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Abstract: Let G(V,E) be connected graph without any self loop. A lower bound and upper bound on the
dominant eigenvalue will put upper bound and lower bound on ratio of entries of dominant eigenvector of
connected graph G. In this paper we provide a proof for the upper bound and lower bound of ratio of
component of dominant eigenvector of connected graph G.
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I. INTRODUCTION

The distinctive and noteworthy strength of graph is its ability to deal with the (0,1) problems occurs in many
problem. In applied jobs, decision makers give immanent judgements on the relative importance ratios; hence it
seems to be plain to explore how the dominant eigenvalue and its associate eigenvector vary. F. Juhasz[3]
analysed the behaviour of the theta-function on random graphs and introduced eigenvalues in clustering. Wilf
and Hoffman gave the eigenvalue bounds on the chromatic number at the end of sixties. An upper bound on the
maximal entry in the principal eigenvector of a symmetric non negative matrix with zero diagonal entries is
investigated by S. Zhong and Y. Hong [12]. A sharp upper bound on the maximal entry in the principal
eigenvector of symmetric non negative matrix in terms of order, the spectral radius is studied by Kinker Ch.
Das[10]. The rest of paper is organised as follows first we gave some basic terminology followed by some
previous reviews, main result and references.

Il. PRELIMINARIES

We shall use the standard terminology of graph theory as it is introduced in most of the text books on the theory
of graph. We shall Let G(V,E) be a connected graph with vertex set V of cardinality n and edge set E. Two
vertices are said to be adjacent (or neighbours) if they are connected by an edge; the corresponding relation
between vertices is called adjacency relation. The number of adjacent vertices of a vertex v;, denoted by d; is its
degree. We denote the maximum and minimum degree of vertex by A and §. The adjacency matrix A represents
the adjacency relation between vertices. The entries a; of the adjacency matrix is 1 if vertices v; and v; are
adjacent, and O otherwise. The characteristic polynomial det(A- Al) is of adjacency matrix A is called the
characteristic polynomial of G, so the eigenvalues and eigenvectors of A are the eigenvalues and eigenvectors
of G and usually denoted by 14, 4,,...,4,. Since A is symmetric so the eigenvalues are real. We shall assume that
M< A,<..<l,. The dominant eigenvalue of G is the largest eigenvalue A, of adjacency matrix A and we denote it
by Amax- The largest eigenvalue of A is called the spectral radius and denoted by y.

If / is an eigenvalue of G then non zero vector XeR" satisfying the relation 4AX=AX is called an eigenvector of G
and the relation AX=AX can be represented as X= (X1,Xx....,X,)", then for any vertex v we have AX,=Y, -, Xu,
where the summation is over all neighbours u of v. The eigenvector of length 1 corresponding to A iS said to
be dominant eigenvector and we denote it by X.

A. Section 2
Stevanovic[1] prove the following result for upper bound of spectral radius of non-regular and connected graph.

1
2n(nA-1)A2 °
Zhang[14] improves the result of upper bound for the spectral radius of non regular graph provided by
Stevanovic[1] then Papendieck and Recht proved that Xmam<1/+/2 .

Theorem 2.1: Let G be connected and non regular graph of order n then y< A -

Preposition 2.1: If G is a connected graph of order n then Xpin< (A-Apa)(NA — Y7, d;)'n*?
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Proof: By using the equality 2,4, X.7-1 X; = Y= d;X;

we have

(A - )lmax)z X Z 1(A d; )X' >Xmm2 1(A d; ) Xmln(nA Z dj) (1)
applying the inequality ¥7_; X; < Xpn+ \/(n —1)(1 - X2,,) toeq. (1) we have

(A - Amax) KXinint \/(Tl - 1)(1 - mm) >AXmm(nA Z] 1 d; )

on solving we get, Xpin< (A-A ma)(NA — X7, d;)*n*? as deswed. O

Preposition 2.2: If G is connected nonregular graph of order n and D is the diameter of G then
(a-9)

Proof: Let X=(Xy,X,, ..., Xy) be the normalized eigenvector corresponding to An.« then

A—y=AT] XPXTAX ST djXF-28, oy XiXy > o (X = X0)?

Let there exist a path P=(Va=vp,,, U, ..., Vm,=Vp) Of length | then by using Cauchy Schwarz inequality, we
Ky =Xm)? _ (Xa=Xp)?

have A —y>3%, ., (X; — X;)*> Xj=1 1 =7

Now we know that 2 > \/g
Xp )

5 _ VE-VS

S0, Xa-Xp=Xa-Xa

a

Moreover, since X3,X,, ..., X, are normalized eigenvector so Z] 1 J =1 will implies X >[

(A-9)
pnA-2 "

Xa— Xb)

Hence, A —y S (A+5-208)

Aln

which yields y<A +

B. Section 3
One of the main goals in connected graph is to deduce the principal properties and structure of a connected
graph from its graph spectrum. Also in connected graph the multiplicity of eigenvalue 0 is 1, since any harmonic
eigen function with eigenvalue 0 assumes the same value at each vertex.
If X; and X; are the components of X, Define

max X;
“C=1<i<nis<js<nx,
It is well known that if G is regular and connected graph then a(G)=1. Schneider has been proved that if G is
connected graph then a(G)</n1

Theorem 3.1: If G is connected graph of order n with dominant eigenvalue A,,>2 and dominant eigenvector X.
( 2042 1)

Let | be the length of shortest path between the vertex on which X is minimum and maximum then =

(2 nax-4) % is an upper bound of a(G), where a= —(Amax+,/ (A2, — 4)

And also a(G)= & _1) (Wnax-8) ™% if and only if there exist an induced path P={Vin,V1,V, ..., i-2,Vmax} OF

length | such that d(vm.n) and d(Vimay) is 1 or 3 or more and d(vy)=d(vy)=...=d(v|,) = 2
Before proving this theorem let us remark some useful observations.

