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Abstract: In this paper, we consider a stochastic model of two queues (queue | and queue Il) with an
interconnection between them is considered. When the Principal queue length exceeds a certain number N,
secondary server open his own queue. Customer arrives according to a Poisson process with rate A.
Customers arrive at a constant rate A and join the shortest of the two queues the service time for each server
is exponentially distributed but the rates may be different. Jockeying between two queues is allowed. We
assume that customers that customers always join the shortest queue. Parallel queueing system is obtained.
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I. Introduction

We consider many other situations; customers are often confronted with two queues, each with its own server.
Customers generally enter the shortest queue available. In some situations, customers move from one queue to
another. This moment is called jockeying. Such queueing systems, where customers must choose from servers,
each with its own queue are called parallel queues. This concept was first studied by [5] Height (1958). His
work was followed by Kingman (1961) and others. Because each server has its own queue. Several authors
have studied assignment of customers to system with Parallel queues. [8] Kingman (1961) assumed that a
customer would join the shortest queue available. If both queues were join the same size then a customer would
join the queue. He also assumed that both servers had the same service rate. The problem to be analyzed is
generally referred to as the “shortest queue problem”. Zeno and Grassmann (1989) formulae based on Flatto
and Mckean which were superior for numerical purposes. In this paper, we consider the following modification
of the shortest queue model with jockeying [9]. It is assumed that there is a Principal server who is always
available when customer demand exists. When the Principal queue length exceeds a certain number N,
secondary server open his own queue. Customer arrives according to a Poisson process with rate A.

I1. The Shortest Queue Model
Depending on the assumptions about the second server many models could be considered. We consider
the following model upon activation of the second server; the principal queue is instantly divided between the

two servers. If N+1 is even the two queues become equal in length, and if N+1 = 2k+1 is odd, we assume K

customers jockey to the second server’s queue. An incoming customer joins the shortest queue; or if the queues

are equals in length, the customer the principal server’s queue. If at the departure of a customer, one queue
length exceeds the other by than one, a customer jockeys from the largest queue to the shortest line.

1. Of course several other similar models could be considered. We mention two in particulars. The second
server is deactivated when the system is empty, or the secondary queue is empty and there is only one
customer in the principal queue.

2. Upon activation of the second server, the lines are divided gradually customer N+1 joins the second
server’s queue. Afterwards, customers are only allowed to jockey at the completion of a service. When
the two queue lengths differ by at most one, the rules for joining and jockeying are the same as for the
model of this paper. We found that these cases could be readily analyzed by the methods of this paper;
the quite lengthy results are not presented here.

For our model, we obtain explicit expressions for the stationary queue length distribution. We also obtain

explicit expression from which the mean queue length can readily be computed. Finally, some numerical

examples are presented.
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I11. Notation
Throughout this paper, the following notation will be used.

o) :2,/,ul Py = l/,u2 , P=A/ pt, Where W = p; +i,.In order for the stationary distribution to exist, we

must assume that p<1.We also write & = 14, /,ul zpl/p2 It will be convenient to write

N
K
Sy = Z P
K=0
The Sy satisfies the simple but useful relation. S, =1+ p S, ;, N >1. Also, L, denotes the mean queue

length of the principal server, L, denotes the mean queue length of the second server, and
L= L, + L, is the overall mean queue length.

IV. The queue length distribution
Once the secondary service station is opened, it remains open until the system completely empty. The states for
this model are as follows. The states in which there are n customers in the queue and only the principal server is
active n =0, 1,..., N. The steady-state probability of this state is denoted by q,. The states (n, m) in which both
servers are active, there are n customers in the principal queue, and there are m customers in the secondary
queue,

In—m|<1,n+m>0.

The steady-state probability for this state is denoted by P,..The difference equations for the stationary queue
length distribution may be obtained by principle of stochastic balance ™. They are as follows.

AQy=1t4 0+ 4 By + 1, By ()]
(A+ )0, =A0y 4+ 14 Oy.y, 1SN<N -1 (2
(l‘*'/ﬁ)qN :qu—1 (3)
(A+ )Py =14 P,y (4)
(A+w1)Ry =4, P, (5)
(A+)P,=APR _ +APR L +uP . +uP., . ,n>0(nzKif N=2k-1) (6)
(Z«"‘/J) I:)n,nJrl ::ul Pn+l,n+1 N >0 (7)
A+)P, 1= AP 1+, B ,n>1(n=K+1if N =2k) 8)
If N = 2K-1 then
(A+u) By =4 PK—l,K +4 PK,K—1+:u PK+1,K T4, PK,K+1 + A0y %)
If N = 2K then
(A+u) PK+1,K =APB + 14, PK+1,K+1 +40, (10)
From (4) and (5) we obtain
P, +0
Ploze ,011+1 I:)01 11

We will make use of the following partial generating functions.
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N

