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I. Introduction 

Many researchers facing difficult to handling multivariate datasets contains vulnerable, the measures of location 

and scatter are get affected in turn it leads to false interpretation of the data. Robust alternative are used to get 

estimates of location and scatter if the data contains vulnerable ones. Robust procedures are used only half of the 

data points to estimate the location and scatter. It is very difficult to get half of the data points, the optimal 

points to estimate the same. Many procedures are established in the literature and still it is challenging task in 

order to estimate the estimators which is very close to the true value of the estimate. In a large set of data the 

selection of optimal points or subset selection is most important task. Once the set of best points selected, then 

one can estimate the sample mean vector and covariance matrix which is very close to the true estimator. The 

results based on these estimators will give more reliable one, in the context of multivariate tools such as 

principle component analysis, clustering, factor analysis, discriminant analysis or classification techniques and 

etc. Many authors have already studied subset selection procedures, Gnanadesikan and Kettenring (1972), 

Rousseeuw and Leroy (1987), Davies (1987), Hendrik, Lopuhaa and Rousseeuw (1991), Hawkins (1994), Mia 

Hubert, Rousseeuw and Stefan van Aelst (2008), Todorov (1992, 2009), Todorov and Filzmosor (2010). All the 

established procedure uses a half of the data points in order to estimate a multivariate location and scatter. 

This research paper provides the algorithm for the selection of the best data points from the given observations, 

in order to estimate the location and scatter. Section 2 provides a brief description of the most widely used 

estimators such as Maximum Likelihood Estimator (MLE), Minimum Volume Ellipsoid (MVE), Minimum 

Covariance Determinant (MCD), S- Estimator, M-estimator, Orthoganalized Gnanadesikan/Kettenring (OGK). 

The proposed algorithm for Best Points Selection (BPS) with MCD is presented in the section 3. The efficiency 

of the proposed algorithm along with the other methods is executed in a real and simulating environment 

involving the multivariate technique, discriminant analysis and the results are discussed in the section 4 and 5 

respectively. Section 6 concludes with summary of the results. 

 

II.      Classical and robust methods 

The classical method namely MLE and the robust procedures MVE, MCD, S, M, OGK are briefly summarized 

in this section. 

 

A. Maximum Likelihood Estimator (MLE) 

The principle of MLE, originally developed by R.A Fisher in 1920. Assuming that the data is drawn from a 

population whose distribution is multivariate normal, then the optimal estimators for location and dispersion are 

Abstract: The most of the multivariate statistical methods heavily depend on two estimators of location and 

scatter. The sample mean and covariance which are most commonly used efficient estimators when the data 

belong to multivariate normal distribution. But they are extremely sensitive to outliers. Many multivariate 

datasets contain outliers and often they do not show up by simple visual inspection. It is quite easy to detect 

a single outlier by Mahalanobis distances. But, it is no longer valid for multiple outliers, because the 

multiple outliers do not necessarily have large Mahalanobis distance. Many robust estimators have been 

developed to obtain the reliable results while analysing the high dimensional data during the past decades. 

The main objective of such robust estimator is to find the optimal (h) data points out of n and then estimate 

the location and scatter. This paper proposes a similar procedure for the selection of optimal data points to 

estimate multivariate location and scatter along with MCD. The efficiency of the proposed procedure is 

compared with the most widely used robust estimators such as M, OGK, MVE, MCD and S with the classical 

estimator MLE in a real data set and the simulating environment in R is also presented. 
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These are obviously, mean-based estimators, so any unusual or extreme observation an arbitrarily inflate either 

of them. 

B. M-ESTIMATOR 

 M-estimator was originally constructed by Huber (1964) to estimate a one-dimensional location 

parameter. Later, Huber (1967) considered a very general frame work in which consistency and asymptotic 

normality was proved under relatively weak conditions. 

Maronna (1976) was the first to define M-estimator for multivariate location and covariance.  Huber (1981) 

extended Maronna’s definition by defining M-estimates based upon 
p

nxx ,...,1  as solution of the 

simultaneous equations. 
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where ),( Ctxdd ii  and v1,v2 and v3 are real-valued function on ),0[  . 

C. Orthoganalized Gnanadesikan/ Kettenring (OGK) 

Gnanadesikan and Kettenring (1972) was proposed positive definite and approximately affine equivariant robust 

scatter matrices starting from any pair wise robust scatter matrix and then applied for robust covariance estimate 

the resulting of multivariate location and scatter estimates are called OGK, the general procedure for OGK is as 

follows, 

Step 1. Let (.)m and (.)s be robust univariate estimators of location and scale. 