Theorem (Perron-Frobenius) 3.2: If an n X n matrix has nonnegative entries then it has a nonnegative real
eigenvalue A, which has maximum absolute value among all eigenvalues. This eigenvalue A has a nonnegative
real eigenvector. If, in addition the matrix has no block triangular decomposition ( i.e., it does not contain ak x
(n-k) block of 0-s disjoint from the diagonal), then A has multiplicity 1.

The Perron Frobenius Theorem immediately implies if G is connected then . has multiplicity 1. If y is the
spectral radius and AX,=Y.,.,, Xy, then the following result is obvious
)’:f <”y yy , Where j<i<r<n (2)
J
Proof of theorem 3.1: Let X be the dominant eigenvector of connected graph G. If G is regular and connected
graph then 1=0 will implies upper bound equals 1.
If G is irregular and connected graph then let Xy, and X« be the smallest and largest entries of X and also let
P\.1 be the length of path connecting vertices vl and Vis1. Since A2 then by eq. (2) it follows that

XI+1_—_1) (/lmax '4) 1/2)(1, |mp||es XI+1/X1< _1) (’Imax2 4) v
e 3)

implies a(G)<
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If 1>0 and equality holds. Suppose Py be the path on first k vertices v;,v,, ..., v 0n a subgraph of G then by eq. (2)
vertex v, has degree 1 and vertices v,,vs, ...,Vi1 all have degree 2. Vertex v, cannot has degree 1 otherwise,
Xie1=AmaxXi>Xy, @ contradiction. Suppose v has one more adjacent vertex in form of X.1.

Then Amax Xk=Xir1+Xc<2Xy will implies A,4<2, a contraction. Thus d(X,)=3.

Conversely, if such a path exists and the endpoints index utmost entries then inequality (3) converts into
equality and we have desired result. i

Similarly, we can immediately prove the lower bound of a(G).

Theorem (Xiong-Dong Zhang) 3.3: Let G be a simple connected and non-regular graph of order n with degree
sequences (d,d,,...,ds). Denote by d the average degree of G. If X=(X1,X,,....X,)" is a dominant eigenvector of
G then

max - x; _ (A-d)(y-9)
“C)=1<ij<nx = apra-o’
with equality if and only if there exists a partition of vertex set V=V;UV, and 0<k<4 and 0<I<4 such that each
vertex in v, is adjacent to vy and 4-k vertices in v, and v, respectively, and each vertex in v, is adjacent to | and
8-l vertices in v, and v, respectively.

Theorem 3.4: If G is connected graph without any self loop and A be its non negative adjacency matrix and Let
Amk(dg—¥)
Y }and { Y } are the lower bounds

—d
Y 5 —kaeN\{vn}iank (]): 2

A+ka€M\{vm}

M={Vn: dn>y} and N={v,: d,<y} then {

of a(G).
where v, eM such that d(v,)=4 and v,eN such that d(v,)=0 and a is the entry of A with respect to v, and vy,
Proof:- By simple calculations we can prove the above result. For each k, we have

. . . - - X d
YXE Yiek Qi Xx> dXmin>0, since A is non-negative will implies X—"z -

Now yxj:kaeN\{vn} aijk + vaEN aijm
Since d;j=A will imply

d . .
YXi= Xunin Lwgen\fvn} Hik 7k +(A = Xo,en Gm) Xmin » iMplies

min VYV

(dr=v+Y)
ijZ Xin kaeN\{vn} Ak = +(A - vaeN ajm)Xminl leads to
(dg—v+Y) . .
ysz Xin (kaeN\{vn} Qjk Sy +A - vaeN ajm)! |mpI|es
. A+Y, Amic( =)
a(G) = Lo vy @

Xmin Y
Now
0<yXi= Xizk WeiXi < diXinax
will implies mex> Y 50
X —dg
NOW ¥ Xi=2 0, eM\(vm} Fik Xk + Zvyem AinXn
Since dj=6 will imply

d . .
VXJ'SXmax kaeM\{vm} Qi 7k +(6 - vaeM aim)Xmax ! |mp|IES

(dr=y+v) Lo
]’XjS Xmax kaeM\{vm} Aix e +(6 - vaeM Aim)Xmax implies
Xi )4
a(G) = ——={ -t O
Xmax 5_kaEN\{vn}ank(:: dg)

In real world problem the appearance of smallest eigenvalue is not crucial and what we need to work on largest
eigenvalue. An another consequence of largest Eigenvalue is that it has application to web search algorithms
that are based on adjacency matrices of hyperlinks between web pages. It is of interest to see what further
possible upper bound and lower bound for «(G).
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