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. Introduction
The concept of two Banach space firstly introduced by (Gahler1964) This space was subsequently been studied
by mathematician (Kirk1981) and (Kirk1983) in last years. (Badshah and Gupta2005) also proved some result in
2-Banach space. (Yadav et al 2007 ) prove the result in 2-Banach space for non contraction mapping. (Lal and
Singh1978)the analogue og Banach Contraction principle in 2-metric space for selfmap and in the present we
prove a common fixed point theorem in 2-Banach Spaces by taking non-expansive mapping.

Il. Preliminaries
A. Definition: [7] Let X be a real linear space and ||.,.|| is hon negative real valued function defined on X
satisfying the following condition:
(@) IIx,yll = 0 ifand only if x and y are linearly dependent
@ii) |Ix, yIl = |ly, x|| for all x ,y € X.

@iii) |Ix, ay|l = la|llx, yll, a is real, for all x ,y € X.

(iv) lIx y + zll< lIx, yll + Ily, zl| forall x ,y € X.

then ||.,.]| is called a 2-norm and the pair (X,||.,.|]) is called a linear 2-banach space. So a 2-norm [|x, y||
always satisfies ||x,y + ax|| = |[x, y|| for all x,y € X.

B. Definition: [7] A sequence {x,} in a 2-normed space (X, ||.,.]|) is called a convergent sequence if there is a
point x in X such that lim,_,.||x,, — x,a|| =0 for all ain x . If x,, converges to x, we write x,, = X as n—o0.

C. Definition: [7] A sequence {x,} in a 2-normed space (X,|l.,.|]) is called a Cauchy sequence if
limpy, oo llXm — Xp,all = 0 forallain X.

D. Definition: [7] A linear 2-normed space is said to be complete if every Cauchy sequence is convergent to an
element on X. A complete 2-normed space X is called 2-Banach spaces.
E. Definition: [7] Let X be a 2-Banach space and T be a self mapping of X. T is said to be continuous at x if
every sequence {x,} in X, {x,} = x as n—oo implies {T(x,)} = T(x) as n—oo.
F. Definition: [7] A function f: R — R is said to be upper semi continuous at a point x € R if given € > 0 there
exists a neighourhood N of x, in which f(x) < f(x,) + € for all x € N.
G. Definition: [7] Let X be a 2-Banach space and C be a non empty bounded closed and convex subset of X.
A mapping T: C — X is said to be non-expansive if ||[T(x) — T(y),a|l < ||x —y,al| where x, y € C.

1. Main Result
Theorem 3.1: Let T and G be two non expansive mapping of a 2-Banach space X into itself. T and G satisfy the
following condition:
(1). TG = G = I, where | is identity mapping.
llx — Tx,alllly — Gy,all] +p [Ily — Gy, alllly — Tx allllx — Gy, all + llx -y, all3]

(2).ITx = Gy,a|l < @

lIx —y,all lIx —y,all?
Ix — Tx,all + |ly — Gy, all lIx — Gy, all + [ly — Tx,all
+Y[ > +8 > +nllx—y,all

Where a, B, v, 8, 1 > 0 for all x, y € X, where 4a + 13+ 2y + 26 +n < 2. Then T and G have a unique
common fixed point.
Proof: Suppose x is any point in 2-Banach space X.

Takingy = %ll(T +Dx|l, z = G(y)andu = 2y — z, then
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llz — x all = lIGy — T(Gx), all = ||Gy — G(Tx), al|
Now using (1) and (2), we have
lly — Gy, alll|Tx — G(TX),aII] N [IITX — G(Tx), alllITx — Gy, alllly — G(Tx),all + |ly — Tx,al|?

