American International Journal of
Research in Science, Technology,
Engineering & Mathematics

ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629

AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by
International Association of Scientific Innovation and Research (IASIR), USA
(An Association Unifying the Sciences, Engineering, and Applied Research)

Available online at http://www.iasir.net

FIXED POINT THEOREMS FOR WIDELY GENERALIZED
MAPPINGS IN HILBERT SPACES AND APPLICATIONS

MamtaPatel*, Sanjay Sharma?
Department of Applied Mathematics,
Chhattrapati Shivaji Institute of Technology, Durg(C.G), INDIA
Department of Applied Mathematics
Bhilai Institute of Technology, Durg (C.G) INDIA

Abstract: Recently Kawasaki and Takahashi defined a broad class of non-linear mappings, widely
generalized hybrid in a Hilbert space which contains generalized hybrid mappings. Here, in this paper we
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for the class of such mappings.
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I. Introduction
Let H be a Hilbert space and £ be a non empty subset of H.A mapping T: £ — H is said to be a nonexpansive
[10], nonspreading [13], and hybrid [9] if
Tx—-Ty =x—v
Tx —Ty? = Tx —y? + Ty — 57
and 3Tx —Ty* = x—y* +Tx —y* + Ty — x7
for all x,v € C. respectively; see also [12],[11],and [7].These mappings are independent and they are deduced
from a firmly nonexpansive mapping in a Hilbert space; see [9].A mapping F:C — H is said to be firmly
nonexpansive if
Fx —Fy' =<x—vFx—Fy >
forall x.¥ € C.
A mapping T from € into H is said to be generalized hybrid if there exists &, § € R such that
aTx—Ty' + (1 —alx —Ty? = fTx— v + (1 — 8)x — ¢*
forany x.y €C.
A mapping T from € into H is said to be widely generalized hybrid if there exists @ #.¥.5..{ € R such
that
aTx —Ty* + fx —Ty* +yTx —y* + 8x —y* + max{ex — T, {y —Ty*} < 0
forany x.yv € C.
A mapping T from € into H is said to be widely more generalized hybrid if there exists &, . 7. 6.7 ER
such that
aTx —Ty* +fx —Ty* +yTx—y* +8x -y +ex—Tx* + {y—Ty +nlx - Tx) - (y - Ty)* =0

Il. Preliminaries
Let H be a Hilbert space with inner product<<. . . = and norm .. respectively. We denote the strong

convergence and the weak convergence of {x,} to x € H by x, = x and x, — x, respectively. Let 4 be a non
empty subset of H. We denote by to A the closure of the convex hull of A. In a Hilbert space, it is known that
P10 ax+ 0 —el?=ax®+ (1 —a)y? — a(l —a)x —y*

Forall x.¥ € H and = € R; Furthermore, in a Hilbert space, we have that

(22) 2=x—yz—wrz=x-—wity—zf—x -z —y—wt

For all x,¥.z.w € H.Let L be a non empty subset of H and let T be a mapping from £ toH. We denote by
F (T the set of fixed points of T
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Lemma2.1. Let H be a Hilbert space, let {:,} be a bounded sequence in H and let u be a mean on [ .Then there
exists a unique point z; € alxln € N} such that
Uy <Xy >==z,.¥y> VyeH,

I11. Fixed Points Theorems

Let H be a real Hilbert space and let C be a non empty subset of H. A mapping T from C into H is called
Symmetric generalized hybrid if there exists . B v, 5 € R such that
(B3 aTx—Ty  +B(x—Ty  + Tx— v +yx—v +8(x—-TL +y-Ty) =0
forall =y € C. Such a mapping T is also called(a. B.y.8) — symmetric generalized hybrid.
A mapping T from C into H is said to be widely generalized hybrid if there exists . . y. 8. e.L e R
such that
(3.2) aTe — Ty + 8x—Tyv* + yTx —v* +8x —y* + max fex —Txt, {y — Ty} = 0
for all x.¥ & £.Such a mapping T is called (c. f.v. 6.5 () —widely generalized hybrid.
Theorem3.1. Let 5 be a real Hilbert space, let £ be a non-empty closed convex subset of H and let T be an
(e 8.9, 6, — symmetric generalized hybrid mapping from C into itself such that the conditions
Da+28+y=0(2)f+y+6=>0and (3)6 =0 hold. Then T has a fixed if and there exists z & C such
that {T"z:n = 0.1,.....} is bounded. In particular, a fixed point of T is a unique in the case of @ + 28 + ¥ = 0
on the condition (1).
Proof:

Suppose that T has a fixed point z.Then {T"z:n = 0,1,...} = {z} and hence {T"z:n = 0.1, ...}
is bounded. Conversely, suppose that there exists = € € such that {T™z:n = 0.1, .....} is bounded. Since T is a
(z. 8.%.6.) — symmetric generalized hybrid mapping of C into itself, we have that

alx — TP + fx -T2 4+ T — T2 e — TR+ 6(x — Tx* 4Tz -T2 = 0
Forall n € Nu{0}and x € C. Since {T"z} is bounded, we can apply a Banach limit x on both sides of the
inequality. Since u,, Tx— T"z* = u,Tx—T™z% and

ppx =Tzl = 4 x— T"z% | we have that

(e+ flu,Te—T22 + (8 + 9 pupx — TP 22 +6(x — T+, Thz -T2 =

Furthermore, since

Upx =T = x Tl +2u, < x—Tx,Tx—T"z > +u,Tx —T"z7,

We have that

(B+y+8)x —T* + 28 + 1)y <x —TxTx—T"z > +lo + 28 + Y)u,Tx —T" 2* + 6u, T z—
T’i’!+lzl =0

