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On Holomorphically Subprojective Kaehlerian Manifold of First Kind
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Abstract: Two types of holomorphically subprojective Kaehlerian manifolds, namely of first and second kind
come into existence through a series of papers by S. Yamagochi and others when they were trying for
comflexification of concept of subprojective Reimannian manifold. The properties of one of these two types of
manifolds are studied in the present paper and a number of interesting and meaningful results are obtained.
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ILINTRODUCTION

In a real 2n-dimensional Kaehlerian manifold M admitting the structure tensor F and the metric tensor g
satisfying [7]. o _

FFi=-8), g;iF,"F'=gpeand V,(F",
the curve x" = x"(t) satisfying the differential equation
d2xh h) dx” axi
e {ji}?? = + BF" yv hieoh
where the indices h, i, j, k-run over the range 1, 2, ..., 20, a,B,v, €are functions of t, v is a vector field and
" = F"v, is complex transform of v, is called holomorphically subplane curve [4]. Further the Kaehlerian
manifold M(2n > 6) admitting the real coordinate system (xh) is said to holomorphically subprojective
Kaehlerian manifold [5] iff its Chrisffol symbol takes the form

h ~ ~ o~
{ji} = p,-8i“+piSj" + iji“+ B+, FE"
where p; and fj are respectively the components of a covector and symmtric tensor satisfying

fiF = fiF
and &" are the components of contravarient analytic vector field.

I1. HOLOMORPHICALY SUBPROJECTIVE KAEHLERIAN MANIFOLD
A straight forward, rather lengthy & complicated calculation based upon the nature and form of Christofell
symbol gives [5]
A+E
(2.1) Ryjin = ( t oD &l ) (8ik8jh — 8ij8kh — FirFjn + FijFin + 2FinFy;)

(+€)
- 2(n+—E1) {( iké Fllék + 2F; é 8ij&, T 8ik§; ) &,

—(Finc§; — Fy§ + 2FjeG; + g%, + glk&j)‘:h
+&E8jn — §8rn — EFjn + & Fin)

+& Egin — Ejgkh + & Fin = §Fin)

2 ugy + 2555)

21+(n+1)e

O (G B8, — BEEG — G5GG + BEES)

(22) Riy = — 200 + D3+ T2 |22 g + 2 (58, + G, and
(2.3) R=—4n(n+1)a—2(mi+ (n+1) e)|§|2

as expressions for curvature tensor, Ricci tensor and scalar curvature respectively, where we have used
= =k =r _
My = Ud', € 8% = UB &', Und =13,
Ukji = Fi]'ak + Fi]' Fk Fikaj - Fll Fj + FirFrj(lk —FirFkr(lj +
+ FirFerk —Ferker + Viji - Vj Fii
Ukj = Viep; + pyp; = P + (P — @)Fig — (p + b)Fi Ff
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Fd=Fel, F(=Fe, p=ptandp =p&
From (2.2), it is evident that the Ricci tensor of holomorphically sub projective Kaehlerian manifold has taken
the form o
Rkh = Agkh + B(ék&h + E.akéh)
and so we may state-
Theorem (2.1):- Every holomorphically subprojective Kaehlerian manifold is quasi-Einstein manifold [1].
Since the vector field & is a K-torse formjng vector field [6], we immediately have
(24) (a) Vlﬁk = agxi + bF]k + aiék + &]ék
(b) v]E_,k = aij + bg]k + (le_,k + ﬁlék
and so when (2.2) is differentiated covariantlly and values are substituted from (2.4), then we find
__ (nA+E)

(2.5) ViRin =" [2a1(8.8, +EE,) +algmt, + gié, +
+Fn, + Fi,) + b(Finé, + Fied, — 8n&y — 8i&y)]
which under the assumption that the manifold is Ricci-symmetric and multiplication by &hék gives
a +ag +bE =0
showing that
Theorem (2.2):- If holomorphically subprojective Kaehlerian manifold is Ricci symmetric then the associated
vector a of & is a linear combination of & and &.
Further from (2.2) we may obtain

RinE e = —[2(n + D)a+e [§[?]|g?

—k<h _
Riné & = —[2(n + Da+e [g]*]|?
and consequently we may state.