lz—xall <a

lly — Tx, al| lly — Tx, al|?
— Gy, al| + ||Tx — G(Tx), a — G(Tx), a|| + ||Tx — Gy, a||]
+y lly — Gy, all |2| (Tx) II]+5 lly — G(Tx) ||2 Il yall T ally - Tx,all
[lly — Gy, alllITx — x,all] [1ITx — x, allI'Tx — Gy, alllly — x,all + lly — Tx,all® _
<a +B 3
i lly — Tx, al| ] i lly — Tx, all
—Gy,al]| +||Tx —x a —x a|| + ||Tx — Gy, a||]
+Y[Ily y II2 I [ +6[Ily [ 2II y.all +ally — T all
<y [ly — Gy, alllITx — x, all] B [1ITx — x,all[lITx — y,all + lly — Gy, allllly = x,all + lly - Ti,a||3]
o lly — Tx, al| | i lly — Tx, all? ]
—Gy,a|| +||Tx —x,a —xa|l+|||Tx —y,al|| + — Gy, a
y lly — Gy, all + I 4 s [1 Il + [IITx — y,all + lly — Gy, all] +lly — T, all
2 2 |
lly — Gy, allllTx — x, al|
<a 1
| ||7(T+I)X—Tx,a|| ]
[ 1 1 1 3
[ITx — x, al| [”Tx —5(T+ I)X,a” +|ly - Gy,all] ||7(T+ I)X—x,a” + ||§(T + Dx — Tx,a”
+B - 2
_ |7 T+ Dx = Tx,al|
) 1 1
lly — Gy, all + ||ITx — x, al| ||7(T + Dx —x,a” + ||Tx _E(T + I)x,a” + |ly — Gy, al|
+y > +6 >

1
+1 ||E (T+Dx— Tx,a”

1 1 1
7ITx = x,all* + 5 ITx — x,all?[ly — Gy, all + glITx - x,a|?
< 2ally — Gy,all + B

T — x,al?
—Gy,a|| +||Tx —x,a Tx —x,al| + — Gy, a 1
+Y[Ily y. II2 I II]+8[II I 2I|y y ”]+§nI|Tx—x,aII

3 1
glITx =xall® + 5 ITx = x,all*|ly - Gy, all

TITx — x,al?

—Gy,a|| +||Tx —x,a Tx —x,al| + — Gy, a
+Y[Ily y II2|| II]+8[II ||2IIy yall

3 8 8
<(Z+2+24 ) Ix—Txall + (2a+ 261 +2) lly - Gy.al 3.1)
Now,
1
lu=xall = 12y = 2= x.all = [25 T+ Dx = 6y = x| = Ix = Gy,all = N6y = Tx.al
Now using (1) and (2), we get

< 2ally — Gy,all + B

1
] +§n|ITX —x,all

[lly — Gy, allllx — Tx,all] lIx — Tx, allllx — Gy, alllly — T, all + lly — x,all®
<a +B >
ly —x,all ] ly —x,all
lly — Gy, all + llx — Tx,all lly — T, all + |lx — Gy, al|
+y +8 +1lly —x,all
2 2
[ly — Gy, al|||x — Tx, a||]
< lly — Gy, allll Il N
ly —x,all
g [IIX — Tx,all[llx —y,all + lly — Gy, alll[lly — x,all + lIx — Tx,all] + [ly — x,all®
lly — x,all?
lly — Gy, all + [lx — Tx, all lly — Tx,all + [[x —y,all + |ly — Gy, all
+Y[ > +8 > +1lly —x,all
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1 3 1
_ |y =cyalix- Tx,au‘ Blnx —Txall [3llx = Tx all + lly - Gy,all] [5 IIx — T all] + 5 llx — Tx ali?
<« +

31— Tx all I = x,all?
ly - Gyall + k= Twall] [llx=Txall +lly - Gy,al] 1
+y[ > +8 > +n§||X—TX,a||

3 3 1
7ITx = xall® + 5 ITx — x,all[ly — Gy, all + g ITx — x,al|®

< 2afly — Gy,all + B T
2
z ITx = x.all

—Gy,a|| +||Tx —x,a Tx —x,al| + — Gy, a
+Y[Ily y,all + |l II]+8[II Il + lly — Gy, all

