M_,r) . Since lim p(y, . ¥,) =0 then
there exists a number k, =k, (y,,r), such that for every k >k, from (3.6) it follows that the inequalities
HAYW, (A)+ LA Mr+Q) <r, u(A)W,(A)+L(A,r)=<qg<1 @.7)
hold. Obviously the first of them implies that T, (U, (r)) cU,(r) .
Let k >k, be an arbitrary fixed number and let f,g €U, (r) be arbitrary functions. If we denote by F, and G,

their middle extensions on A , then from (3.6) it follows the estimation
ITf-Tal, < u(/&)(sug W (s, y)(f(Y)—g() s sup 1Q(s,y, f(¥)-Q(s,y, a(y) llg) <
S, yeAr s, yeAr

< (A )(sup [IW (5, Y)(F. (¥) =G, () I, +5up 1 Q(s, Y. F. (¥))~Q(s, Y, (W) [l)) <

s yehy s.yeh,
< u(A)Wo (A) + LALLM ITF, =G I, = (AW (A)+L(AL ) T =gl <all f =gl -

Therefore the operator T. maps U_(r) into U_(r) and is a contraction. Therefore the equation (2.1) has at least
one solution f eU_(r).o

Theorem 3.6. Let the set Q, = Q be an arbitrary M —star and M~ — star continuum with £(Q.) < +oo and the

following conditions be fulfilled:
1. The conditions (S1) and (S3) hold.

2. Conditions 2 and 3 of Lemma 3.2 hold and for each x € 2, the sets M, and M_ are connected.

Then for each p e C(Q),, B) equation (2.1) has exactly one solution f € C(€2,,B).

Proof: Suppose f, f, € C(C2.,B) are two solutions of the equation (2.1). Let x € Q, be an arbitrary point such
that f (x) = f,(x) . Denote by r >Sl<ﬂp|| .09 +SL:Ap|| f,()|l;>0 and by L(M_,r)>0the constant, existing

according to condition S3. From equation (2.1) and condition S3 it follows that for each s M, the inequality
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I1£.(5) = £, (8) lo< W, @) +LM,, 1) [ I () - F.(») [z,

M UM
holds. Using Theorem 2 and Theorem 3 from [7] we get that || f,(s)— f,(s)|[;=0 for each se M_ which

contradicts our supposition. [
Everywhere below in our consideration we will assume that B=0 and denote by V' the following cone

V' ={f eC(Q0)| f(X)=0,xcQ}.

Theorem 3.7. Let the following conditions be fulfilled:
1. The conditions (S1) and (S4).

2. Conditions 2 and 3 of Lemma 3.2 hold and for each x € Q the sets M and M are connected.

3. For each xeQ there exists a M —star and M™ — star continuum Q ,cQ with 2(Q ) <o such that
M, M cQ and xeintQ, .

4. For each (x,y) e Qx M, the operator Q is positive and monotone in the cone V* with regard to the order
induced byV .

5. For each (x,y) e QxM, the operator W, have the form W, f (x) = J' k(x,y) f(y)dg, , where the function

k:QxQ—L [, =[0,0) iscontinuous inAQxM, and f eC(Q,[).
Then for each p eV the equation (4.1) has a unique solution f eV*inQ .

Proof: Let peV" is an arbitrary function, x € Q2 be an arbitrary fixed point and Q < Q is the M — star
continuum existing according to condition 3. Denote by p,(s) = p(s), s €€, the restriction of p on Q,  and
by V" ={peC(Q2,,0) | p(x) 20,x € 3} the cone in C(Q,,Ll). Obviously condition 4 implies that for each
x € Q the operator Q is positive and monotone in the cone V' with regard to the order induced byV . Since
C(Q,,l1) is a Banach space and p, e C(Q2,,00 ) then according to Lemma 3.2 the operator T defined by the
equality (3.3) maps C(Q2,,[1) - C(Q,,UJ) continuously.

