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Abstract: Ansari and Shukla [3] have generalized the notion of a-duals and developed the concept of almost
a-duals by using the concept of absolutely almost convergence. P Chandra and B.C. Tripathi [10] have
introduced the concept of »-duals. Kizmaz [6] introduced the difference sequence spaces which was later on
generalized by sarig6l [11] and Ahmad & Mursaleen [1] and others Ansari & Gupta [2] have introduced the
concept of almost 7-duals. In this paper we have determined the almost 7-duals of some difference sequence
spaces
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I. Introduction
The concept of almost convergence is introduced by Lorentz [8] and the concept of absolutely almost
convergence is introduced by Das, Kuttener and Nanda [4]. K6the - Toeplitz [7] defined o and B-duals in scalar
case which was later generalized in operator version [9]. Ansari and Gupta [2] introduced the concept of almost
n-duals using the concept of almost a-duals developed by Ansari and Shukla [3] and the concept of n-duals
developed by P. Chandra and B.C. Tripathy [10]. The difference sequence spaces is introduced by Kizmaz [6]
which was later generalized by Sarigol [11] and Ahmad & Mursaleen [1] and others. We have determined the
almost n-duals of some difference sequence space in this paper.
Some Definitions and Relations :
The sequence spaces defined by Kizmaz [6] are
loo (A) ={x=(xK) :Axely}, c) ={x=(xK) :Axec}
co (A) ={x=(xg):Ax € cg}, where Ax = (AXk) = (Xk — Xk+1)
Above spaces are Banach spaces with the norm || x || = | X1 | + || AX ||loo Where || AX |lo = Sup | Xk — Xk+1 |- For
k>2

convenience, we denote these spaces by A I,. Ac and Acg and call these constituent sequences by A-bounded, A-

convergent, A-null sequences, respectively.
Let E be any of the spaces |, ¢ and cq then it is easy to see that E c AE. Further, the containment is strict. For

example. Let xx =k, k=1, 2, 3, ...... Then the sequence (Xk) ¢ ¢ but (xKk) € Ac. Let p = (pk) denote a sequence
of strictly positive numbers (not necessarily bounded). Ahmad and Mursallen [1] defined the sequence spaces

Aly (p) ={x=(xK) : Ax € loc (P)}
Ac(p) ={x=(xK) : Ax e c(p)}
Aco (p) ={x=(xK) : Ax € cg (p)}
when (pk) is constant with all terms equal to p > 0, we have A I, (p) = lx(A), Ac (p) = ¢ (A) and A cg (p) = cg

(A).

We make use in the proof of theorem (1) and (2) of the following Lemma whose proof can be found in Kizmaz
[6].

Lemma: 1. sup | Xk—Xk+1 | < oo iff

k>1
0] sup k_1|xk|<ooand (i) sup |xk—k(k+1)_1xk+1|<oo
k>1 k>1
Theorem : 1. The almost n-dual of 1o(A) is [IOO(A)]” = I5Ir , Where
0 k

B ={a=(a): Y ———

k=1kr n +1)r Z'(n +i)an

i=1

< oo uniformly for every n} (1)
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Proof : Let (xk) € I (A) and a = (ak) € If)r . Then

r

_ 1 K i i < k P i Xn+i
Z|¢kn| Z_llk "k+D) Z'anﬂ-xnﬂ zk (k N Z (n+i)ap,j (n+i)
< | Xn+i '

§ (k+1) |<|<k||(n+|)| -
1% ]" & '
W By Z (D

< oo, for every n {using Iemma (1) and equation (1)}
Thus 3 [¢y n|" <o, forall n. Hence, a = (ay) e [I,,(A)] ™. Therefore D, <[i,.(a)] ™"
k=1

Conversely, let us suppose that a = (ay) < [l.,(A)] ™ but (a) & D,
r

: 1 koo
ie. ———— | i(n+i)a,,;| =, for some n
2t &

Choose x = xk with xi = k sgn ak. Then x € 1,5(A)

) k r 00 k r
But, Ap,iX i.a, i (n+i)sgna,,)
1k (k +1) z n+in+i kglk (k +1) z n+i n+i
= i 1 Zl(n+|)|an+,| =
k=1k" (k+D)"

which is contradiction to the fact that (ay) € [I., (A)]
Therefore lIOO(A)ﬁJc D, . Thus [Iw(A)ﬁJ: D,. This completes the proof.

