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Abstract: Determinant gives an n-dimensional volume spanned by n-independent vectors in R" . In this
article we work out a method of finding the k-dimensional volume spanned by k-independent vectors in
R" such that k <n.
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. INTRODUCTION
Volume is scalar quantity associated with geometric objects. A parallelopiped is one of the simplest object in

R" . More complex objects may be approximated by these parallelepiped.
Def (Parallelepiped): A parallelopiped [ul,...,un] spanned by k-independent vectors v,,...,V, is the set of all
points in R" satisfying following condition:

k
[vl,...,vk]:z{v»e R'|v=> oV, |0<a, Sl}
i=1
Now, we can define the signed volume of parallelepiped with following properties, i.e.,
VOLIR" x..xR" >R
I If we multiply one side of parallelepiped with non-zero scalar o then it’s volume will be multiplied by
same amount.

vollv,,...,av;,....v ] =avolv,,...,v;,...,v, ]

v; av;
2. vollvy,...,v; +Vj,....v, ]=volv,,...v,]

Cut and Paste

N

3. vole,,....e,]1=1
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All these properties derived from the geometric idea. To compare it with determinant we need extra property of
skew-symmetry.

4. vo[vl,...,vi,...,vj,...vn) :voI[vl,...,vj,...,vi,...,vn]

Now all these property 1-4 satisfies the definition of determinant given by Curtis (1984).

Hence, vol([v,,...,v,]) =det(v,,...,v,)

Theorem: Let W be some k-dimensional subspace of R", then there exist some orthogonal matrix such that, it

transforms W to a subspace of R" of the form R % 0.
Proof: Choose any orthonormal basis of W such that b,;,..b,. Extend this basis to form a basis of

R", (by,...,b, ). Now, Define a linear transformation T:R" — R", such that T(b;) =e,.
This transformation is basically change of basis. To compute the matrix associated with respect to T. Let’s

compute T
TLHR" SR
T(e)—b
Hence,
~ [ |
B=m(T %) :{bl bz...bn}
(. |
B is orthogonal matrix implies B "is orthogonal and the required transformation.

1. MAIN RESULT
Volume of k-dimensional parallelepiped formed by k-independent vectors. X,,...,X, will be given by the

following formula V([Xl,...,xk])z \Jdet(x™x)  where x is nx Kk dimensional matrix formed by columns of
Xj .

Proof: Given vectors X,...,X,,3A €O(n). Such that

AX; =(yijsuch thaty, eR"

o

|
Now, Vol([x,....x,])=det (yl...yk] =detY
]

kxk
Now, (AX)" (AX)=Y'Y.
Taking, (x"ATAx)=(Ax)" (Ax)
=Xx'x=Y'Y
= det (x"x) =det (Y)" det (Y)
= det (x"x) =det (Y)-det (Y)
= [det (V)

= det () =/det (x"x)
Hence, VOI[X,,...,X, ] =+/det (x"x)

1. CONCLUSION
The volume of k-dimensional parallelepiped in terms of determinant is obtained. Determinants are relatively
simple to calculate using Gaussian Elimination. Thus the volume of parallelepiped can be determined easily.
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