1
> > ]+§nI|TX—X,aI|

< 2ally — Gy,all + B

7 3
gllx = Txall® + 5 lIx — Tx,all?[ly — Gy, all . [lly—Gy,a||+||x—Tx,a||
Y
2

ZIITx = x,all?

x — Tx,al|| + — Gy, a 1
+8[|| I+ lly = Gy ”]+n5I|X—Tx,aII

2
78 8 8
< (Z+2+24 ) Ix—Txall + (2 + 6B + X +2) ly - Gy,all (3.2)
Now,
lz—wall = |lz—xall + [Ix — u,all

Therefore by using (3.1) and (3.2), we get
lz—uwall < (5B +vy+ 8 +mn)llx—Txall + (4a+ 8B +y + 8)|ly — Gy, al|
lz—u,all = [[Gy — 2y + zal| = |Gy — 2y + Gy, a|| = 2]ly — Gy, a|
= 2|ly — Gy,all < (58 + v + 8 + n)lIx — Tx,al| + (4a + 8B +y + 8)lly — Gy, all
= (2-(4a+8B+y+8))lly—Gyall < GB+vy+8+n)lx—Txall
GB+y+8+m)
= |ly — Gy,all <
2—(4a+8B+vy+506)
= |ly — Gy, all < S|lx — Tx, all|
Where, S = CB+y+5+n) <1, and 4a+ 13 +2y+2864+n<2
oS = S  GatBpry ) - and Aat13pH2y n=
LetF=%(T+I),thenforanyxex
IF?(x) — F(x),al| = [F(F(x)) — F(x),all

1 1
= lIFy = y.all |57+ Dy = y.a]| = 31y = v.al

lIx — Tx,all

1 1
ad ITG(y) — T(y),all < > |Gy — v, all, because T is nonexpansive function.

S
IF?(x) — F(x),a|| < 2 |lx — Tx, al|, by definition of S.

We claim that F™(x) is a Cauchy sequence in X. Also by completeness F"(x) converges to F(x), i.e.,
lim,_, F*'(x) = X, = T(Xy) = X, therefore x, is fixed point of T.

S S S
Again, [F?(x) —F(x),all < S lIlx=Txall = ZIITGE) — T(), all < S [IGx — x|
Because T is non expansive function. We can conclude that G(x,) = x, that is x, is fixed point of G. Therefore

T(xe) = G(x0) = Xq, SO X, isa common fixed point of T and G.
Uniqueness : Let yy(x, # ¥,) be an another common fixed point of T and G. Then we have

lIxo — yo.all = [ITG(xe) — TG(yo), all = [IT(Gxo) — G(Tyy), all
Therefore by using (2), we get

IGxo — T(Gxo), allll Ty, — G(Tyo).all]
[IGxg — Ty, all

lIxo — yo,all <«

8 [IITyo — G(Tyo), allllTy, — T(Gxo), allllGxo — G(Tyy), all + [1Gxo — Tyo, all3] N
IGxo — Ty, all?
Gxy — T(Gxp),a|| + ||Tyy — G(Tyy), a Gxy, — G(Tyg),all + [|Tyy — T(Gxy), a
y[II o — T(Gxo) ||2|I Yo — G(Tyo) |I]+6[|I o — G(Tyo) ||2|| Yo — T(Gxo) ”]+nIIGxo—Tyo.aI|

lIxo — yo,all <«

lIxo — xg,allllyo — Yo:a”] +B [”Yo —yo.allllyo — xg,allllxo — yo, all + [Ixo — yo,a||3] +
lIxo — yo.all Ixo — yo,all?
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Ixo — xq,all + llyo — yo.all lIxo — yo,all + llyo — %o, all
Y +6 +nllxo — yo.all

2 2
lIxo — yo,all < Bllxo — yo.all + 8llxo — yo,all +nllxe — yo,all
lIxo = yo.all < (B + 8 +m)lIxo — yo.all
Which is contradiction so x, = y,. Hence x, is a unique common fixed point of T and G.
IV. Conclusion
In this paper, we have presented common fixed point theorem in 2-Banach spaces through concept of non-
expansive mapping.
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