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Abstract: This paper focuses on the computational study of the non-dimensional form of the two lane traffic
flow model with two sided boundary conditions based on a linear density-velocity relationship. By using
some dimensionless parameters we transform the two lane traffic flow model in the dimensionless form. In
order to compute the numerical solution of the model as an initial boundary value problem (IBVP) with two
sided boundary conditions, we describe the discretization of the model by using finite difference method
which leads to the Lax-Friedrichs scheme. A numerical simulation of 2.5km highway of two lanes is
performed for 1.5 minutes using the numerical scheme based on artificially generated initial and boundary
data.
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. Introduction

Congestion of vehicular traffic within urban areas is a problem experienced worldwide. It has adverse effects on
people quality of life due to delays, accidents and environmental pollution. One way of eliminating the problem
is to increase the capacity of existing roadways by addition of lanes. However, this is greatly hampered by lack
of space, resources or due to environmental issues and sometimes politics. This leaves the relevant authorities
with one major option, that of enhancing the utilization of existing infrastructure by employing better traffic
management and operations strategies. For effective traffic management and control, proper understanding of
traffic congestion is needed. To achieve the latter, spatiotemporal behavior of empirical traffic congested
patterns should be studied closely. This is because traffic congestion is observed to take place in space and time
in form of spatiotemporal congested traffic patterns that propagate within roadways.

Traffic flow is the study of movement of individual drivers and vehicles between two points and the interactions
they make with one another. With the rise of the automobile as one of the most important means of transport in
the modern world, traffic problems have become one of the main societal and economical issues in almost all
industrialized countries. Consequently, traffic issues often play an important role in both policy and research. In
the 1950s scientists from many disciplines started to model the movement of traffic with the aim to improve the
traffic operations. One of the pioneering contributions to traffic flow theory was the model of Lighthill and
Whitham (1955). They proposed a macroscopic traffic mode akin to the dynamics of particles in a fluid. To
date, many efforts have been undertaken to improve the original model of Lighthill and Whitham, modeling
traffic flow as a continuum. The continuum traffic flow model pertaining to the modeling of discontinuities of
traffic flow at bottlenecks on multi-lane freeway and in urban networks developed in [1]. The dimensionless
form of the macroscopic single lane traffic flow model is presented in [2]. The numerical experiments of the
scaled traffic flow model are also shown here. Some theoretical results are also established in [2].

The fluid dynamic traffic flow model as an IBVP with two sided boundary condition and a new version of the
Lax-Friedrichs scheme for the fluid dynamic traffic flow model is also presented in [3].The traffic flow in
multilane is studied in [4]. Multilane traffic flow model is presented and some numerical experiments for
multilane traffic flow model are also performed in [4].The authors present the macroscopic traffic flow model
appended with nonlinear density velocity function. They perform numerical experiments in order to verify some
qualitative traffic flow behavior for traffic flow parameters, In [5], [6],the finite difference scheme for fluid
dynamic single lane traffic flow model is studied. They also verify some well-known traffic flow behaviors
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using such numerical scheme. A new version of the Lax-Friedrichs scheme for the fluid dynamic traffic flow
model is also presented in [7].

In this article, we choose a macroscopic two lane traffic flow model by approximating a linear density-velocity
relationship. By using some dimensionless parameters from the two lane traffic flow model we get an IBVP
from a particular two lane traffic flow model. By using Lax-Friedrich scheme for our considered model we find
the numerical simulation of 2.5 km highway of two lanes for 1.5 minutes by using the numerical scheme based
on artificially generated by two sided boundary data. We build up a code in MatLab programming language of
scientific computing for the Lax-Friedrichs scheme. We present the density profile as well as computed velocity
and flux profiles of our considered model which is scaled (non-dimensional) model without transformation
back. We present the numerical solution of the scaled two lane traffic flow model for linear velocity-density
relationships by using the Lax-Friedrichs scheme.

