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I. Introduction
In 2011, Azam et al. [1] introduced the notion of complex valued metric space, which is a generalized of the
classical metric space and established some fixed point result for mappings satisfying a rational inequality. In
what follows, we recall some notations and definitions that will be utilized in our subsequent discussion. Let C
be the set of complex numbers and z,,z, € C : Define a partial order < on C as follows: z; < z, if and only if
Re (z1) < Re(zp) ; Im(z;) < Im(z,) Consequently, one can infer that z; < z, if one of the following
conditions is satisfied: (i) Re (z;) = Re(z,), Im(z;) < Im(z,) (ii) Re (z,) < Re(z;), Im(z;) = Im(z,) (iii)
Re (z1) < Re(z,), Im(z;) < Im(z,) (iv) Re (z,) = Re(z,), Im(z;) = Im(z,) In particular, we write z; < z, if
7, # z,and one of (i), (ii), and (iii) is satis_ed and we write z; < z, if only (iii) is satisfied. Notice that 0 <
721 5 2, 2 |74 <|z4| and z; S z,,2, < 73 = z; < z3. Recently, Azam et al. [1] introduced the notion of
complex valued metric spaces and established some fixed point results for a pair of mappings for contraction
condition satisfying a rational expression. Though complex valued metric spaces form a special class of cone
metric space, yet this idea is intended to define rational expressions which are not meaningful in cone metric
spaces and thus many results of analysis cannot be generalized to cone metric spaces.

I1. PRELIMINARIES

Definition 2.1. [4] Let X be a nonempty set whereas C be the set of complex numbers. Suppose that the
mapping d : X X X — C satisfies following conditions:
(1)0=sd(x,y) forall x,y e Xand d(x,y) = Oifandonlyifx = y;
(2) d(x,y) = d(y,x) forall x,y € X;
(3)d(x,y) S d(x,z) +d(z,y) forall x,y, z € X.
Then d is called a complex valued metric on X, and (X, d) is called a complex valued metric space.
Definition 2.2. [8] Let (X, d) be a complex valued metric space and {x,} be a sequence in X.
(1) If for every ¢ € C with 0 < c, there exists N € N such that d (x,, X) < ¢ for all n > N then {x,} is said to be
convergentto x € X, and we denote this by x, — xasn— o orlim,_., X, = x
(2) If for every ¢ € C with 0 < c, there exists N € N such that d(x,, Xp4m) < ¢ foralln >N, where m € N,
then {x,} is said to be Cauchy sequence.
(3) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete complex valued metric
space.
Lemma 2.3. [8] Let (X, d) be a complex valued metric space and {x,} be a sequence in X. Then {x,}
converges to x if and only if |d(x,,x)] = Oasn — oo.
Lemma 2.4. [8] Let (X, d) be a complex valued metric space and {x, } be a sequence in X. Then {x,} is a
Cauchy sequence if and only if |d(x,, Xp4m)| @ 0asn — oo, wherem € N.
Definition 2.5. [8] Let f and g be two self-mappings of a metric space (X, d). Then a pair (f, g) is said to be
weakly compatible if they commute at coincidence points.
Definition 2.6: [3] Let A and S be mappings from a complete metric space X into itself. The mappings A and S
are said to be compatible if lim,_. d(ASx,, SAx,) = 0 whenever {x,} is a sequence in X such that
lim,_,, Ax, = lim,_ Sx, = t forsome t € X.

I11. Main Result

Theorem 3.1 : Let (X, d) be a complex valued metric space and A, B, D, M, S and T be six self mappings in X
satisfying the condition:
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1. S(X) € BD(X) and T(X) € AM(X)
2. For each x, y € X, such that x # y, d(Ty, AMx) + d(Sx, BDy) + d(BDy, AMx) # 0, where o, 3,y and n are
non negative real number with a+B+2y+n<1, or d(Sx, Ty) = 0 if d(Ty,AMx) + d(Sx,BDy) +
d(BDy, AMx) = 0, such that

d(AMx, Sx) + d(BDy, Ty)d(AMx, Sx)