Theorem : 2. For every strictly positive sequence p = (pi), we have [Al, (p)]1 = D, (p), where

k 1"

Zi(n+i)ami|\1m
=1

D, (p) = N{a=(ay): Z

n>1 k=1k" (k +)
Proof :

- < oo, uniformely in n} -(2)

. Pk
Leta = (ak) € D, (p) and X = (XK) € A lo(p). we choose an integer N > max {1, supX—k }. Then
k>1l

r

K r

Z' n+iXn+i

k

. Xn i
El(n+|)an+i ntl
n+i

Z|¢kn| Z i

m Xt
0 | | k '
sup -0+ i(n+i)a
gk (k+1) 1<i<k (n+i)" Z "
| Xni | 1 |
< sup i.(n+i)a
1<i<eo (N+1)" kzlk "(k+D)' |Z "
r o 1 K r
<N Phyi _— i.(n+i)a i
kz“:lkr(k-fl)r Z‘i N+i
1 r
_ i#ii.(nn)a | NP <o
=THUTE =

Therefore a = (ak) € [Alw(p)]ﬁ for all n (using equation (2))
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Hence D (p) < [AL,(p)].
converse, now suppose that a = (ay) e [Al,, (p)]!

buta = (ak) ¢ Dy (p)

= There is an integer N > 1 such that
1 r
© k .
i(n+i)a, ;N "mi| =
g (k +1)" 2 "
1

choose x = (xk) such that xx = k. f)r N P sgnak. Then, X e Aly(p) but

0 k
Z (k +1) Zian+ixn+i
k=1 i=1
®© k !
l(Z:lk (k 1) Z n+i(n+ i)N P sgnay,j
21 |k |
= L B N =
=1 i=1

which is contradiction that a = (ak) e[Aloo(p)]ﬁ . Hence [Aloo(p)]ﬁ < D, (p)
Thus, [AL,(p)]" = B, (p) which completes the proof.

Generalized Almost n-dual of | (Am) : Etand colak [5] defined the sequence spaces

o™ = {x=x):AM X e I}
c (A™ ={x=(x) : AMx e c}
co(A™  ={x=(x0:aAMx e co}
where m e N, A% = Xg. AX = (XK — Xk+1)

A™) = (AM 3 = (A™ L g~ A™ L xge49)
These spaces are Banach spaces with the norm
m
Ixla= 216 [+ 1A Xl where, | AT x[lo = SUp|A™ xi — A" e
i=1 k>m
In this section, we have determined the almost n-dual of 1 (Am).
We make use in the proof of theorem [3] of the following lemmas whose proof can be found in Et and colak [5].

Lemma : 2. sup|A™ tx, — A" x| < oo iff

k>m

(i) sup k| A™x, | <o and (ii) sup|A™tx, —k(k +1) Ay, | <o,

k>1 k>1

Lemma: 3. X € I (Am) implies that sup k™M | Xk | < 0.
k

Theorem : 3. The almost n-dual of I, (A™) is [IOO (Am)]'1 =U, where
r

K
c={a=(ay): kzlk KD Z (n+i1)"a,,;| <o uniformely forall n}. -(3)
Proof : Leta = (ak) Ur and x = (xk) € le (A™ Then
1 K. ' < K Xn+i "
Zlq’k”' kzlm & o = 2 (k BT R
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r

i(n + i)man+l

r

i | n+||

(k +1) 1<|<k (n+ I)rm

X |" & koo
< sup | r'm| > . in+i)"a,,i| <o {By Lemma (2) and equation (3)}.
i~1 | k=1 =
Hence a = (ak) € [IOO (Am)]n ThereforeU, < [Ioo(Am)]n.
converse, Leta=(ay) € [L,o (Am)]”