Then, from (2.1), condition 5 and (3.3) for each seQ_and ¢ € C(Q,,R) we have

To(s)=p.(9)+ [ QG Y. 0)da, + [ (s, o()da, + [ (Q(s,y.0(y) -Q(s. y.0)dx, (3.8)

x

Let us denote h (s)=p,(s)+ jQ(s, y,0))dx, and define for every ¢ e C(Q,,L) the linear and bounded in

Ms

C(Q,,[1) operator Lo(s) = (W,(Q,) + L(QX))I p(ydu, , seQ, , W,(Q,)=supk(s,y). Since the operator L

s, yeQx

is positive in V" with regard to the order induced byV,", then from Theorem 2 of [7] it follows that the spectral
radius of the operator L is equal to zero. Therefore the equation h(s)+ Lg(s) =¢(s) has a unique solution
@’ eV’ . From condition S4 and equality (3.8) it follows that for every @eV' the inequality
Te(S) <h(s)+Le(s) holds for each s € Q2 . Then we can conclude that the operator T maps the order interval
[0,01={p eV, |0<p(s) <@(s), s €} into itself and therefore the operator T has at least one fixed point
@, belonging to the same order interval ([11], Chapter 8). Theorem 3.6 implies that solution ¢, is unique in
C(Q,,l) . Define the function f, for every xeQ as follow: f (s)=¢ (s), s€Q,. From Theorem 3.6 it
follows that for every x,y e Q for which M, M = for the corresponding unique solutions ¢ € C(Q2,,[1)
and ¢, eC(Q,,01) we have that ¢,(s)=¢,(s) for eachseQ NQ, . Therefore f, eC(Q,L1) and is unique

solution of (2.1) inQ . [
IV. Inequalities
In this section we apply the results obtained in section 3 to study the inequality (2.2).

Definition 4.1. We say that the inequality (2.2) has a local solution in some M -star set Q, < Q for some
p e C(Q2.,B) if there exists a point x, € Q. with ,u(MXp) >0 and a functiong € C(Mxp ,B) such that g satisfies

the inequality (2.2) for eachse Mxp. If p,geC(Q2,B) and g satisfies the inequality (2.2) for each xe Q.

then we say that g is a solution of (2.2) inQ, c Q).
Theorem 4.2. Let the following conditions be fulfilled:
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1. Condition 2 of Theorem 3.6 and condition (S1) hold.

2. The function Q:QxM, x[I —[ for every two fixed elements xe Qand y € M, is a monotonously
increasing function of v..

3. The condition 5 of Theorem 3.7 holds.

Then, if for the functions f,g e C(Q,L1) the inequality

9(x)-Tg(x) < F(x)-TF (x) (4.1)

holds for each x € Q3 then the inequality g(x) < f(x) holds for each x e Q also.

Proof. Denote by IT the following subset of Q , IT={xeQ|g(y)< f(y),yeM }. Since the maps
M,M"eM, and the relation M" <M holds, then condition A4 implies that there exists x, € Q such that
y(M;):O and therefore ﬂ(MxO)ZO- Then from condition A2 it follows that for each x € M, we have that
#(M;)=0 and for each xeM, , (M, )=0 too. Since W.f(x)=W.g(x) for every xeM; and
Kf (x) = Kg(x) foreachxe M, , then (4.1) implies that x, € IT and therefore T+ <.

Let {x,}  <TIbe an arbitrary convergent sequence and denote by x, =limx_ . If we assume that x, ¢ IT, then

there exists a point y e M, such that g(y) > f(y) and therefore from (4.1) it follows that Tg(y)—Tf(y) >0.
Then there exists a setG < M, such that x(G) >0 and g(s) > f(s) for eachseG. Then for each nell we
have that w(G)<u(M \M, )<p(M, OM ) and from condition A2 it follows that w(G)=0 which
contradicts our assumption. Thus we proved that IT is a closed set.