1 + d(Sx, Ty)

d(Sx, Ty) S «a ] + B max{d(AMx, BDy), d(AMx, Sx), d(BDy, Sx)} +
d(Ty, BDy)d(Sx, AMx) ]

d(Ty, AMx) + d(Sx, BDy) + d(BDy, AMx)

y {d(BDy, Ty) + d(Ty, AMx) + d(Sx, BDy)} + [

3. The pair (AM, S) and (BD, T) are commulte.
4. The pair (AM, S) and (BD, T) are weakly compatible.
Then A, B, D, M, S and T have a unique common fixed point.
Proof : Let x4, € X . Since S(X) c BD(X) and T(X) € AM(X), define for each n > 0, the sequence {y,} in X by
Yan+1 = SXan = BDXp44 and Y2nd+2A;ITX2nS+1 = AN(IiXIZSnl;z n :91‘: 1,2, dAM S
Xon, SXop) + Xon+1, TX Xon, SX
Then d(Yzn+1, Yant2) = d(SXzn, TXzn41) 3 0‘[ ( 2 $¥an) 1 :d(S;Zrilszj:r)l) ( = Zn)]
+PB max{d(AMx;p, BDXzp41), d(AMXyp, SX2), d(BDXzn 11, SX2n)}
+Y {d(BDX;n41, TXzn41) + d(TXzn41, AMX5,) + d(SX2n, BDXp041)}
+n [ d(TXzn11, BDX2141)d(SXzn, AMX;y)

d(TXzn41, AMX3p) + d(SXz5, BDXzn41) + d(BDxXzp41, AMX5y)
a [d(Yan Yan+1) + d(V2n+1,Y2n+2)d(Y2n, Y2n+1)]
1+ d(Yzn+1,Y2n+2)
+B max{d(yzn, Y2n+1), Ad(¥2n Y2n+1): A(Van+1, Yan+1)}
+ Y {d(V2n+1: Y2n+2) + dV2ns2,Y2n) + A(Yont1, Yans1)}
+n [ d(Yzn+2:Y2n+1)d(Y2n+1,Y2n)
d(Yzn+2,Y2n) + d¥2n+1,Y2n+1) + d(V2n+1,Y2n)

d(Yzn+1,Y2n+2) S @d(Y2n Yone1) + BdY2n Yane1) + ¥ d(V2n Yone1) + NdV2n, Yone1)
d(Yzn+1,Yon+2) S (@+ B+ v +1n)d(yzn Yan+1) (3.1)

Thatis  [d(Y2n+1,Y2n+2)| < (@ + B+ v+ n)|d(y2n Yan+1)| , Similarly
d(AMX;n42, SXon42) + d(BDXpn43, TXon43)d(AMXpn.o, SX2n+2)]
d , = d(Sx , Tx S«
(Y2n+3) Yzn+a) (SX2n+42, TX2n43) [ 1+ d(SXans2) TXomes)

+B max{d(AMX;p 2, BDXzn43), d(AMXpn 42, SXant2), d(BDXzn 43, SXon42)}

+ v {d(BDXzp 43, TXan43) + d(TXzp43, AMXp045) + d(SX2n42, BDXon13)}

+n [ d(TX2n43, BDX2143)d(SX2n42, AMXg042)
d(TXzn+3, AMX3n42) + d(SXzn12, BDXzn43) + d(BDXzn43, AMX3n42)
d(Yzn+2:Y2n+3) T A(Vzn+2, Y2n+3)d(Y2n+3s YZn+4)]
1+ d(Yzn+3: Y2n+a)
+B max{d(yzn+2,Y2n+3)» dV2n+2, Y2n+3) A(V2n+3  Yon+3)}
+ Y {dV2n+3: Y2n+a) + dV2nsar Yone2) + dV2nssr Yones)}
. [ d(Y2n+4Y2n+3)dV2n+3, Y2ns2)
d(V2n+4Y2ns2) + AV2ne3 Y2ne3) + A(V2ne3 Yonsez)

d(Yzn+3: Y2n+a) S @d(Yone2, Yan+3) + BA(Y2n+2: Yones) Y Ad@2n42  Yon+3) ¥ NdV2ni2, Yan+s)

d(Yzn+3:Yon+a) S (@+ B+ v +1)d(Y2n42, Yon+s) (3.2)