Then | ¢y | < oo foreach x = (x) € loo(A™)
k=1
For the sequence x = (xk) defined by

xe=km — k>m

=0, k<m
Then, X = (X) € loo (A™)
© 0 k '
and hence kz_ll Ol = kz_lm Ei'an+ixn+i < .
r
kzz‘ikr(k+ ) n-+i
m ' X '
= i.(n+i)"a L(n+1)-a
kZ::l z ( ) n+i k%_u_k (k+1) Z ( ) n+i
i i 1 i '
= + ———Niag, i X
=t (k ] " kg
m
<Z (k D Z|(n+|) An+i +Z|¢kn| <o
k=1 i=1

Hencea=a (ak) Ljr Therefore, [IOO(Am)]'1 c ljr

Ths, [l a™]' = U,
Generalized almost n-dual of 1o, (Ay) : Let v = (vk) be a sequence of non-zero complex numbers such that

k
Vi _ _
Vi | +1=0(1/k)foreachk and Kk 1|Vk|Z|Vi1|:O(1)
| k+1 i=1
and (k | v[ |) is a sequence of positive numbers increasing monotonically to infinity.

Srivastava and Gnanaseelan [12] defined F (Ay) = {X = (Xk) : (Vk (Xk — Xk+1)) € F}, where F =1y corcg
obviously, these spaces are linear spaces. Further, it is easy to verify that
(i) F(Ay) cF (A) if | Ak | = 1 and | vk | increases to .
(i) F(A) cF (Ay) ifo<|vk|<1and|vk|decreasesto O, These spaces are Banach spaces with the norm
I xllav =Tvi x|+ sup | vk (Xk —Xk+1) |
k

In this section, we have determined the almost n-dual of 1, (Ay).

We make use in the proof of the theorem (4) of the following Lemma whose proof can be found in Srivastav and
Gnanaseelam [4].

Lemma : 4. sup | vk (Xk — Xk+1) | < oo iff

(i sup k™t | VK Xk | < oo and (ii) sup | vk (xk—k(k+l)_1 Xk + 1) | < oo
k>1 k>1

Theorem : 4. The almost n-dual of I, (Ay) is [IOO(A\,)]ﬁ = Iﬁv(r) , Where
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k r

Zl(n +i)vlia,.i| < oo uniformely for everynand 0 <r <1} ..(4)

D
v(r) {a=(a: kzlk kD)

Proof : Let x = (Xk) € lo (Ay) and a= (ak) € . Then

r

[
Z|¢kn| zmznamixmi
1
> 3 Xn+iVnzi . '

= z +1) Z n+| ani) Thnii (n+1)

3 V,.iX " k r
< su n+ifn+i i(n+ilv-

z:: (k+1) 1<i<k n+i IZi (n+1) n+| A

r

< sup |n+| n+||z 1

')Vn+| n+i

1<|<oo| n+i | k" (k+D)'

r

;
vix;| & k .
< Sup - L(n+i)van,;
i>l| I |k§1kr(k+1)r Igl n+1“*n+1
= {using Lemma (4) and equation (4)}

Thus D¢y o |" <ooforalln.  Hencea=(ay) e [Iw(Av)]ﬁ

Therefore, D, (r) [IOo (AV)]ﬁ.
conversely, Let us suppose that a = (ak) [Iw(AV)]ﬁ but (ak) & 5V(r) ie.
0 1 k