It is simply to see that if x Il then obviously M, < IT,i.e. IT isa M - star set. Since f,geC(Q,[!) then
forevery x eIl and each y e M, there exists an open ball U(y,¢,) such thatU(y,e,) < IT. Then the set

U = U U(y,¢,) isanopen cover of M, suchthat U, <II.Because M, iscompact there exist finite

yeMy

number of balls, such that UU (Y.,¢€, ) = I1. Then according to Theorem 3.19 [8], there exists &(¢,,...,&, ) >0

k=1
such that for each s e Q, p(s,x) <6 we have that M_ c IT and therefore we proved that TT is an open set.
Since Q is a connected metric space then we can conclude that TT =< . Then we have that for every x e Q the
inequality Q(x,y,9(y)) <Q(x,y, f(y)) holds for eachy e M, . Then from condition 3 and (4.1) it follows that
g(x) < f(X)-Tf (X) +Tg(x) < f(x) and therefore g(x) < f(x) foreachxeQ .o

Remark 4.3. It is simply to see that if we replace the strictly inequality (4.1) by a non-strictly one, the assertion
of the theorem still holds for every x e Q\ KerM .

Corollary 4.4. Let the conditions of Theorem 3.7 hold.

Then for each x € Q the inequality g(x)< f(x) holds, where f e C(Q,L) is the unique solution of equation

(2.1) and g € C(Q2,Ll) is an arbitrary solution of the inequality (2.2).
Proof: Let for each peV" is arbitrary. Then according to Theorem 3.7 the equation (2.1) has a unique solution
f eC(Q,) . For every solution g € C(Q,Ll) of the inequality (2.2) we have that the inequality

9(x)—Tg(x) < p(x) = f(x) =Tf (x) (4.2)
holds for every xeQ . Then if for some xeQ we have that g(x)—Kg(x) = p(x)=f(x)-Kf(x) and
therefore g(x) = f (x) . For the points x € Q for which the inequality (4.2) is strictly, the assertion of the

Corollary 4.4 follows from Theorem 4.2. o

V. Applications to the Integral Inequalities with Maxima
As an illustration of the results obtained in the previous sections we will consider integral equations and
corresponding inequalities with maxima. For simplicity and visibility we will consider the two dimensional case
(n=2), but all conclusions hold for n>3 too.

Let Q=02 =[0,00)x[0,0) , p be the Euclidean metric, B=0O , u be the Lebesgue measure,
a,b,c>0, ab>0 be arbitrary constants and x, =(x’,x;) €] be an arbitrary fixed point. Introduce partial
order in 02 as follow: for x,y e ? we write that x<vy if x, <y, andx, <y,. If x<y and x=#y we write
X<Y.
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Consider the following sets: Q(x)={xel’|x=>x} , J(x)={[X —ax)x[x; —b,x)} and
J,(%)=3(x)\Q(x,) . Let M,M"eM, for which we have that KerM" < KerM cclJ,(x,) , the sets

H, < J(x,) are compact sets such that for each x € Q(x,) we have that xe H_ and Q(x,)H, <M.
Consider the equation

f9=c+ [ wixy) F(y)dy+ [ k(x,y) max f (s)dy (5.1)
and the ineqL;aIity X
9(x) <+ [ wix, y)a(ydy+ [ K(x,y)max g(s)dy. (5.2)

where the functions w,k € C(Q(x,)xQ(x,),L' ,) and g(x) <c= f(x) foreach J(x,).
It is not hard to verify that all condition of Corollary 4.4 are fulfilled and therefore we have that g(x) < f(x) for
xe J(x,),where f eC(J(x,),l',) istheunique solution of (5.1) and g e C(J(x,),L_ ,)is an arbitrary solution

of (5.2). The next theorem is a generalization of Theorem 2.3.1 in [6].
Theorem 5.1. Let the following conditions be fulfilled:

1. The functions w,k € C(Q(x,),L' ).

2. The functions « e C([x’,),00,) and BeC([x;,),00,) are nondecreasing, a(x)<x for x e[x’,),
B(x,) <x, foreach x, e[x;,%) and a(x') =X, B(X)=X;.