Thatis  [d(Y2n+3 Yon+a)| < (@ + B+ v +1)Id2n42, Yons3)l
Therefore form (3.1) and (3.2) (¥4, ¥n41) S (@ + B+ v+ Md¥ns, Vo) F S=a+B+y+n <1 Thenit

can be concluded that  d(y,, Vn+1) = 6d(Yn—1,Vn)

d(¥n, Yn+1) S 8%d(Fno2, Yno1) Do < 8"d(yo, y1)

Now for all m > n, we have d(Ym: Yn) 3 d(Yn: YH+1) + d(Yn+1: YH+2)+- . d(y'm—li Ym)
dm, yn) = 87d(¥o,y1) + 8™ d(o,y1) + - + 8" d(Vo, y1)

)
Therefore we have,  |d(ym, yn)| < =% [d(yo, y1)I

d(¥2n+1,Yon+2) =

d(Y2n+3:Y2n+a) S A

Hence [d(ym, yn)| < % |d(ye,y1)| = 0as m,n — oo. that is lim,_,e |d (Y, ¥n)| = O.

Hence {y,} is a Cauchy sequence. Since X is completed, so {y,} is converges to some point z. thus subsequence
{Sx5n}, {BDX2041} {TXon41} and {AMx,,,,} also converges to z. that is lim,_ .y, =lim,_ e SXp, =
limp, e BDXpppq =1limy_ o TXpp4q =limp e AMX,n4, = z. There exists some u € X such that y, — u as n—oo.
Su=AMu =BDu = Tu =z. Since The pair (AM, S) and (BD, T) are weakly compatible. Then then commute at
their coincidence point. Hence Sz = S(AMu) = AM(Su) = AMz. And BDz = BD(Tu) = T(BDu) = Tz.
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Case (I) : Now, we shall show that Tz = Sz. form (2) putting x =z and y = x,,,, We have
d(AMz, Sz) + d(BDX,p 41, TXon41)d(AMz, Sz)

1+ d(Sz, Txzp41) ]
+B max{d(AMz, BDx,,,4), d(AMz, Sz), d(BDx,, 1, Sz)}

+ v {d(BDXzn41, TXzn41) + d(TXzn41, AM2Z) + d(Sz, BDx5441)}

d(TXzn+1, BDX5441)d(Sz, AMz)
N [d(Tx2n+1,AMz) + d(Sz, BDXzp1,) + d(BDXgps4, AMZ)
d(Sz,5z) + d(y2n+1, Yan+2)d(Sz, Sz)
1+ d(S5z,y2n+2)

+Y {d(Y2n+1,Y2n+2) + d(V2n+2,52) + d(Sz,y2n41)} +1 [
Letting n—o0, we get
d(Sz, Sz) + d(z,z)d(Sz, Sz)
<
dSz2) = oc[ 1+ d(Sz,z)

d(Sz, Txyp41) S

] + B max{d(Sz,yzn+1),d(5z,52), d(y2n+1,S2)}

d(Yzn+2,Y2n+1)d(5z,Sz) ]
d(Yzn+2,52) +d(Sz,y2n+1) + d(Y2n+1,S2)

d(5z,¥2n+2) 0‘[

] + B max{d(Sz,z),d(Sz, Sz),d(z, Sz)}

+y{d(z2) + d(z 52) + d(Sz,2)} + d(z 2)d(5z 52)
yizz e i 1 d(z,Sz) + d(Sz,z) + d(z, Sz)
d(Sz,z) < Bd(Sz z) + 2yd(Sz,z). Then d(Sz,z) = (B + 2y)d(Sz,z) That is, |d(Sz,z)| < (B + 2y)|d(Sz z)|
Which is contradiction 8 + 2y < 1. Therefore Sz = z. since AMz = Sz which implies AMz = z. Now we prove
that Tz = z. from (2), putting x = y = z, we get
d(AMz, Sz) + d(BDz, Tz)d(AMz, Sz)
1+ d(Sz, Tz)

d(Sz,Tz) S «

] + B max{d(AMz, BDz), d(AMz, Sz), d(BDz, Sz)}

d(Tz, BDz)d(Sz, AMz)
d(Tz, AMz) + d(Sz, BDz) + d(BDz, AMz)