Theorem (2.3):- In a holomorphically subprojective Kaehlerian manifold the Ricci tensor has as eigen values
and corresponding eigen vector are £ and &,

Theorem (2.4):- The Ricci curvatures of a holomorphically subprojective Kaehlerian manifold with respect to
the directions & and Eh are identical.

1Hl. HOLOMORPHICALLY SUBPROJECTIVE KAEHLERIAN MANIFOLD OF FIRST KIND
Holomorphically subprojective Kaehlerian manifold of first kind are characterized by the condition
2+ (n+1)€0
and consequently for such manifolds the expressions for curvature tensor, Ricci tensor and scalar curvature take
the form

(3.1) Ryjin = (3 - % |§|2) (8jn8ki — 8kn8ji + FjnFii — FunFji + 2FyFin)
+ [Fac (58, — 58) — Fi(&& — 68) + 2FnEE —§8)
+Fin(6& — B&) — Fin (88 — 6) + 2P g, — §&)
+gin (&5 + E&) — 8 (58 +EE) — 83 Gy + EED

+gik(&jéh + E]Eh)]
(32) Rin = —2a(n + Dgin + = ginl&l? — (°0) Gy + &) €
(3.3) R=—4n(n+1a+ (n—-2)(n+1) € |g?
and multiplication of (3.2) by F.* gives
(3.4) Ski = —2a(n + DFy; + nz—eFki|§|2 - (n%z) (RS

From (3.2), it is clear that Ricci tensor is of the form

Rkh = agkn + b(ékéh + Ekzh)
whereb#0, since €+ 0 and therefore, we may state

Theorem (3.1):- Holomorphicallly subprojective Kaehlerian manifold of first kind is quasi-Einstein manifold.
Now, the well known H-concircular curvature tensor C, H-Projective curvature tensor P, H-
conharmonic curvature tensor D [3] in such spaces will be given by

(3.5) Crjin = —% 1$12(9jngki — 9knji + FinFi — FinFji + 2FjFip)
+§[(FikEj — Fy§, + 2F§, —~gij§k + %ki%)ih
—(Finc; = Fy& + 2FcS; + g5iGy — 8§y,
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+gjh(E.>iE.>k + Eiék) — 8kh (E.siE.sj + Eigj) + F]'h(é;kgi + Ekéi)
_Fkh (Eiéj - éigj) + ZFih(E.skEj - éjgk)]
(3.6) Pyjin = -—= [IEI*(gjn8ki — 8kn8ji + FjnFxi — FxnFji + 2FyFin

n+1 4
+gih(§k§i + Ekgi) — 8kh (%iéj + %igj) + F]'h(gk%i - Ekéi)
_Fkh (Eiéj + éigj) + 2Fih(§kgj - éj Ek)]
+ % [Fik (éhgj___éjgh) - Fij (Ekéh___ékgh) + Zij(éhEi - Ehii)
—8ij (ékéh + ékéh) + gik(éjgh + gléh)]
and
_  (n-2)
(3.7) Dyjin = —ﬁ [na - Tz € |§|2] (8ih8ki — 8kn&ji +
+FinFii — FunFji + 2FFin)
respectively, where as it is well known that holomorphicallysubprojectiveKaehlerian manifold has zero Bochner
curvature[5].

From (3.7), it is quite clear that V Dy, = 0 showing that the manifold is H-conharmonic symmetric and
therefore

Theorem (3.2):- Holomorphically subprojective Kaehlerian manifold of first kind is always H-conharmonic
symmetric.
Now, since Holomorphically subprojective Kaehlerian manifold is of zero Bochnercuervature and it is

H-conharmonic symmetric too, we can find

ViCyjin = ViRyjin
in view of the result

Dyjin = Byjin + ﬁ(ck]‘ih — Ryjin)
and consequently, we have

Theorem (3.3):- The holomorphically subprojective Kaehlerian manifold of first kind is H-concircularly
symmetric (recurrent) iff it is symmetric (recurrent).
Now, if the manifold be supposed to be H-projectively flat [1], the R.H.S. of (3.6) must vanish

identically, which on transvection with gji and gkh is turn gives || = 0 which is impossible and so, we have

Theorem (3.4):- The holomorphically subprojective Kaehlerian manifold of first kind can never be HP-flat.
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