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Abstract: In this paper, Linear Second Order Forward Difference Equation with Variable Coefficients be

solved in special case.
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I. Introduction
Solution of linear second order forward difference equation with variable coefficients of the form

A?y(x)+P(x)Ay(x)+Q(x)y(x)=R(x),
where P(x),Q(x),R(x) are functions of X containing step size h also, such that h=0 and A is forward
difference operator, is given by y(x)=u(x)v(x)
Where u(x) is given by A*u(x)+P(x)Au(x)+Q(x)u(x)=0
and v(x) is given by
Av(x):iAl{z(x+h) R }+ ¢ , C is an arbitrary constant
z(x) u(x+2h)| z(x)
o 1
Where z(x) = e Iog{l"(x)}
_ 2Au(x+h)+P(x)u(x+h)
u(x+2h) '

and 1(x)

Method and Proof. Consider a linear second order forward difference equation with variable coefficients of the
form

A%y(x)+P(x) Ay (x)+Q(x)y(x)=R(x) (1)
where P(x),Q(x),R(x) are functions of x containing step size h also, such that h=0 and A is forward
difference operator.

{
= A{u(x+h)Av(x)}+A{Au(x)-v(x)}
(x+2h)A’v(x)+Av(x)Au(x+h)+Au(x+h)Av(x)+V(x)A%u(x)
(x+2h) A?v(x)+2Au(x+h)Av(Xx)+Vv(x)A%u(x)
Putting the values of y(x),Ay(x),A?y(x) in (1), then
u(x+2h)A%v(x)+2Au(x+h)Av(x)+V(x)A%u(x)
+P(x){u(x+h)Av(x)+v(x)Au(x)}+Q(x)u(x)v(x): R(x)
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u(x+2h)A%v(x)+{2Au(x+h)+P(x)u(x+h)} Av(x)
+{A2u(x)+ P(x)Au(x)+Q(x)u(x)}v(x): R(x)

Take A’u(x)+P(x)Au(x)+Q(x)u(x)=0 -+(2)
Then u(x+2h)A%v(x)+{2Au(x+h)+P(x)u(x+h)}Av(x) = R(x)

A2V(X)+{2AU(X+ h)+ P(x)u(x+h)}AV(x): R(x)

u(x+2h) u(x+2h)
AV (X)+1(X)Av(x) = u(i(:‘z)h) ~(3)
Where 1 (x) = 2Au(x+22:f2(;<))u(x+h)
Take I(x)= Z?)Z((err)]) +(4)
Then,
Az(X) R(x)

From (3) A%v(x)+

z(x+h)A%v(x)+Av(x)Az(x) = Z(X+h)u(zix2)h)

A{z(x)Av(x)} =z(x+h) R(X)

u(x+2h)

AV(X)ZﬁAl{Z(XJrh)u(EELXZ)h)}Jrz(Cx) -+(5)

Where c is an arbitrary constant and z(x) is an integrating factor of (3)

From (4) 1(x)= z?j(&xz)

log z(x+h)—logz(x) = '09{1_ Il(x)}

Alog Z(X):Iog{l— Il(X)}

logz(x)=A"log {rl(x)} +k, where k is an arbitrary constant

Taking k =0, because integrating factor has no arbitrary constant
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Then,

z(x)= eAi1 Iog{ﬁ(x)}

Where 1(x) = 2Au(x+h)+P(x)u(x+h)
u(x+2h )
Example 1. Prove that u(x) = ) is a solution of equation

A%u(x)+P(x)Au(x)+Q(x)u(x)=0,
if n(n—=1)h?+nh(x—(n—2)h)P(x)+(x—(n—2)h)(x—(n-1)h)Q(x)=0
where ne N, N is the set of all natural numbers.

Proof.

A*u(x)+P(x)Au(x)+Q(x)u(x)=0 --(1)
Putting u(x)=x", Au(x)=nhx"", A%u(x)=n(n-1)h*x"? in (1)
Then,
n(n—1)h*x"? +nhx™ P (x)+x"Q(x) =0
n(n-1)h*+nh (n 1)) P(x)+ X)((:n)z) Q(x)=0
We know that
x" =x(x—=h)(x=2h)---(x=(n=3)h)(x—(n-2)h)(x—(n-1)h)
XY = x(x—h)(x—2h)---(x=(n-3)h)(x—(n-2)h)
)

x"? =x(x—h)(x—2h)--+(x—(n-3)h)
Then,
n(n—1)h*+nh(x—(n-2)h)P(x)+(x—(n-2)h)(x—(n-1)h)Q(x)=0.
) 2h 2h? -h
Example 2. Solve A’y(x )——Ay( )+ x(x—h)y(x):m'
2h? -h

Solution. A%y (x )—Z—hAy( X)+

h) y(x)= (x+2h)(x+3h)

X(x
Equate with A’y (x)+P(x)Ay(x)+Q(x)y(x)=R(x), we get
R(x

—2h 2h?