+ v {d(BDz, Tz) + d(Tz, AMz) + d(Sz, BDz)} + 0 [

d(z,z) + d(Tz, Tz)d(z, z)
1+ d(z, Tz)

+ B max{d(z, Tz), d(z, z), d(Tz,z)}

+y{d(Tz, T2) + d(Tz,2) + d(z, T2)} + d(Tz T2)d(z 2)
Y Zz bz Zz n d(Tz,z) + d(z, Tz) + d(Tz,z)
d(z, Tz) = Bd(z, Tz) + 2yd(z, Tz). Then d(Tz,z) < (B + 2y)d(Tz,z) Thatis, |d(Tz z)| < (B + 2y)|d(Tz2z)|
Which is contradiction § + 2y < 1. Therefore Tz = z. since BDz = Tz which implies BDz = z. Now we prove
that Mz = z. from (2), putting x = Mz and y = z, we get
d(AM(Mz), S(Mz)) + d(BDz, Tz)d(AM(Mz), S(Mz))
1+ d(S(Mz), Tz)
+B max{d(AM(Mz), BDz), d(AM(Mz), S(Mz)), d(BDz, S(Mz))}
+ v {d(BDz, Tz) + d(Tz, AM(Mz)) + d(S(Mz), BDz)}
d(Tz, BDz)d(S(Mz), AM(Mz))
M d40T2 AM(MZ)) + d(S(Mz), BDZ) + d(BDz, AM(M2))
d(Mz, Mz) + d(z,z)d(Mz, Mz)
1+ d(Mz,z)

d(z, Tz) < a[

d(S(Mz),Tz) = a[

d(Mz,z) = (x[ + B max{d(Mz, z), d(Mz, Mz), d(z, Mz)}

d(z,z)d(Mz, Mz)
+v{d(z,z) + d(z,Mz) + d(Mz,z)} + 1 [d(z, Mz) + d(Mz2) + d(z, Mz)
d(Mz,z) < Bd(Mz,z) + 2yd(Mz,z). That is, [d(Mz,z)| < (B + 2y)|d(Mz,z)| Which is contradiction
B + 2y < 1. Therefore Mz = z. since AMz = z which implies Az = z. Now we prove that Dz = z. from (2),
putting X =z and y = Dz, we get
d(AMz, Sz) + d(BD(Dz), T(Dz))d(AMz, Sz)
1+ d(Sz, T(Dz))
+B max{d(AMz, BD(Dz)), d(AMz, Sz), d(BD(Dz), Sz)}
+v {d(BD(Dz), T(Dz)) + d(T(Dz), AMz) + d(Sz, BD(Dz))}
d(T(Dz), BD(Dz))d(Sz, AMz)
m [d(T(Dz),AMZ) + d(Sz,BD(Dz)) + d(BD(DZ),AMz)]
d(z,z) + d(Dz, Dz)d(z, z)
1+ d(z,Dz)

d(Sz, T(Dz)) = 0([

+ Bmax{d(z, Dz),d(z,z),d(Dz, z)}

d(Dz, Dz)d(z, z)
d(Dz,z) + d(z,Dz) + d(Dz, z)]

d(z,Dz) = oc[

+ v {d(Dz, Dz) + d(Dz,z) + d(z,Dz)} + n
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d(z,Dz) =< Bd(z Dz) + 2yd(z Dz). Then d(z,Dz) = (B + 2y)d(z Dz) That is, |d(z, Dz)| < (B + 2y)|d(z, Dz)|
Which is contradiction g + 2y < 1. Therefore Dz = z. since BDz = z which implies Bz = z. Therefore z is a
common fixed point of A, B, D, M, Sand T.