 Step 2. Construct ii xDy 1  for ni ,...,1  with ))(),...,(( 1 pXsXsdiagD  . 

 Step 3. Compute the correlation matrix U of the variable of ),...,( 1 pYYY  , given 

by ))()((4/1 22

kjkjjk YYsYYsu  .  

Step 4. Compute the matrix E of eigenvectors of U and 1.) Project the data on these eigenvectors, i.e. 

;EYV   2.) Compute robust variances of ),...,( 1 pVVV  , i.e. ));(),...,(( 2

1

2

pVsVsdiag  3.) Set the 

1p vector EmY )(̂ where
T

pVmVmm ))(),...,(( 1 , and compute the positive definite 

matrix
TEEY  )(ˆ . 

Step 5. Transform back to X, i.e. )(ˆˆ YDRAWOGK   and
T

RAWOGK DYD )(ˆˆ  . Here, (.)m is a weighted 

mean and (.)s is the  - scale of Yohai and Zamar (1988). Step 2 makes the estimate scale equivariant, whereas 

the following steps are kind of principal components that replace the Eigen values of U  by robust variances. 

D. Minimum Volume Ellipsoid Estimator (MVE) 

The Minimum Volume Ellipsoid (MVE) estimator, first proposed by Rousseeuw (1984), has been studied 

extensively and frequently used in the detection of multivariate outliers. It seeks to find the ellipsoid of 

minimum volume that covers a subset of at least h data points. Subsets of size h are called half sets because h is 

often chosen to be just more than half of the data points. The location estimator is the geometrical center of the 

ellipsoid and the estimator of the variance – covariance matrix is the matrix defining the ellipsoid itself,  

Valentin Todorov et al. (2009) have discussed the minimum volume ellipsoid estimator searches for the 

ellipsoid of minimal volume containing at least half of the points in the data set X. Then the location estimate is 

defined as the center of this ellipsoid and the covariance estimate is provided by its shape.  

The search for the approximate solution is made over ellipsoids determined by the covariance matrix of p+1 of 

the data points and by applying a simple but effective improvement of the sub-sampling procedure as described 

in Maronna et al.(2006). The MVE was the first popular high breakdown point estimator of location and scatter 

but latter it was replaced by the MCD, mainly because of the availability of an efficient algorithm for its 
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computations (Rousseeuw and van Driessen (1999)). Recently the MVE gained importance as initial estimator 

for S estimation.  

E.  Minimum Covariance Determination Estimators (MCD) 

 Rousseeuw (1985) introduced the minimum covariance determinant estimator (MCD) method to 

estimate the mean vector and covariance matrix along with detection of outliers in multidimensional data. The 

multivariate location and diffusion estimation in high breakdown principles is based on the determinant of the 

covariance matrix.  If the covariance matrix nxn  positive semi-definite matrix, p Eigen values are 

positive, the determinant of covariance matrix equals the product of Eigen values. Thus, a small value in the 

determinant reflects some linear patterns in the data. Consider all 
n

hC  subsets, and compute the determinant of 

the covariance matrix for each subset. The subset with smallest determinant is used to calculate the usual 1xp  

mean vector, and corresponding pxp covariance matrix, these estimators are called minimum covariance 

determinant estimators. 

 

F. S-Estimator 

S-estimator of µ and ∑ were introduced by Davies (1987) and further studied by Lopuhaa (1989). For the data 

set of p-variate observations )...,( 21 nxxx  an S estimate (T, C) is defined as the solution 

of min),...,( 21 nddd  where )()( 1 TxCTxd T

i  
and 1)det( C . Here )(z  is the M-

scale estimate of a data set ),...,,{ 21 nzzzz  defined as the solution of   )/(
1

z
n

where  is non-

decreasing 0)0(  and 1)(  and )1,0( . An equivalent definition is to find the vector T and a 

positive definite symmetric matrix C that maximize )det(C subject to   0)(
1

bd
n

i , with the above 

id and  . As shown by Lopuhaa (1989), S estimates have a close connection to the M-estimators and the 

solution (T, C) is also a solution to equation defining a M-estimator as well as weight sample mean and 

covariance matrix 
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III. Best Points Selection based on MCD (BPS-MCD) 

 The proposed Best Points Selection (BPS) algorithm based on minimum covariance determinant 

(MCD) is to find the weighted mean and weighted covariance matrix based on the selected points. The detailed 

description of this proposed algorithm is as follows:  

Let S be a set with .nS   If nk 1 , then a k- permutation of S is a sequence ),...,,( 21 ksss  with no 

repetitions of elements from S; so note that such a  permutation (k) is more succinctly described as a one-to-one 

map Sk },...,2,1{: . Simply a permutation of S is an n- permutation of s, the number of k-permutation of 

S by ),( knP . 