3. The maps M™ and M are defined as follow: M) =M, =& for xeJ(x,) and M =[x, x I1x[x2, x,],

M, =[a(x), a(x)Ix[B(%), B(x,)] for every x e O)(x,).
4. H cJ(x,) are compact sets such that for each xeQ(x,) we have that xeH and

Q%) NH, c[a(x), a()I=[B(%), B,
5. The function g € C(J(x,),Ll ,) forevery x e Q(x,) satisfies the inequality

9(x) <+ [ wy)g(y)dy + [ k(y)max g(s)dy (5.3)

and the inequality g(x)<c for xe J_ (x,).
Then for x € J(x,) the inequality

g(x) < cexp( [ w(y)dy + [ k(y)dy) (54)

holds.
Proof: Conditions 2 and 3 implies that KerM™ < KerM . Then it is not difficult to see that all condition of

Corollary 4.4 are fulfilled and therefore the inequality g(x)< f(x) holds, for xeJ(x,) where
f e C(JI(x,),ll,) isthe unique solution of the equation

F () =c+ [ wiy) f (y)dy+ [ k(y)max f (s)dy (5.5)
From (5.5) and condition 4 for x € €)(x,) it follows that the inequality
f(x)<c+ j w(y) max f (s)dy + j k(y) max f (s)dy (5.6)

holds. Let denote ¢(x) = max f (y) . Condition 4 implies that for each x € Q(x,) we have that f(x) < @(X) . Let
X e Q(x,) be an arbitrary fixed point. Then if maxmgxf(s): f(x) then from (5.6) it follows that the
yeM, seHy

inequality
() <c+ [wy)e(y)dy + [ k(y)e(y)dy (5.7)

holds. Ifmaxmgx f(s)="1(y,), ¥, eM,,y, #Xx then
yeM,  seHy
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o(x) =max f(y) < f(y,) =c+ [ w(y)p(y)dy + [ k(e(y)dy <c+ [ wy)p(y)dy + [ k(y)e(y)dy
and therefore the inequality (5.7) holds for each x € Q(x,) .
Let x e Q)(x,) be an arbitrary fixed point and let z € Q(x,) be an arbitrary point for which we have x <z . Then

we have that M_,M, ¢ B, =[0,2,]x[0,z,] for eachse B,. Denote by K = =maxk(s) and by C, = maxk(y)

seMy yeB,

and let &£ >0 be an arbitrary number. Condition A2 implies that for the point x € B, there exists s, € B, with
s, = x such that x(M, \M,)C, <¢. Let heC(B,,[0,1]) is an Urisohn function for the compact sets M, and
B, \int M, . Then for the continuous function k (s) =h(s)k(s) we have that
Kk (s)=k(s),seM,
k(8)= {k Es; - o,( e)BZ \intM_
Then from (5.7) it follows that for each s € B, the inequality
o(s) <c+ [ a,(V)e(y)dy (5.8)

holds, where g, (s) =w(s)+k, (s) .
Consider the equation

#(5) =1+ | a,(V)A(y)dy (5.9)

Then from the results in [7] it follows that for each solution ¢ € C(B,,L! ,) of the inequality (5.8) the inequality
@(s) <cg(s), s € B, holds, where ¢(s) is the unique continuous solution in B, of the equation (5.9) whenc=1.
Moreover for each s e B, the following estimation

#(s) < exp( | g, (y)dy) (5.10)

holds. Therefore from (5.10) it follows that for each solution ¢ € C(B,,ll ,) of the inequality (5.8) we have that
the estimation

#(5) < c(s) < cexp( | d, (y)dy) (5.11)

is fulfilled for every s e B, . Particularly for s=x from (5.11) it follows that
o) <cexp([ wiydy+ [ k(y)dy+ [ k.(y)dy)) <cexp( ] w(y)dy+ [ k(y)dy+z)
My M My M

X x M, \My x X

(5.12)
Since in the inequality (5.12) ¢&>0 is arbitrary then passing £-—0" we receive that the inequality

9(x) < cexp( j w(y)dy + j k(y)dy) holds. o

My My
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