Uniqueness: Let u be an another common fixed point of A, B, D, M, S and T. Then, we have

d(AMz, Sz) + d(BDu, Tu)d(AMz, Sz)

1 + d(Sz, Tu)

d(Sz,Tu) 2 «a

] + B max{d(AMz, BDu), d(AMz, Sz), d(BDu, Sz)}

d(Tu, BDu)d(Sz, AMz)
d(Tu, AMz) + d(Sz, BDu) + d(BDu, AMz)

+y {d(BDu, Tu) + d(Tu, AMz) + d(Sz, BDu)} + 0 [

d(z,z) + d(u,u)d(zz)
1+ d(z,u)

d(z,u) 2 « [ ] + B max{d(z, u),d(zz),d(u,z)}

4 d d d(u,u)d(z,z)

+y{d(ww +d(u2) +d@z W} +n [d(u, z) + d(z,u) + d(u,z)

d(z,u) = Bd(z, u) + 2yd(z,u). Then d(z,u) = (B + 2y)d(z,u) Thatis, |[d(z, w)| < (B + 2y)|d(z, u)| Which is
contradiction 8 + 2y < 1. Therefore z = u. Hence z is a unique common fixed point of A, B, D, M, Sand T.
Case I1: we consider the case : d(Tx,p41, AMX,,) + d(Sx,p, BDX5n41) + d(BDxyp 41, AMx,,) = 0 (for any n)
implies that d(Sx,, TXan41) = 0. So that y,, = SXon = Vane1 = BDXony1 = TXans1 = AMXyn12 = Vanso. thus
we have y,,41 = SXon = AMX,, = Yo, there exists n; and m, such that n; = Sm; = AMm, = m,. Similarly
Vontz = TXon41 = BDXyn41 = Vongq- there exists n, and m, such that n, = Tm, = BDm, = m,. AS
d(Tm,, AMm,) + d(Sm,, BDm,) + d(BDm,, AMm,) = 0 implies that d(Sm,, Tm,) = 0, so that n; = Sm, =
AMm,; = Tm, = BDm, = n,. Which in turn yields that n, = Sn; = AMm,; = AMn; similarly, one can also
have n, = Tn, = BDn,. As n; = n,, implies n; = Sn; = Tn,; = BDn,, therefore n; = Sn; = An; = Mn,; =
Tn, = Bn, = Dn,. Hence n; = n,, is common fixed point.

Uniqueness : Let v, is an another common fixed point of A, B, D, M, S and T. Then we have v, = Sv; =
Av, = Mv, = Tv; = Bv, = Dv,. Therefore d(Tv,,AMn,) + d(Sn,, BDv;) + d(BDv,,AMn;) =0  so that
d(ny,v4) = 0. Hence d(Sn,, Tv,) = 0 this implies that n; = v,. Hence n, is a unique common fixed point of
A,B,D,M,Sand T.

Corollary: Let (X, d) be a complex valued metric space and D, M, S and T be six self mappings in X
satisfying the condition:

1. S(X) € D(X) and T(X) c M(X)

2. For each x, y € X, such that x # y, d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx) # 0, where a, 3,y and 1 are non
negative real number with a + B+ 2y + 1 < 1, or d(Sx, Ty) = 0 if d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx) = 0,
such that

d(Sx, Ty) = a[

d(Mx, Sx) + d(Dy, Ty)d(Mx, Sx)
1 + d(Sx, Ty)

] + B max{d(Mx, Dy), d(Mx, Sx), d(Dy, Sx)}

d(Ty, Dy)d(Sx, Mx)
d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx)

+y {d(Dy, Ty) + d(Ty, Mx) + d(Sx,Dy)} + 1 [

3. The pair (M, S) and (D, T) are weakly compatible.
Then D, M, Sand T have a uniqgue common fixed point.
Corollary : If (M,S) and (D, T) are four commuting self mappings defined on a complete complex valued
metric space ( X, d ) satisfying the condition:
d(M™x, S™x) + d(D"y, T"y)d(M™x, S™x)
1 + d(S™mx, Ty) ]
+B max{d(M™x, D"y), d(M™x, S™x), d(D™y, S™x)} + y {d(D"y, T"y) + d(T"y, M™x) + d(S™x, D"y)}
d(T"y, D"y)d(S™x, M™x)
a [d(T“y, M™x) + d(S™x, D"y) + d(D"y, M™x)
For each x, y € X, such that x # y, where a, 8,y and 1 are non negative real number with a + B + 2y + 1 < 1,
or d(S™x, T"y) = 0 if d(T"y, M™x) + d(S™x, D"y) + d(D"y,M™x) = 0, Then D, M, S and T have a unique
common fixed point.
Theorem 3.2. Let A, B, D, M, S and T be self mappings of a complete complex valued metric space (X, d)
satisfying conditions
1. S(X) c BD(X) and T(X) c AM(X)
2. For each x, y € X, where «, 3, y and 1 are non negative real number with a +  + 2y + 1 < 1, such that
d(AMx, Sx) + d(BDy, Ty)d(AMx, Sx)
1+ d(Sx, Ty)