P(X):T’Q(X)_ ( )
We know that u(x)=x"" is a solution of equation
A?u(x)+P(x)Au(x)+Q(x)u(x)=0,

if n(n—=1)h?+nh(x—(n=2)h)P(x)+(x—(n-2)h)(x—(n-1)h)Q(x)=0

where ne N, N is the set of all natural numbers

)= (x+2h)(x+3h)

For n=2
2h? +2hxP (x)+x(x—h)Q(x)
2
2h? +2hx(—2—h)+x(x—h) 2h
X x(x—h)

=2h? —4h? +2h?

=0

Hence u(x)=x?

2Au(x+h)+P(x)u(x+h)
u(x+2h)

Now I(x)=
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4h(x+h)—2—:(x+ h)x
(x+2h)(x+h)

4h(x+h)—2h(x+h)
(x+h)(x+2h)

_2h
X+2h

z(x)= eAi1 IOQ{%(X)}

a 1
A Iogll_ 7h ]
=e x+2h

! Iog(x+2h)
=e X

A {log(x+2h)—log(x-+h)+log(x-+h)—log x}

=€

. eA’l {Alog(x+h)+Alog x}
_ eA’lAIog x(x+h)

=x(x+h)

Av(X) :%Al{z(x+h) R(Xz)h)}+ zglx)

X) u(x+
1

= L (x+h)(x+ ml L G
B x(x+h)A {( h)( 2h)(x+2h)(x+3h)(x+2h)(x+h)} x(x+h)
1

“x(x+h A_l{_h(x+h)(_2)}+ X()fl-i- h)

~—

I S CEL) PR
_x(x+h) (-1)h (-h) x(x+h)
1

- X(x+h (x+2h)+x(xirh)
AV(x) = (x=h)" ¢, (x=h)"?
(x=h)?  (x-h)"?

V)= e

+C,

:_#fh)—%(x—hﬁczx(x—h)

y(x)=-¢ (XThJJFCZX(X_h)_ﬁEh)'

, 4h 6h’ —hx
Example 3. Solve A y(X)—mAY(X)‘me(X):m'
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. ) 4h 6h* —hx
Solution. A y(x)_mAy(X)+(x—h)(x—2h)y(X):(x+2h)(x+3h)
Equate with A*y(x)+P(x)Ay(x)+Q(x)y(x)=R(x), we get

4h 6h? —hx

R O T R D (e
We know that u(x)=x" is a solution of equation
A?u(x)+P(x)Au(x)+Q(x)u(x)=0,
if n(n—=1)h?+nh(x—(n-2)h)P(x)+(x—(n=2)h)(x—(n-1)h)Q(x)=0
where ne N, N is the set of all natural numbers
For n=3
6h? +3h(x—h)P(x)+(x—h)(x—2h)Q(x)
, 4h 6h?
6h +3h(x—h)(——h)+(x—h)(x—2h)m

=6h* —12h* +6h’

=12h? —12h?
=0
Hence u(x)=x®
Now I(X):ZAu(x+h)+ P(x)u(x+h)
u(x+2h)
6h(x+h)x— 4h (x+h)x(x=h)
_ (x=h)
B (x+2h)(x+h)x
_ 6hx(x+h)—4hx(x+h)
B X(x+h)(x+2h)
_ 6h—4h
~ Xx+2h
_ 2h
~ x+2h

7 (x) — eAil Iog{l—ll(X)}

|

1 1
A Iogl:If 2h }
—e x+2h

Al Iog(x+2hj
=e X

A{log(x+2h)—log(x-+h)+log(x+h)—log x}

=€
. eA’l{Alog(x+h)+Alogx}
_ eA'lAlogx(x+h)

=x(x+h)

Av(x)=fﬂ{2<x+“) (X)h)}+z?x)

X)
1

= L(x+h)(x+ —hx P
_x(x+h)A {( h)( 2h)(x+2h)(x+3h)(x+2h)(x+h)x} x(x+h)
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- x(x1+ h) A_l{_h(x+h)(_2)}+ x(xq+ h)
1 (x+h)(_1)
B x(x+h) (-1)h (=h)+ x(xC1+h)
1 C,
(x+h)(x+2h) x(x+h)

Av(x) = (x=h) ¢, (x=h)"?

x—h)™? x—h)™
v(x)=( _23] +cl( —h) +C,

I
=
—
=
|
=3
N—
—
=
|
N
>
SN—"
|
N
:l"
=
—_
>
gl
>
SN
|
= |0
x|
+
o
N
\_V_/

y() = & (x-h) (x-2h) X (x ) (x- 2h)——w.

2h  (x+h)
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