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Abstract: In this paper, the generalization of an alternating harmonic series and its convergent in a
particular case (for even) is discussed.
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I. Introduction

A sequence is a list of numbers that are written in a particular order. If the sequence goes on forever then it is
called an infinite sequence denoted by {a,, }5;=; otherwise it is called a finite sequence. A sequence usually has a
rule, which is a way to find the value of each term. So, we want a formula with “n” in it (Where n is any term
number). A sequence is a function whose domain is the set of natural numbers and co-domain is the set of real
numbers. This is an important use in sequences and series. By assuming the sequence terms as function
evaluation will allow us to do many things with the sequence and otherwise it could not possible. There are
some special sequences like Arithmetic sequences, Geometric sequences, Harmonic sequences, Triangular
Number sequence, Fibonacci sequence, Alternating sequence, Alternating Harmonic sequences, etc. The sum of
infinite terms that follow a rule is called a series. There are so many types of series based the different types of
sequences. In this paper, a result on the Sum of an Alternating Harmonic series is proved. We mention here
some definitions, formula and results which have been used in the theorem

I1. Preliminary Results
Definition1.1: If for the given sequence {a,}n-;, @ function f(x) such that f(x)= a, and lim,_,, f(x) =
L thenlimn—owoan=/..

Definition1.2: The sequence {a, };=; IS called increasing if a,, < a,,,, for every n.

Definition1.3: The sequence {a, }5=; is called decreasing if a,, = a, ., for every n.

Definition1.4: The sequence {a,}5=; IS an increasing or decreasing sequence, then it is called a monotonic
sequence.

Definition1.5: For the sequence{a, }n-,, if there exist a number m such that m< a,,

for every n, we say that the sequence is called bounded below and m is called a lower bound for the sequence.
Definition1.6: For the sequence{a, }5—, if there exist a number M such that a,, <M

for every n, we say that the sequence is called bounded above and M is called an upper bound for the sequence.
Definition1.7: If any sequence is both bounded above and bounded below then it is called a bounded sequence.
Theorem1.8: If the sequence {a, }5_,is bounded and monotonic then {a,}»—,is convergent.

Definition1.9: If {a, }5;—,is any sequence then the sum Y>>, a, = a; +a, + a; + -+ a, + -

called an infinite series.

Definition1.10: If s,=a, + a, + a; + -+ + a,=Y.[-; q; then s,, are called partial sum and

Tlli_rgosn =r11i—r>?c 2it1 a4 = Xitq G

Definition1.11: A sequence of functions {fi}, r=1 2 3, .. is said to be uniformly convergent to .f for a
set E of values of ¥ if, for each €> 0, an integer ¥ can be found such that

Ifi (x) = fx)l <€ forn=Nandall xEE,

Aseries ZJx () converges uniformly on £ if the sequence {Si} of partial sums defined by

i.,i’i (x) =8, (x)

k=1
converges uniformly on &
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Definition1.12:
A series of the form

S(—1)y*"ta, =ay —az +az — -
or,

OO

> (—1)*an = —a1 +az — az + - - -
Where a, are positive, is called an alternating series.

Definition1.13: A series Z “x converges absolutely if the series Z |aﬂ| converges.
Definition1.14: A series is conditionally convergent if it converges but does not converge absolutely.
Result1.15: We have for m,neN and m<2n,

m—1
[F—dx =i{(—1)"”r1 In(1+x)—In(1—x)}— —Zk 1 cos (Tmrr) In (1 — 2xcos (EH) + xz) +

1-x27n

k
2 _ . km X—COSTT—
~Yk=isin (T”) arctg (—x—)

n—-m
n

Theorem: For any even integer a>1 and an integer b,0<b<a,K(a,b)=}%-; ﬁ sums to

a-2
~{(—=1)"*"Lin2 + Ina — %, 2, {2In (2sinm 2) cos (o) + (- m)sin (Co)mi}
Proof:
Let O<x<t<1,
a-b-1
Consider T, x® "~ ==— (1)
The series converges uniformly on [0,t]. Integrate term by term over [0, t] and
Let a=2n,m=a-b and x=t in Result 1.15
ak—-b a-2
Sii e == {(-1)% P In(1 + ) = In(1 - )} = =%, %, co ("(“ D2Tyln (1 - 2tcos Gy +t?)
a-2 21k
1lo—> .. k(a—b)2 t—cos k(a—b)2
+; 22, sin (%) arctan (W) Zk 1S (Tﬂ) arctan (—cot T)
=§{(—1)b+1 In(1+¢t)—In(1-1t)}— gzkzﬂ cos (kli%)ln 1- Ztcos(%)ﬂz)
a-2 2mk
13 ...  bk2 t—cos—— 21k

+= 22, sin (Tn) {arctan <Sm—2ﬂ) — arctan (—cot %) 2
Now consider
S xtk =2

= 1-x@
The series convergent uniformly over [0, t].Integrating them term by term over[0,t],we get
Z"O ﬂ _ ot xa-1 d
k=1 g ~ Jo 1—xa x
© tak 1 a

ﬁZk:l; ——;ll’l(l—t ) (3)
Now consider

tak=b kb2

Yo (— —%) = {1 In(1 + ) +1n%}—§z?:l s (5N (1 - 2tcos(2H)+t?)

a-2 21k
1a—> bk2m t—cos=—
+=Y 2 sin (—) {arctan | —=%& —arctan(—cot—)
X sin (Fo i =)

= i‘[(—l)bJr1 In(1+t)+In(1+t+t>+t3+-+tH}

2mk

a-2 2
— kb k t—cos k
- %Zkil cos (%)ln 1- 2tcos(%)+t +—Zk . sin ( ) {arctan <Tzn‘,§> — arctan (—Cot 2%)}
a

Letting t—1 in the above

ak—b

Z‘}jzl(ﬁ —al—k) = %{(—1)”“1712 + lna — Zk L cos (kbﬂ)ln 2- 2cos(—))

a-2 2k
2 - bk2T 1—cos K
+Zk2=1 sin (Tz) {arctan <sz‘:) — arctan (—Cot %)}}

a—Z

b
{( 1P+ n2 + Ina — Zk L cos (—

= Xk= 1 ak-byak _ a

kb2m 2km

)In (2 — Zcos(—))

a;Z . 1- coszzk 27k
+X,2, sin (T) {arctan |~ arctan (—cot T)}}
a
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= %{(—1)”*11112 + lna — Zk ) 2cos (—)ln (Zsm ) + Zk . sin (bkm){g - % 1}
a-2 2
- b _1 kb2 2k, . bk2
Y1 G = 5 (- DP*1n2 + Ina — 3,7, [2c0s *)n (2 sin’Z ) + (Em sin (E5)]).

Example: Let a=4 and b=3,then the series
3
k=1 (4k—3)ak 4 [3l Z+ ]
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