d(s™x, T"y) 2 «a

d(Sx, Ty) S «

] + B max{d(AMx, BDy), d(AMx, Sx), d(BDy, Sx)}

d(Ty, BDy)d(Sx, AMx)
d(Ty, AMx) + d(Sx, BDy) + d(BDy, AMx)

+y {d(BDy, Ty) + d(Ty, AMx) + d(Sx, BDy)} + 1 [
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3. (AM, S) are compatible, and AM or S is continuous and (BD, T) are weakly compatible.

4. (BD, T) are compatible, and BD or T is continuous and (AM, S) are weakly compatible.

Then A, B, D, M, S and T have a unique common fixed point.

Proof : By above theorem {y,} is a Cauchy sequence. Since X is completed, so {y,} is converges to some point
z. thus subsequence {Sx,p}, {BDX5pn41}, {TX5n41} and {AMx,, ., } also converges to z. that is

limn_,oo Yn = hmn_“)o SXZD = hmn_)oo BDX2n+1 = hmn_,oo AMX2n+2 = hmn_,oo TX2n+1 =7 (33)
Assume that S is continuous. Since (AM, S) are compatible, we have
limp, 00 AM(SX2p42) = lim,_, o S(AMX5p,5) = Sz (3.4)

Now putting X = Xyp42, ¥V = Xan41 then we have
d(AMXan 42, SXan42) + d(BDXpn41, TXp041)d(AMXgy 40, Sszz)]

1+ d(SXzn+2, TX2n+1)
+B max{d(AMx;p 42, BDXpn11), d(AMX3n.12, SXon42), d(BDXop41, SXan42)}
+ v {d(BDxXzn41, TX2n41) + d(TXzn41, AMXp045) + d(SXzn42, BDXon11)}
. [ d(TXzn+41, BDXzn11)d(SX2n42, AMX3n42)
d(TXzn+1, AMXn42) + d(SXzn42, BDX5n41) + d(BDXgn41, AMX5042)

Letting n—oo0, in the above inequality and using (3.3) and (3.4), we get

d(z,z) + d(z,z)d(z,z
d(SZ,Z)S(x[( ) +d(z,2)d(z,2)

1+d(zz)

+y{d(z,z) + d(z,z) + d(z,z)} +n [ i@ Z)dizijz()ztiz()z 'j) 12
d(Sz,z) < 0 thatis |d(Sz,z)| < 0 hence Sz = z. Now putting X =z and y = x,,4, in (2) we have

d(AMz, Sz) + d(BDXyp41, TX2n41)d(AMzZ, Sz)
1+ d(Sz, TX2p41) ]
+B max{d(AMz, BDxX,, 1), d(AMz, Sz), d(BDX,p 1, SZ)}
+y {d(BDXzn41, TXzn41) + d(TXpn1q, AM2Z) + d(Sz, BDX5541)}
d(TX2n41, BDX5441)d(Sz, AMz)
i [d(Tx2n+1,AMz) +d(Sz, BDXype,) + d(BDx2n+1,AMz)]

d(AM(SXzn42), TXon41) = O‘[

+ Bmax{d(z z),d(zz),d(z,z)}

d(Sz, Txyn41) = 0([

Letting n—o0, we have
d(AMz, z) + d(z,z)d(AMz, z)

1+d(zz)

d(z,z) S « + B max{d(AMz,z), d(AMz, z), d(z,z)}
d(z,z)d(z, AMz) ]

d(z, AMz) + d(z,z) + d(z, AMz)