Il. Macroscopic Multilane Traffic Flow Model

Macroscopic (continuum) traffic flow models vehicle transition rate from lane j to lane k, with |j — k| = 1 deal
with traffic flow in terms of aggregate variables as a function of location and time. They describe the dynamics
of traffic densityp(x, t), mean speed V (x, t) and/or flow rate q(x, t). The first equation of a macroscopic model
is the so-called conservation equation, which describes that the number of vehicles flowing into a cell [x, x +
dx] during time interval [t, t + dt] is equal to the number of vehicles remaining in that cell and the number of
vehicles flowing out from that cell. The conservation equation is formulated as follows:

dp 0dq

Lt 1
ot a0 1)

We assume a highway with N lanes. They are numbered by ¢ = 1,---, N. The maximal velocity is denoted by
w; i.e., the velocities range between 0 and w. The single car distribution function denoted by £, (x, v) describes

the number of cars at x with velocity v on lane a. The kinetic multilane traffic flow model is given by
atfa-l_vaxfa ZCJ(flv'“va) (2)

In our research, we focus on the multilane traffic model (2). Using the definition of Kronecker symbol the
multilane model (2) can be written in generalized form as follows from [7]:

%P1 90 _p2_P1

at  ox T} T?
% %_ij_ Pj +Pj+1_ Pj
oo L T T, T
Opy 9y _Pn-a P

at  ox TN, TN!

(3)

Here, the subscripts 1,j = 2,...,N — 1 and N refer to the lane numbers. The quantities p; and q; = p;v; are the
vehicle density and the vehicle flux in the j-th lane respectively whereas v; is the vehicle velocity at the j-th lane
forj=1,..,N; at last T]-" = Tjk(pj,pk) is the transition rate from j-th lane to k-th lane. In particular, we choose

macroscopic multilane traffic flow model (3) for two lanes that is for j = 1,2 (N = 2). In that case the
multilane traffic model (3) takes the following simplified form:

01 00 _p2_ 1)
at  ox T} T?
x 2 1 (4)
L
at  oax TE T

I11. Density-Velocity Relationship

The macroscopic multilane traffic flow model for two lanes (4) is approximated by the Greenschield linear
density-velocity relationship as follows:

p
V(p) = Vinax (1 - )
. A A . A pmax i A .
Where, 1}, is the maximum velocity and p,,,, IS the maximum density which is based on bumper to bumper

traffic. By using the Density-Velocity relationship we get from the equations (4) ,which takes the following
form.
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1V. Non-Dimensional Form of the Two Lane Traffic Flow Model

©)

The dimensionless form of the two lane traffic flow model presented below. Now equations in (5) can be

simplified by bringing it in a dimensionless form. Let L and 7 be a typical length and time respectively, such that
% = Vax - Introducing the following dimensionless parameters to make the two lane traffic flow model non-
dimensional.

x t 2p1 2p;
L T max ’ U =1- p,Max

By using these dimensionless parameters, from (5) we get
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Similarly we write,
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Hence we can write equations in (5) as (with(x, t) instead of (x,,t;)) the equations become,

ou;, 0 [u,? T T

— () == -1 - =W, -1
at, 6x5< N R A A )
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— ()= -D-=w,—1
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For x, € R, t, > 0, Finally, the equations can be written as an initial boundary value problem (IBVP) which is
presented below.

ou;, 0 [uy? T T
() e - D) -y — 1
at, © 6x5< 2 ) =D = =1
ou, 0 [uy? T T
S e ) R Y A S | 6
at, + 6x5< > T2 (wy — 1) T (U — 1) (6)

uy (x, 0) =1, °(x); u(x,0) = w,° (%)
w(a,t) = w4 (1t); uy(a, t) = u*(t)
It is observed that the equations in the above IBVP (6) are analogous to the Forced Burgers’ Equation.
V. Lax-Friedrichs Scheme for the Two Lane Model

For Lax-Friedrichs scheme, we have to make the model as an IBVP with two sided boundary conditions which
takes the following form

ou; 9 [u,? T T
()= — 1) == (u; — 1
ot +axs< 7 )=~ D -qp@u =D
ou, 0 [uy? 1 T

— (2 )= - ——=(@y—1
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u(x,0) = ulo(x); u,(x,0) = uzo(x) (M
uy(a,t) = u(t); uy(b,t) = u, ()
uy(a,t) = u*(8); uy(b,t) = u,”(t)
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a

In order to develop the numerical scheme, we discretize the temporal derivatives % and % by the forward
N S

2 2
difference in time and the spatial derivatives i(’l) and i(ui) by the central differences in space as
Oxg \ 2 Oxg \ 2
presented below.

ou, ul?ﬂ — Uy} 9 (u? N (ulin+1)2 - (ul? 1)2]
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We assume the uniform grid spacing with step size k & h for time and space respectively t"*1 = t™ +

k & x;41 =x;+h. We write (uy)} for u,(t,x) and (u,)} for u,(¢t, x)in equations of (7). We also write
(uy)? for uy(t,x) and (u,)? for u,(t, x) in the equations of (7).

