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Abstract: The aim of this paper is to construct a quadratic trigonometric beta-spline to preserve the
positivity and monotonicity of interpolating curve.GC? continuity and approximation property is discussed.
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I. Introduction

Shape designing is one of the main area of research work. Recently research trend is concentrated on
trigonometric spline, B-spline, beta spline, rational spline [1,5,8,10].In computer graphics and engineering
design shape parameters are playing a very important role [6,7,8].The trigonometric splines were introduced by
Schoenberg(1964) .Now it is the spotlight for surfaces and shapes. Beta spline is a class of piecewise
polynomial splines with applications in the construction of curves and surfaces for computer graphics and
computer graphical geometrical design. In curve designing trigonometric polynomial is playing an important
role .It's positivity and monotonicity [1,2,5,9] is important in Medical Science ,Physics and Engineering
designing. Barsky worked on it and a numerous articles on Beta splines and geometrical continuity have
appeared in the literature .This paper is based on the construction of a quadratic spline interpolation .We have
discussed the positive and monotonic condition and GC? continuity of a quadratic trigonometric spline.

The paper is arranged as follows .In Section 2, trigonometric spline is constructed .GC? continuity of the rational
cubic spline is discussed in section 3.In section 4, positivity is discussed .In section 5, monotonic condition is
derived. Section 6 is about the approximation properties of such trigonometric spline. In section 7, numerical
example and conclusion of the paper is discussed in section 8.

I1. Trigonometric Spline Interpolation
In this section, the quadratic trigonometric spline is defined as, leta = t, <t; < ......... <t, = barethe
knots f; and d; for i = 0,1,2,3 ..., n are the function values and derivatives by the Arithmetic Mean method.

Quadratic trigonometric spline defined over the subinterval [¢;, t;14], let 6; = (t;l—t‘) where
h

i =liyi— 4

o 2 ] ]
Now consider,  P;(t) = (1 — sin %) Ap + ZSin%(l - sin n?) B;

f - 79\?
+2 cos7<1 - cos7) G+ <1 - cos7) D;
Which satisfying the following interpolating conditions
p(t) = fur(tiv1) = fira
and
p'(t7) = ayd;,p i) = dyy,
After some calculation we have

Bi = i+
andd X
i+1't
Cl = fi+1 - T
which gives,
P(t) = <1 — sinn—e)zf- + ZSinn—9<1 — sinn—9> (f- + dihiai)
' 2 : 2 2 ! T
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+2 cosﬂz—g(l — cos ) (le d‘“h) (1 — cos ) fis1 ()]

Arithmetic Mean Method
This method is used to calculate the value of d;. It is borrowed from Hussain and Sarfaraz (10). This method is
the three point difference approximation with
where,
d. = Ol'fAi_]_OTAiZ 0
i= {d;‘ otherwice,i = 2,3,....,.n— 1
And the end conditions are given as,
d = {0 if ;=0 orsgn (d]) #sgn (4;)
17 \d; otherwice
d = {0 if Ap_1=0 orsgn(dy) #sgn (A1)
" |d] otherwice

Where
g = (hiAi—l + hi—lAi)
L hZJEAh )
dr = A, + (#)
rt— 0 . hEA+ hi_lA :
d*ZA_-I-(n_l n-1" n—Z)
" nt hn—l + hn—2

I11. GC? trigonometric spline
Furthermore this quadratic trigonometric spline could even be GC? in the interpolating interval {t, t,}. We
apply the following GC?spline interpolation on P(t) define in (1) for data set {t;, f;}
P (t;+) = a?P™(t;—),i=12,....,n—1,
Thus we have system of linear equations:

[f - 2a;d;h; _ di+1hi]
l 1/Ji+1 — T T
- h2a? [fz - di—1hi1 Zdi:i—1]
1 i 2a; aj_qa fli
i l+1+[h 17'[+ ]d+h1nldll_hi2+[h ]fl - @
i=1.2,.... ,n—1

We observe that the coefficient of d;_;, and d;,, are positive since h;, «; > 0 and the coefficients of matrix is
diagonal dominant, which gives

2a? Zai) ( 1 ai_laiz)

g2ty gt >

(nhi + mth; h;m + h;m 20 (3)
after some calculation

SaiSZ

N =

IV. Positive spline interpolation
For positive spline interpolation the data set is (t;, f;,) and P(t) is define in (1). Data set is define as
1 <t <t3<,....,< t,
and
fi>0,i=123,...,n
interpolation define in (1) is positive in other word P(t) > 0

if
_fiﬂ
ai > dihi
and
1l
fisr — >0

Theorem 1. The quadratic trigonometric polynomial P(t) define over the interval [a,b] is positive if in each
subinterval [t;, t;,] for positive data set (¢, f;) and a; € E 2] satisfies following conditions
_fiT[

a; > dihi

and
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div1hy

fi+1 - >0
V. Monotone spline interpolation

To get the condition for the interpolation to keep monotone in the interpolating interval we shall consider f; is
monotonic which gives,

sh<s..<h
in other words A;=> 0, fori = 1,2,....,n — 1. which gives d; = 0
In a similar fashion one can deal with a monotonic decreasing data. For i = 1,2, ..., n.
Now P(t) define in (1) is monotonic increasing if its derivative is positive i.e., P(t) = 0