+v{d(z,z) + d(z, AMz) + d(z,z)} + 1 [

d(z,z) S ad(AMz,z) + Bd(AMz,z) + yd(AMz, z)

d(z,z) 2 (a + B +v)d(AMz,z) That is, 0 < (a + B + y)|d(AMz,z)|. Then |d(AMz,z)| = 0.hence AMz = z.
Since S(X) c BD(X), there exists a point w € X such that Sz = BDw. Suppose that BDw # Tw. Now to prove
BDw = Tw and given that Sz = z = BDw. From (2) putting x = z and y = w, we obtain

d(AMz, Sz) + d(BDw, Tw)d(AMz, Sz)

d(Sz, Tw) <
(82 Tw) = a 1+ d(Sz, Tw)

+ B max{d(AMz, BDw), d(AMz, Sz), d(BDw, Sw)}

+y {d(BDw, Tw) + d(Tw, AMz) + d(Sz, BDw)} + 0 [

d(z,z) + d(z, Tz)d(z, z)
1+ d(z, Tz)

d(Tw, BDw)d(Sz, AMz)
d(Tw, AMz) + d(Sz, BDw) + d(BDw, AMz)

d(z, Tw) = a[ ] + Bmax{d(z,z),d(zz),d(z,z)}

+y (d@ Tw) + d(Tw, 2) + d(z,2)} + d(Tw, 2)d(z 2)

Yl W w2 “z n d(Tw,z) + d(z,z) + d(z,2)
d(z,Tw) < 2y d(z, Tw) Thatis, |d(z Tw)| < 2y |d(z, Tw)|
Which is contradiction to 2y < 1. Therefore Tw = z. hence BDw = z = Tw. Thus BDw = Tw. Since BD and T
are weakly compatible then BDz = BD(Tw) = T(BDw) = Tz. Thus z is a coincidence point of BD and T. now to
porve Tz =z, from (2) putting x =z and y = z.
d(AMz, Sz) + d(BDz, Tz)d(AMz, Sz)

1+ d(Sz, Tz)

d(Sz,Tz) 2 «a

] + B max{d(AMz, BDz), d(AMz, Sz), d(BDz, Sz)}

d(Tz, BDz)d(Sz, AMz)
d(Tz, AMz) + d(Sz, BDz) + d(BDz, AMz)

+ vy {d(BDz, Tz) + d(Tz, AMz) + d(Sz,BDz)} + n [
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d(z,z) + d(Tz, Tz)d(z, z)
1+ d(z, Tz)

d(z,Tz) S a [ + B max{d(z, Tz), d(z,z), d(Tzz)}

+ v {d(Tz Tz) + d(Tz,z) + d(z, Tz)} + n [

d(z, Tz) =< Bd(z, Tz) + 2yd(z, Tz)

d(Tz,z) 2 (B + 2y)d(Tz,z) Thatis, |d(Tz z)| < (B + 2y)|d(Tz z)| Which is contradiction 8 + 2y < 1.
Therefore Tz = z. since BDz = Tz which implies BDz = z. Now we prove that Mz = z. from (2), putting x = Mz
and y =z, we get

d(Tz, Tz)d(z, z)
d(Tz,z) + d(z, Tz) + d(Tz, Z)]

d(AM(Mz), S(Mz)) + d(BDz, Tz)d(AM(Mz), S(Mz))
1+ d(S(Mz), Tz)
+B max{d(AM(Mz), BDz), d(AM(Mz), S(Mz)), d(BDz, S(Mz))}
+ v {d(BDz, Tz) + d(Tz, AM(Mz)) + d(S(Mz), BDz)}
d(Tz, BDz)d(S(Mz), AM(Mz))
n [d(TZ, AM(Mz)) + d(S(Mz), BDz) + d(BDz, AM(Mz))
d(Mz, Mz) + d(z,z)d(Mz, Mz)
1+ d(Mz,z)

d(S(Mz), Tz) = a[

+ B max{d(Mz, z), d(Mz, Mz), d(z, Mz)}

d(z,z)d(Mz, Mz)
d(z,Mz) + d(Mz, z) + d(z, Mz)