+1 1 2 TAt TAt
=2l ] = g () = ()] S (e, el ) — o (b ) +
T
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Similarly,
nt1 _ 11 n n n )2 TAt n n TAt
Uy =3 [u2i+1 + u2i—1] 2Ax [( 21+1) (uZi—1) ] + 2_T21 (u1i+1 + uli—1) - E (u21+1+u21 1) +
T T
(71— ) At (11)

The above difference equations (10) and (11) are the Lax-Friedrichs scheme for the IBVP (7).
VI. Numerical Simulation

In this section, we investigate numerically the ability of the non-dimensional traffic flow model which we
described in the previous sections. To this end, we simulate two lane traffic flow. The simulation involves
obtaining a numerical solution of the model (6). We use Lax-Friedrichs scheme that is described above to
compute numerical solution of the model (6) as an IBVP. In order to implement the numerical scheme, we
develop an algorithm and build up a code in MatLab language of scientific computing. Finally, we visualize the
outcome of the two lanes traffic flow simulation with respect to a variety of traffic flow parameters.

Here we choose the maximum velocity, V,™* = 1,™* = 100 km/hour. We also consider the maximum
density, p,™%* = p,™3* = 175/km, Transition rates, T} = 20% , TZ = 10% and perform numerical simulation
for 90 seconds in 6t = 1500 time steps for a highway of two lanes of 2.5 km. We present the computed density
profile using Lax-Friedrichs scheme in the Fig. 1. The behavior of car density with respect to highway in km for
1.5 minutes is observed in the following figure.
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Figure 1 Computed Density Profile
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Here we observed that as time goes on the traffic wave is moving forward with reducing wave height. By using
the Lax-Friedrichs scheme we get the density for both the lane of traffic flow model. From our considered
density-velocity relationship we can also compute the velocity. The computed velocity is presented with respect

to the highway in the following Fig. 2.
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Figure 2 Computed Velocity Profile

At this stage, we are known about the density and velocity of two lanes traffic flow for a certain highway. So
now we are capable to determine the flux of multilane traffic with the support of the relation, g = pV. We
compute the flux which is presented with respect to the distance in the Fig. 3 for three different time steps as

follows for both the lanes.
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Figure 3 Computed Flux Profile
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We compute the linear density velocity relation by using the macroscopic multilane traffic flow model for two
lanes is approximated by the Greenschield density-velocity relationship V(p) = Vy0x (1 - ) which

Pmax

depicted as in the Fig. 4. From the figure 4 it is also seen that the density and velocity relationship is linear
which agrees accurately with our assumptions.
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Figure 4 Density-Velocity Relationship Figure 5 3D Visualization of Density

In the Fig. 5, the solution surface of the sclaed two lane traffic flow model is depicted with respect to the
distance and time using the Lax-Friedrichs scheme. The following figure is also a 3D visualization of the
density of the considered model.

VI.  Concluding Remarks

We have considered a macroscopic two lane traffic flow model by approximating a linear density-velocity
relationship. Two lane traffic flow model has been made non-dimensional by introducing some dimensionless
parameters. In order to get discrete version of the model, the traffic flow model has been discretized by using
finite difference formulae which leads to the Lax-Friedrichs scheme. The numerical simulation of 2.5 km
highway of two lanes has been performed for 1.5 minutes using the numerical scheme based on artificially
generated initial and boundary data with respect to the dimensionless parameters. Since the non-dimensional
model is simpler than the dimensional model, therefore we have observed much more computational efficiency
for the non-dimensional model and that has been reduced the computational complexity as well.
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