T dihia’i o di+1hi o

P{(t)zEZ ——C0s —+ 2———sin— (4)

h; . mh o
+ 2| Ay — 2;(dial- +diyq) sin—-cos — >0

it shows the sufficient condition

T diq

— A — > a:

24,71 g, =%
Theorem 2 P(t) which is define in (1) for monotonic data set (t;, f;) is monotonic in interval [t; t;,.,] for
i=1,23,...,nifit satisfies following condition

11 ditq

— A, —
2d;

= Q;
d; ¢

where a; € E, 2]
V1. Numerical example
In this section given example shows that interpolation define in (1) is positive and monotonic under the

conditions define in Theorem (1) and (2). Fig 1 is the curve generated by data given in following table. It shows
the positive but not the monotonicity.

° iy e f(t) o a;

° 1 . 3 ° 0.5
° 2 . 6 ° 0.9
o 3 o 5 . 0.99
° 4 . 8 . 1.0
. 5 ° 1 ° 0.5

Table 1. data for Positive graph of P(t)
Figure 2 is the improved from, curve is positive as well as monotonic also under the conditions discussed above.

-
8
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Figure 1: Positive graph of P(t)

. t; o f(t) o a;

° 1 . 0 . 0.5
) 2 [ 6 ° 09
. 3 . 10 o 0.99
. 4 . 15 . 1.0
° 5 . 21 . 0.5

Table 2. data for Monotonic and Positive graph of P(t)
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VII. Approximation properties of the interpolation
To Find the error estimation we consider that the given function f(t) € GC® and P(t) is the interpolating
function of f(t) in [¢t; t;4,] fori =0,1,....n, consider the case that the knots are equally spaced, namely,

h;=h= % forall i = 1,2, ....n, using the Peano- Kernel Theorem [12] gives the following

RIFI = f(t) —p(t) = [ fP@R[(t = T)4]d T, t €[ty tisq],
where,

25 T T T T T

20

I L | |

0 0.‘5 1 1% 2 25 3 35 4
Figure 2: Monotonic and Positive graph

((t —17) = N(t:os — Leos™ (1= cos™\n. t.
I(t ) — N(t;41 r)+ncosz(1 cosz)hl,tl<r<t

Rt —1);] =< —N(tjp; — 1) + %cosnz—e(l — cosﬂz—e) hit <t <t

\ %cos?(l — cos 712—9) (tizg =T tipg < T < tiys
p(D),t;<t<t
=49, t <T<tpyy
(1), tipr < T <ty
a; | ml 17 Tl
N = p SlnT(l - sm7) + sin >
IRIAII = IF(© = PN < [F 2@ [ lp@l dr + [[*la@ldr + [;*Ir ()] dz| (5)
Next, we calculate the following terms in (5)
tis2 1 18 e\ ,
J; |r(t)|dt = ECOST(l —cosT) hi = hi M,

i+1
We observe that for

=" [ N(1— ) — cos 22 (1 He)] <0
q = - T cos 2 coSs > =
andatt = t;4

1 116 o

q(tiy) = ECOST(l - 6057> h; =0
It is easy to see that the root of q(7) is

cos 1r2_9 (1 — cos 7r2_9) h;

T =t — N1
Thus,
tiv1 71 tit1
[ T@lar= [ a@ar+ [ Cawan
t t 7]
tia (1 - 0)2h2 J 1 1 e .
f q(t)dt =N — - (Kh)?| + ﬁcos7(1 - cosT) [2K — (1 — 8)]hi = hi M,
t
where,
- COSHTH(l — COSHTQ)

- - - Nl_[
Similarly, since
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p(0) = (—1)+4q(v)
p() =q®) <0,p(t) =(—t)+q(t) =0
So there must be root of p t called 7 as given below

1-6 —lcosn—g(l - SH_H)
T, =ty T h I1 2 2
2 i+1 i N—1
we can write it
T3 = tiy1 — NQ
where
1-06) - %COSHTQ(I — COSHTH)
Bl N-1
t 75 t
p@lde= [ p@dr+ [ p@ar
ti t 75
it 0h))*> Nh?
[“p@idr =10 -0+ or - CE 4 T - 02 4 02 - 207
t
1 116 116 ) .
- ﬁcos7<1 - cos7) hi[1—2Q] = hfM;

M =M, +M,+ M,
from the above calculations it can be shown that
IRIFI = 1IF (&) = PN < [[f @) |n2M ©)
where M is depending upon 6..
VIII. Conclusion
In this paper, a quadratic trigonometric Beta spline was constructed. It was C® continuous in interpolating
interval. Condition for Positivity and Monotonicity derived which is useful in the field of Engineering and
Medical Science.
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