d(Mz,z) < a[

+y {d(z,z) + d(z,Mz) + d(Mz,z)} + 1 [

d(Mz,z) < Bd(Mz,z) + 2yd(Mz, z)
d(Mz,z) 2 (B + 2y)d(Mz,z) Thatis, [d(Mzz)| < (B + 2y)|d(Mz,z)| Which is contradiction  + 2y < 1.
Therefore Mz = z. since AMz =z which implies Az = z. Now we prove that Dz = z. from (2), putting x = z and

y = Dz, we get
d(AMz, S d(BD(Dz), T(Dz))d(AMz, S
d(Sz, T(D2)) = (x[ (AMz, 57) +1 J(r : (SSZZ% (D(Z)j)) (AMz, 5z2)
+B max{d(AMz, BD(Dz)), d(AMz, Sz), d(BD(Dz), Sz)}
+ v {d(BD(Dz), T(Dz)) + d(T(Dz), AMz) + d(Sz, BD(Dz))}
d(T(Dz), BD(Dz))d(Sz, AMz)
A [d(T(DZ),AMZ) + d(Sz, BD(Dz)) + d(BD(Dz), AMz)
d(z,z) + d(Dz, Dz)d(z, z)
1+ d(z, Dz)

+ Bmax{d(z Dz),d(z, z),d(Dz,z)}

d(Dz, Dz)d(z, z)
d(Dz,z) + d(z,Dz) + d(Dz, Z)]

d(z,Dz) = a[

+ v{d(Dz,Dz) + d(Dz,z) + d(z,Dz)} + n [

d(z,Dz) < Bd(z, Dz) + 2yd(z, Dz)

d(z,Dz) = (B + 2y)d(z Dz) That is, |d(z,Dz)| < (B + 2y)|d(z, Dz)| Which is contradiction B + 2y < 1.
Therefore Dz = z. since BDz = z which implies Bz = z. therefore by combining all the above result, we conclude
that z is a common fixed point of A, B, D, M, Sand T.

The proof is similar when AM is continuous. Similarly, the result follows when (4) holds.

Uniqueness: Let u be an another common fixed point of A, B, D, M, S and T. Then, we have

d(AMz, Sz) + d(BDu, Tu)d(AMz, Sz)

1 + d(Sz, Tu)

d(Sz,Tu) 2 «a

+ B max{d(AMz, BDu), d(AMz, Sz), d(BDu, Sz)} +

d(Tu, BDu)d(Sz, AMz)
d(Tu, AMz) + d(Sz, BDu) + d(BDu, AMz)

y {d(BDu, Tu) + d(Tu, AMz) + d(Sz,BDu)} + [

d(z,uw) 3 « d(z,z) + d(u,u)d(z,2)

+ Bmax{d(z, u),d(z, z),d(u,z)}

1+d(z,u)
d(u,u)d(z, z)
+y{d(u,u) + d(u,z) + d(z,u)} + [d(u, D+ dzw +dw )

d(z,u) = Bd(z,u) + 2yd(z,u). Then d(z,u) = (B + 2y)d(z u) That is, |[d(z,w)| < (B + 2y)|d(z w)|
Which is contradiction  + 2y < 1. Therefore z = u. Hence z is a unique common fixed point of A, B, D, M, S
and T.

Corollary : Let D, M, S and T be weakly reciprocally continuous self mapping of a complete complex valued
metric space (X, d) satisfying conditions

1. S(X) € D(X) and T(X) c M(X)

2. For each x, y € X, where «, 3, y and 1 are non negative real number with a +  + 2y + 1 < 1, such that
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d(Mx, Sx) + d(Dy, Ty)d(Mx, Sx)
1+ d(Sx, Ty)

d(Sx, Ty) S a + B max{d(Mx, Dy), d(Mx, Sx), d(Dy, Sx)}

d(Ty, Dy)d(Sx, Mx)
d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx)
3. (M, S) are compatible, and M or S is continuous and (D, T) are weakly compatible.
4. (D, T) are compatible, and D or T is continuous and (M, S) are weakly compatible.
Then D, M, Sand T have a unique common fixed point.
IV. Conclusion

In this paper we proved fixed point theorem and common fixed point theorem in complex valued metric space
through concept of compatibility and continuity.
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