To specify an n-permutation ),...,,( 21 nsss of S, we have the full n choice for S1, then only n-1 choice for S2,  

n-2 choices for s3, and so on until finally there is only one choice left for Sn , so by the product rule we have 

!1.2),...,2)(1(),( nnnnnnP 
 

is the number of permutation of S. Then note that a k-permutation, ),...,,( 21 ksss , for nk 1 , so the 

number of such k-permutation is 

)!(
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Hence, the method has k – permutation is !),( nnnP   
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estimator (MCD) procedure. The characteristic of distance values or mean values are )...,( 21 kddd  are obtained 

and such distance, the following optimality criteria can be calculated: 

AD = The minimum of distance values. }{min iA dD   

MD = The minimum of the mean values for distance }min{
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Step 3: The Mahalanobis distance for all the k  observations using y and S  can be calculated as 
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The new set of x and s are then used to obtain the Mahalanobis distances for all the observations. 

Step 5: Step 3 and 4 are repeated until the number of units selected is 
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Then the location and scatter can be computed by using, 
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IV. Numerical Study 

The efficiency of the proposed BPS algorithm along with other procedures, is executed in a real data set 

(Narayan C. Giri (2004), p.469). The considered data set consists of two populations of plants of two distinct 

varieties of wheat. The measurements for each member of these two populations are 1x -Plant height (cm), 2x -

Number of effective tillers, 3x -Length of ear (cm), 4x -Number of fertile spikelets per 10 ears, 5x -Number of 

grains per 10 ears, 6x -Weight of grains per 10 ears. Assuming that there are six-dimensional normal 

populations with different unknown mean vectors 21, and with the same unknown covariance matrix , 

there are each 27 observations.  The estimated mean vectors, covariance matrices, apparent error rate and 

confusion matrices under various methods are displayed in the tables 4.1- 4.4 respectively. 
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Table 4.2 - Estimated Covariance Matrices   
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Table 4.3 - Apparent Error Rates 

MLE M OGK MVE MCD S BPS 

0.055 0.129 0.092 0.074 0.111 0.074 0.058 

 

Table 4.4 - Confusion Matrices 
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It is observed from the above tables almost the proposed algorithm gives reliable results while comparing with 

the other procedures. The apparent error rate of the BPS algorithm is 5.8%, which is very low while comparing 

with the other robust procedures. From the confusion matrix, one can concluded that BPS and MLE procedures 

misclassified around 12% in the first group and no misclassification in the second group. All the other methods 

misclassified in both the groups. Hence, the BPS procedure gives an estimate which is very nearer to the true 

estimator for the given real data. 

V. Simulation Study 

The simulation study also performed to compare the efficiency of the proposed BPS algorithm along with the 

other procedures. The data points are simulated from multivariate normal distribution. Two groups of 

multivariate data were simulated each with 100 observations with mean )0,0,0(1  , )1,1,1(2   and the 

common covariance matrix ∑ is identity matrix is (1,0,0,0,1,0,0,0,1). The estimated mean vectors, covariance 

matrices, apparent error rate and confusion matrices under various methods are displayed in the tables 5.1-5.4 

respectively. 

Table 5.1 Estimated Location Vector 
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Table 5.2 Estimated Scatter matrices 
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                             Table 5.3 Apparent Error Rates 

MLE M OGK MVE MCD S BPS 

0.01 0.015 0.025 0.03 0.015 0.01 0.00 

 

Table 5.4 Confusion Matrices 
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From the above table, the apparent error rate is zero for the proposed algorithm and even MLE have 0.01. BPS 

algorithm gives zero percent misclassification in both the groups. Almost all the other methods misclassification 

occurs in both the groups except MLE and MCD. Hence, it is concluded that, the proposed algorithm gives the 

reliable estimate of multivariate location and scatter in turn it gives the reliable results while using it in 

multivariate analyses.  

VI. Summary and Conclusion 

The estimate of multivariate location scatter plays a vital role in the context of multivariate analysis. Many 

authors have proposed estimators to estimate the same. In this paper we propose a new algorithm namely, BPS 

algorithm with MCD is used to estimate the location and scatter matrices by selecting best points from the given 

multivariate data. Also, the efficiency of the proposed BPS algorithm is compared with classical and most 

widely used robust procedures by computing location and scatter matrices with involving classification aspect in 

a real and simulated data. It is observed from the results the BPS algorithm gives an estimate which is very 

nearer to true estimate and usage this algorithm in the multivariate techniques shows a reliable results.  
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