2
k=

Then, (XK) € |l (Ay). because

r
- - -1
i(n+ I)an+iVn+i

= oo, for some n. choose x = (xk) with xk = k ‘v{l‘ sgn a,

[ vk (xk —k (k + 1)_1 Xk+1) | = vk (k[ sgnak — k| | sgnak+1)|

= |(ksgn ) = (kvicky [vic [sn &

vy
=k |sgn a, — Vi | sgn ay .,
k+l|
v
ke
| Vicsi |
=k.0 (lj
k
=0(1)
Thus sup|v, —k(k +1) ™)X, 4| < and
k=1
and  supkt|vex, | =supk | vekvitsgna, | = sup|sgnay | = 1<,
k>1 k>1 k>1
Then by Lemma (4), we have SUp | vk (Xk — Xk+1) | < oo
k>1
S k r
Z=: (k+1) z-an+ixn+i
© k r
:z Z'(n‘H)anﬂl lan,ill =
k=1 +1) i=1
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which is contradiction that a = (ak) [Iw(AV)]ﬁ
Therefore, [I,(A)]" = D, (r)

Thus [I,,(A)]" = D, (r)
This completes the proof.

Semi Difference sequence space and their n-dual : Let w be the space of all complex valued sequences x =
(xk)- Kizmaz [6] introduced the difference sequence space.

o (A) = {x= () ew: (A% )iy < I}
He further proved that a sequence (k) € loo(A)

iff (i) sup X! < o and (ii) sup | X, —k(K+1) xp g | <o
k>1 k>1
By using above two conditions.
Ansari ans Shukla [3] introduced a new sequence space and call it to be a semi difference sequence space. Thus
a semi difference sequence (xk) is defined as a sequence (xk) such that sup| ” (| < oo or a semi differnce

k>1
sequence space

|

w0 (SA)={x=(XK € W: SupTk| <o} ..(5)

k>1
Ansari and Shukla [3] have proved that |, (S A) is a Banach space with norm defined by

| X |
[ x|l = sup —"—=
k=1 K
In this section, we have determined the almost n-dual of I, (< A).

Theorem : 5. The n-dual of I, (s A) is 1.} (SA) = Dg(r) where

Dg(={a=(ak) ew: > k".|a | <wand0<r<1i}. .(6)
k=1
Proof : Leta= (ak) € Ds(r) and x = (Xk) € loo(SA) Then,

Slagx | = Zk l < (Zkr lay | j < oo {using equations (5) and (6)}
k=1 k k>1 k
Thus a= (ak) € 1.)(sA)  Hence Dg(r) < 1} (sA) .
conversely, If a = (ak) € 1. (sA)
= >aX | <ooforeachx = (xg) e
Define x = (xk), where xi = k, for each k. Then x = (xk) 1, (sA)
Ylax " = Xla x| = Xk
k=1 k=1 k=1

Thus a = (ak) € Dg(r) Hence 1} (sA) < Dg(r).
Therefore, 1) (SA) = Dg(r) , which completes the proof.
Theorem : 6. The almost n-dual of 1 (SA) is |ﬁ(SA) = [35 (r), where

< oo uniformly inn, forand 0 <r <1}. (7)

Dq(r) ={a=(ay) : kzlk k1)

Proof : Let x = (xK) € lo(sA) and a = (ak) 5s(r) .Then,

Siay. )|

i=1
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© © k
kZ:ll bgnl = glm El'an+ixn+i
- S : Zlan+.(n+n>
I [ % | ol
- kz K'(k+D)" 1<i<k| (n+1)" Lani (0 +1)
ETRES 1
S[Sili‘f T kZlk kD) ZI n+.(n+l)

< o, for each n, {usmg equation (5) and (7)}

Thus Y|y |" <o, foreachn. Therefore, D, (r) < [|OO(SA)]ﬁ
k=1

converse, Let us suppose that a = (a) [Iw(sA)]ﬁ

r
But a=(a) ¢ D(r) ie. >— ZI (n+1i)a,,; oo, for some n.
ik (k+1)"
Choose x = (xk) with xk = k, for each k. Then X = (Xk) € loo(sA)
0 k r
t Y —————— DAy, i X,
kzzlkr(|(+l)r é N+in+i

o r
=2 Zl(n+|)an+| =
k=1k" (k +1)"
which is contradiction to the fact that a=(aK) e [IOo (SA)]n
Hence, [I,(sA)]" = Dg(r). Thus [, (sA)]" = Dy(r).
which completes the proof.
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