From (1) & + 28 + v = 0and (3) = 0, we have that

(B+y+8)x T + 208 + 9y < —TeTx—T "z =0 v (1))

Since there exists # = H from lemma2.1 such that

g =vTlz==<yp=

for all ¥ € H,we have from equation 1 that

(B+y+8)x T + 208+ 9y <x —TeTer—p =2 0 vvve e e (2)

Since € is closed and convex, we have that

petolMxlneNlcC

Putting x = p, we obtain from equation (2) that

(B+y+8lp-Tpr =0

We have from equation (2)

(B+y+6) =0 that p— Tp® < 0. This implies that p is a fixed point in T,

Next suppose that (e + 28 +yJ) = 0 Letp, and p, be fixed points of . Then we have that
alpy —Tp* +8(py —Tp *+ Tpy — ) +vpy — o +8(p — T4 — T, " 20

And hencele + 28 + ) p —Tp* = 0.

We have from{a + 28 + v} = 0 that p, = py .

Therefore a fixed point theorem is unique. This completes the proof.
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Theorem3.2. Let H be a real Hilbert space, let £ be a non-empty bounded closed convex subset of i and let T
be an (@ f.v.6.) — symmetric generalized hybrid mapping from C into itself such that the conditions
De+28+y=0(2)F+y+ 6 =0and (3} = 0 hold. Then T has a fixed point.. In particular, a fixed point
of T"is a unique in the case of & + 2§ + ¥ = 0 on the condition (1).

Using Theorem 3.1 we prove the following fixed point theorem. Before proving it, we introduce a more broad
class of non-linear mappings which contains the class of symmetric generalized hybrid mappings. A mapping T
from C to H is called Symmetric More generalized hybrid if there exists

(. B.v.6.{ € R such that

alx — Ty  + B x—Ty  + Te— v +yx — v +8(x - Tl +y - Ty )+ ix —y —(Tx - TyH) = 0

forall x.¥ € C. Such a mapping T is called (. &, ¥, &.{)- symmetric more generalized hybrid.

Theorem 3.3 Let H be a Hilbert space, let £ be a non empty closed and convex subset of H and let T be an
(e, 5.y, 8, 2. £)- widely generalized hybrid mapping from € into H satisfies the following conditions (1) and (2).
(@h) gt+f+y+ézlatryte=0andat+ =0

(2 a+f+r+dédzlia+f+{=0anda+y =0

Then T has a fixed point if and only if there exists z € € such that {T"z:n = 0,1, ...} is bounded. In particular,
a fixed point of T is a unique in the case of & + 2§ + ¥ = 0 on the condition (1).

Proof:

Suppose that T has a fixed point z. Then {T"z:n = 0.1,...} ={z} and hence {T"z:n = 0.1,....}

is bounded.

Conversely, suppose that there exists z £ L such that {T"zin=0.1....} is bounded. Since T is a
(z. 8.y, 6,8 () — widely generalized hybrid mapping of, we have that

alx — T2 B — T 22 4y T — T2 + 8x — Tz%4max fex — T2, Tz —T™ 122 =0
forany x.¥ € C. Inthecase of &« + ¥ + & =0

from

gx —Tx® = max {ex — Tw?, {TMz — Tz

We obtain that

alx — T2 B — T 22 4y Ty — T2+ 8 — T2 4er — TP = 0

ieitisan (@ 8.v. 4, 0.0) — widely more generalized hybrid mapping

[T™z} is bounded, we can apply a Banach Limit u to both sides of inequality.

Since y, Tx—T"z* = u, Tx— Tz and

Upx =Tz =y x— TZ7

So we get

g, T — T 22 + B — TP 4yu, T — TPzl + 6, x — T +ex—Tx? =0

(e+ 1 )u,Tx—Tr + (8 + Oupx—T 2 4ex —TxP = 0

Furthermore, since

U T —Trz? =Te —x? + 2u, < T —x,x—T"z > 4pu,x—T":*

We have

(e +y)[Te—x' +2u, <Te—xx—T 2> +u,x -T2+ (8 + 6 Jupx -T2 + +ex —Tx* = 0

(le+y+e)Te—x"+2u(a+y) < Tr—x.x-T 'z +l@+f+y+ 6 u,x -T2 =0
We have from equation (1). (= + 8 +¥ +6) = 0
(let+ty+elTe—x*+2pu,(a+y) < Te—x,x—T z==0
Since 3 p € H from lemma 2.1 such that

g =v.T'z===<yp= forallveH

We have
(let+y+e)Te—x"+2u(a+y) = Tx—x.x—p==0
Since € is closed and convex we have that
peoI"xlneNicC

Putting = ¢, we obtain

(at+y+elp—-Tp* =0

We have from equation (1) & + ¥ + & = 0
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(a+y+e) =0 thatp —Tp* =0,

This implies that p iz a fixed point in T

Next suppose that from (2) (& + 2+ {) = 0 .Letp, and p. be fixed points of T. Then we have that
aTpy —Tp,* + Bpy —Tpy *+ vTp —p,* +8p —p 4tmax {ep, —Tp .0p, —Tp,* 20

And hencelz + #+ ) gy — 2= O

We have from (& + § + {) = 0 that p, = p. .

Therefore a fixed point theorem of T is unique. This completes the proof.
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