Fl(z)zzqi A

i=0

and

F4(Z) :z Pi+l,i z'.
i=0

By means of the balance equations (1)-(10), we will derive the relationships between these generating
functions. From (7) we obtain

(3+ 0)F(D)- 14 Py =T1 R 2) (12)
From (8), in the case where N = 2K-1, we obtain
(ot KR (2) = 1, Ro=A+ 2, (2). 13)
From (8) and (10), in the case where N = 2K, we obtain
(ot K (2) = 1, R =(A+ 2 )R, (2) + A0 2% (14)
From (6) and (9) we obtain
(A+ )R, (2) = (Az+ W)[F(2)+ F(2)]- (R + Ryy) . N=2K. (15)
And
(A+1)F,(2) = (Az+ )[R, (2) + F,(2)]- (P, +Py) + 20,2 N =2K -1, (16)
We next note that since the rate of activation of the second server must equal its rate of deactivation, we
have
AQy =4 B+ 1Ry ()
Then using (1) — (3) and (17), we obtain
(it =22 =) (D) =L 44,0y~ - Qo = 20, 2" + 401, ]2 18)
After some manipulation, equation (18) can be rewritten as
1-p)(z-)F(2)=(z-D) g, +(P,+ OR,) z(1- ZNH)- (19)
From (19) we obtain
qo 1_ ZN+l 1
F(2)= —(RP,+ 6P,z : 20
(@)= (Ror OR) 2 (20)
From (20)
n < k
A =01 G —(Ro+ 6)'3()1)2101 N=ln, N (21)
k=0
Because the right hand side of (20) is a polynomial, it’s also follows that
N
p1N+l do— (P + 9P01)Zplk ,n=0
k=0
And hence
pN+l
Po+ ORy = l—qO' (22)
SN
From (21) and (22) we obtain
a, =L — 'S, 1 /Sy10 N=1 e ,N. (23)
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If we differentiate equation (19) and set t= 1, we obtain the following

N + l N+1
Ro=2"T 2 g (o) (2
1-p
By Hospital’s rule, we find that

R)= qo » (A =D). (25)

To ellmlnate F. (1) we differentiate (19) twice and setz = 1

2 —2(N+1) p"? = (N+D)(N+2) p " (1 -
F (1)_ pl ( )p ( )'ngl )p ( pl) q01 (,Olil) (26)
20-p)A-p ")
For the case of p =1, we must apply L’Hospital’s mle to equation (26). Some tedious computations yield
: N(N+2
Fo =" () (20)

6

From (22) and (11) we also obtain the following formulas for the two boundary probabilities Po; and Py
P — 1+p) pzpl Jo
10 —

(o, + pz) Sy (5)
P - L+p) P g (29)
2 +,02)2 Sh

The next step is to derive a formula for the generation function F,(z).The must be done separately for the
cases in which N = 2K — 1is odd and in which N = 2k is even. We first consider the case of

N = 2K — 1. We solve the equations (12) and (13) for F3(z) and F4(z), respectively, and then substitute the
results into equation (16). After simplification, the result is,

[(A+u)’2—(Az+ p) s — (Az+p) (A2 +1,)] F, (2) =
(Az+p) i By z+(Az2+ p) gty Boz—(A+ ) Ry 2

—(A+ )Pz +(A+p)Aq, 2¢ (30)

After a considerable amount of computation, equation (30) can be rewritten in the more convenient from,
H, (2)P

FZ(Z): 1 ( K( ) 01 (31)

—@-1) 1-p%2)
P

Where H(z) is a polynomial of the form

H, (K)= Az¥ + Bz—-C (32)
H
With
A A+ p)(o, +p,+2p,0,) (33)
p s L+ py)
g Po(+p)+pl(1+py) 34)
o p, L+ p,)
and
2

Note that since F,(z) is analytic on a region containing the closed unit disc we must have Hy(1)=0 . We can
now use (31) to determine the P, in terms of Py; and hence, by virtue of (28), in terms of q,. A convenient
expression for the p,, can be obtained by using the Laurent expansion.
2 )
P — Z a Zn

-Da-p)
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Where

a,=p™™?/(l-p*),n>0anda_,=p*/(1-p*),n>0 (36)
Then by using the form of Hi(z) as given in (32) - (35) and the fact that F,(z) is analytic with F,(0) = 0, we
obtain the following equations,

P, =PulA0’+p™ (B-Cp)]/(L-p?),n=1.....K, (37)
And
P2K+2n+2 H (]/p2) P
PK+n,k+n = 1 > 2 = 'nZl (38)
-p

From (37) we see that
2
Peinkin =P Peinwsna fOr N=2.

Next, from equation (7) we find that
2

Y2,
(o +p,) 1+ p)
And from (8) it follows that

P %!
Pn+ n = pn n + Pn+ n+l ? n > O (40)
Tl () A+p) T

Of course we must still determine go. For this purpose we need F;(1) in terms of qo.

n>0 (39)

n,n+l = Pn+l, n+l ?
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